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Chapter | 


ORDINARY DIFFERENTIAL EQUATIONS IN 
MORE THAN TWO VARIABLES 


In this chapter we shall discuss the properties of ordinary differential 
equations in more than two variables. Parts of the theory of these 
equations play important roles in the theory of partial differential 
equations, and it is essential that they should be understood thoroughly 
before the study of partial differential equations is begun. Collected 
in the first section are the basic concepts from solid geometry which 
are met with most frequently in the study of differential equations. 


|, Surfaces and Curves in Three Dimensions 


By considering special examples it is readily seen that if the rectangular 
Cartesian coordinates (x,1,z) of a point in three-dimensional space 
are connected by a single relation of the type 


fay.z) = 0 (1) 


the point lies on a surface. For that reason we call the relation (1) the 
equation of a surface S. 

To demonstrate this generally we suppose a point (x,),z) satisfying 
equation (1). Then any increments (0.x,0y,9z) in (x,y,z) are related by 
the equation 

Fe Lyf 
ex 


6z = 0 


c 
va 


so that fre of them can be chosen arbitrarily. In other words, in the 
neighborhood of P(x,1,z) there are points P’(x <- & y + », 2 + 9 satis- 
fying (1) and for which any two of &, 9, ¢ are chosen arbitrarily and the 
third is given by 


The projection of the initial direction PP’ on the plane xOy may there- 
fore be chosen arbitrarily. In other words, equation (1) is, in general, 
a relation satisfied by points which lie on a surface. 

I 


2. ELEMENTS OF PARTIAL DIFFERENTIAL EQUATIONS 


If we have a set of relations of the form 
2 Flee); ys Fue), = Fa0) (2) 


then to each pair of values of x», rv there corresponds a set of numbers 
(x,y,z) and hence a point in space. Not every point in space corre- 
sponds to a pair of values of « and rv, however. If we solve the first 
pair of equations 

x= Fae), y= Four) 
we may express wv and vc as functions of x and y, say 

Wem AX), ve wxy) 


so that uw and v are determined once x and y are known, The corre- 
sponding value of z is obtained by substituting these values for uv and v 
into the third of the equations (2). In other words, the value of z is 
determined once those of x and } are known. Symbolically 
r= F,fAxy)uryy} 

so that there is a functional relation of the type (1) between the three 
coordinates x, y, and =. Now equation (1) expresses the fact that the 
point (x,3,2) lies on a surface. The equations (2) therefore express 
the fact that any point (x,1,2) determined from them always lies on a 
fixed surface. For that reason equations of this type are called para- 
metric equations of the surface. 

It should be observed that parametric equations of a surface are not 
unique; i.e. the same surface (1) can be reached from different forms 
of the functions F,, Fs, F, of the set (2). As an illustration of this fact 
we see that the set of parametric equations 


Yes asinucost, ys asinusine, Z == a COS u 
and the set 
Vette 2 Pest? 2av 
Leaps pe papi (Pe 


both yield the spherical surface 


A surface may be envisaged as being generated by a curve. A point 
whose coordinates satisfy equation (1) and which lies in the plane 
z == k has its coordinates satisfying the equations 


sok fixie @) 
which expresses the fact that the point (x,y,z) lies on a curve, I, say, 
in the plane z = & (cf. Fig. 1). For example, if S is the sphere with 
equation x? + y® +. 2? = a*, then points of S with z = k have 


z=k, yt -- a 
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showing that, in this instance, T, is a circle of radius (a? — k®)! which 
isrealifk <a. Ask varies from —a to +a, each point of the sphere 
is covered by one such circle. We may therefore think of the surface 
of the sphere as being “generated” by such circles. In the general case 
we can similarly think of the surface (1) as being generated by the 
curves (3). 

We can look at this in another way. The curve symbolized by the 
pair of equations (3) can be thought of as the intersection of the surface 
(1) with the plane z = k. This idea can readily be generalized. Ifa 
point whose coordinates are (x,),2) lies on a surface S,, then there must 
be a relation of the form (x,y,z) = 0 between these coordinates. If, 
in addition, the point (x,y,z) lies on a surface So, its coordinates will 
satisfy a relation of the same type, say g(x,y,z) = 0. Points common 


Figure | Figure 2 


to S, and S, will therefore satisfy a pair of equations 
f(xy.z)=9, — g(x,y,z) = 0 (4) 


Now the two surfaces S, and Sy, will, in general, intersect in a curve C, 
so that, in general, the locus of a point whose coordinates satisfy a pair 
of relations of the type (4) is a curve in space (cf. Fig. 2). 

A curve may be specified by parametric equations just as a surface 
may. Any three equations of the form 


x=f), y= fd, z= fd (5) 
in which 7 is a continuous variable, may be regarded as the parametric 
equations of a curve. For if P is any point whose coordinates are 
determined by the equations (5), we see that P lies on a curve whose 
equations are 

(x,y) = 0, ®,(x,z) = 0 


where ®,(x,y) == 0 is the equation obtained by eliminating ¢ from the 
equations x = f,(1), y = fo(t) and where ®,(x,z) = 0 is the one obtained 
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by eliminating ¢ between the pair x -= f\(), 2-- f,(). A usual para- 
meter ¢ to take is the length of the curve measured from some fixed 
point. In this case we replace ¢ by the symbol s. 
If we assume that P is any point on the curve 

x = x(s), v= 1), == 2(s) (6) 
which is characterized by the value s of the arc length, then » is the 
distance P,P of P from some fixed 
point Py measured along the curve 
(cf. Fig. 3). Similarly if @ is a 
point at a distance 5s along the 
curve from P, the distance P,Q will 
be s + 6s, and the coordinates of 
Q will be, as a consequence, 


ix(s + ds), p(s + 48), 2(s + 48)} 


The distance ds is the distance from 
P to Q measured along the curve 
and is therefore greater than dc, the 
length of the chord PQ. However, 
in many cases, as Q approaches the 
Figure 3 point P, the difference 6s a 
becomes relatively less. We shall 

therefore confine our attention to curves for which 


lim == 1 (1) 


On the other hand, the direction cosines of the chord PQ are 
[xs + Os) ~ x65) (vs + Os) — (9) 2(s + 45) ~ 24s)| 
| 6c ; dc ; 6c | 

and by Maclaurin’s theorem 


(dx) a* 
x(s + ds) — x6) = ds (5) + O(ds2) 
so that the direction cosines reduce to 
ds fdx sl os fdy | 6s (dz, | 
dalae Palas ela 


As 0s tends to zero, the point Q tends towards the point P, and the 
chord PQ takes up the direction to the tangent to the curve at P. If 
we let ds -> 0 in the above expressions and make use of the limit (7), 
we see that the direction cosines of the tangent to the curve (6) at the 
point P are 

dx dy 2) 


Weenie &) 
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In the derivation of this result it has been assumed that the curve (6) 
is completely arbitrary. Now we shall assume that the curve C given 
by the equations (6) lies on the surface S whose equation is F(x,),2) = 0 
(cf. Fig. 4). The typical point (x(s).+(s),2(s)} of the curve lies on this 
surface if 


F[x(s).7(s).2(s)] = 0 (9) 


and if the curve lies entirely on the surface, equation (9) will be an 
identity for all values of s. Differentiating equation (9) with respect 
to s, we obtain the relation 
eFdx (Fdy 9 ¢Fdz Tr 
rave be = 0 1 
éx ds ty ds ° tz ds 0) wo 
Now by the formulas (8) and (10) we see that 5 
the tangent T to the curve C at the point P is 
perpendicular to the line whose direction 
ratios are 


(3 oF oF) ay Figure 4 


OR Oi EY 
The curve C is arbitrary except that it passes through the point P and 
lies on the surface S. It follows that the line with direction ratios (11) 
is perpendicular to the tangent to every curve lying on S and passing 
through P. Hence the direction (11) is the direction of the normal to 
the surface $ at the point P. 
If the equation of the surface S is of the form 


and if we write 


(12) 
then since F = f(x,y) — z, it follows that F, = p, F, = 9, F, = —1 and 
the direction cosines of the normal to the surface at the point (x,y,z) are 

a on 
a 13 
assay) .) 


The expressions (8) give the direction cosines of the tangent to a 
curve whose equations are of the form (6). Similar expressions may 
be derived for the case of a curve whose equations are given in the 
form (4). 

The equation of the tangent plane 7, at the point P(x,p,z) to the 
surface S, (cf. Fig. 5) whose equation is F(x,y,z) = 0 is 


ages (¥— yl eigen 
cx ea ey 


where (X,¥,Z) are the coordinates of any other point of the tangent 
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plane. Similarly the equation of the tangent plane 7, at P to the 
surface S, whose equation is G(x,y.2) = 0 is 
eG ‘G G 


(X¥-yS-(Y- ys wa =o (15) 
oN a’ 


Figure 5 


C which is the intersection of the surfaces S, and S,. It follows from 
equations (14) and (15) that the equations of the line L are 


X—-x - Yoey 7 Zee 
@FeG eF¢tG tFtG a FCG CF CG (16) 
ey tz tz cy | tz ex. tx tz tx ty 
In other words, the direction ratios of the line L are 
(ARG) AFG) EG) (16) 


(eq Te)” ty)! 


Example 1. The direction cosines of the tangent at the point (x,y,2) to the conic 
ax? + by teal xay~ zed are proportional to (by -- cz, ¢z ~ ax, 
ax ~ by). 

Tn this instance 

F - ax? = by 5 


and Gexvyrz-l 
FG. 2by = 2e¢z 
so that a = fe ; | = Uby ~ cz) 


etc., and the result follows from the expressions (16). 
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PROBLEMS 


J. Show that the condition that the surfaces Forr.c} 0. GCx,2) - 0 should 
touch is that the eliminant of x.y, and = from these equations and the equations 

F.:G Fi,:G,  F.:G_ should hold. 

Hence find the condition that the plane fv omy oz pO should 

touch the central conicoid ax® by? ez? 

2. Show that the condition that the curve a(xyz) -. 0, exyis) 0 should 
touch the surface »(x,1,2} - 0 is that the eliminant of x,» and 2 from these 
equations and the further relation 7 


Atv) 
ayy) 


should be valid. 
Using this criterion, determine the condition for the line 


5 gee ee RS ol 


to touch the quadric xx? + py? - pz? -- I. 


2. Simultaneous Differential Equations of the First Order and the 
First Degree in Three Variables 


Systems of simultaneous differential equations of the first order and 
first degree of the type 
ab fax je #49 2 (1) 
dh ANP 
arise frequently in mathematical physics. The problem is to find n 
functions x,, which depend on ¢ and the initial conditions (i.e., the 
values of x,,.¥2....X, when # -- 0) and which satisfy the set of 
equations (1) identically in ¢. 
For example, a differential equation of the nth order 


dx dx dx ditty 
ee eee Q) 
dt 2X dt? dt dt; 
may be written in the form 
dx dy dys 
TSM Sy, a ae 
dt? dt a 
BV y-4 


Gp IGM bes Pod) 


showing that it is a special case of the system (1). 
Equations of the kind (1) arise, for instance, in the general theory 
of radioactive transformations due to Rutherford and Soddy.? 


1E. Rutherford, J. Chadwick and C. D, Ellis, “Radiations from Radioactive 
Substances”” (Cambridge, London, 1930), chap, I. 
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A third example of the occurrence of systems of differential equations 
of the kind (1) arises in analytical mechanics. In Hamiltonian form the 
equations of motion of a dynamical system of # degrees of freedom 
assume the forms 

dp; tH dg, CH 


+ a j= De eid a 
dt q; di a eles apt (3) 


where H(qy.ge, - - + sQusPuPo + - + Poof) is the Hamiltonian function 
of thesystem, It is obvious that these Hamiltonian equations of motion 
form a set of the type (1) for the 27 unknown functions 4g). qe... + 5 Pus 
Pir Pos eens P,. the solution of which provides a description of the 
properties of the dynamical system at any time 1. 

In particular, if the dynamical system possesses only one degree of 
freedom, i.e., if its configuration at any time is uniquely specified by a 
single coordinate q (such as a particle constrained to move on a wire), 
then the equations of motion reduce to the simple form 


dp cH dq tH 


dt cg’ dt tp o 
where H(p,q,/) is the Hamiltonian of the system. If we write 
cH - Ppt) | cH — O(p.9,t) 
cq R( pg.) cp R¢(p,q,t) 
then we may put the equations (4) in the form 
dp dq dt (5) 


P(p.g,0) : Op.g.t) i R(p.g.t) 


For instance, for the simple harmonic oscillator of mass m and stiffness 
constant k the Hamiltonian is 


Pkg 


so that the equations of motion are 


Oe Attia 
kmgq sp m 


Similarly if a heavy string is hanging from two points of support and 
if we take the yp axis vertically upward through the lowest point O of 
the string, the equation of equilibrium may be written in the form 


dx dv _ ds 
ao WF (6) 


where H is the horizontal tension at the lowest point, 7 is the tension 
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in the string at the point P(x,}), and Wis the weight borne by the portion 
OP of the string. 

By trivial changes of variable we can bring equations (5) and (6) 
into the form 


dx dy dz ; 
fe AS id a ees (7) 
P Q R 
where P, Q, and R are given functions of x,y, and =. For that reason 


we study equations of this type now. In addition to their importance 
in theoretical investigations in physics they play an important role in 
the theory of differential equations, as will emerge later. 

From equations (8) of Sec. | it follows immediately that the solutions 
of equations (7) in some way trace out curves such that at the point 
(x,y,z) the direction cosines of the curves are proportional to (P,O,R). 

The existence and uniqueness of solutions of equations of the type (7) 
is proved in: 

Theorem 1. /f the functions | be a7) oc PAX) are continuous in 
the region defined by |x — a| < k, |) LL, |Z ¢| <m, and if in 
that region the functions satisfy a - ett condition of the type 


[AC flv! < Aijy — al + Ble - ¥ 
Pl YZ) — fos] < Aaly — 9] + Bijz — {| 


then in a suitable interval |x - <h there exists a unique pair of 
functions y(x) and 2(x) continuous und having continuous derivatives in 
that interval, which satisfy the differential equations 


dy dz 
ak Alyy), Te PO) 


identically and which have the property that y(a) = b, x(a) = ¢, where 
the numbers a, b, and ¢ are arbitrary. 

We shall not prove this theorem here but merely assume its validity. 
A proof of it in the special case in which the functions A and ff, are 
linear in y and = is given in M. Golomb and M. E. Shanks, “Elements 
of Ordinary Differential Equations” (McGraw-Hill, New York, [950), 
Appendix B. For a proof of the theorem in the general case the reader 
is referred to textbooks on analysis.2 

The results of this theorem are shown graphically in Fig. 6. 
According to the theorem, there exists a cylinder y == r(x), passing 
through the point (a,b,0), and a eye z= 2(x), passing through the 
point “(a.0.0). such that dy/dx = f, and dzjdx -- f,. The complete 
solution of the pair of equations therefore consists of the set of points 


See, for instance, E. Goursat, “A Course in Mathematical Analysis” (Ginn, 
Boston, 1917), vol. U1, pt. I, pp. 45%. 
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common to the cylinders p = p(x) and 2 -+ =(x); Le. it consists of 
their curve of intersection [’, 

This curve refers to a particular choice of initial conditions; i.e., 
it is the curve which not only satisfies the pair of differential equations 
but also passes through the point (a,b,c). Now the numbers a, &, and ¢ 
are arbitrary, so that the general solution of the given pair of equations 
will consist of the curves formed by the intersection of a one-parameter 
system of cylinders of which y+ = 3(x) is a particular member with 
another one-parameter system of cylinders containing z == z(x) as a 


(4,6,0) 


Figure 6 


member. In other words, the general solution of a set of equations of 
the type (7) will be a two-parameter family of curves. 


3. Methods of Solution of dx/P = dy/Q = dz/R 


We pointed out in the last section that the integral curves of the se 
of differential equations 
Bee 1) 
P OR : 
form a two-parameter family of curves in three-dimensional space. If 
we can derive from the equations (1) two relations of the form 


14(X,¥,2) = C5 UAX,Y52) == Co (2) 


involving two arbitrary constants c, and c,, then by varying these 
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constants we obtain a two-parameter family of curves satisfying the 
differential equations (1). 

Method (a). In practice, to find the functions , and wu, we observe 
that any tangential direction through a point (x,1.c) to the surface 
(X,¥,2) +: ¢, Satisfies the relation 


cu eu fu, 

dx = stdy + s+dz =0 

(x eee es 
If vw, -: ¢, is a suitable one-parameter system of surfaces, the tangential 
direction to the integral curve through the point (x,},z) is also a tan- 
gential direction to this surface. Hence 


1 o- 


ey cf 


eu, 


P 


ex 


To find u, (and, similarly, 12) we try to spot functions P’, Q’, and R’ 
such that 


PP’+ QQ’ + RR’ = 0 (3) 
and such that there exists a function u, with the properties 
Plas Q 7 R = (4) 
i.e,, such that 
P' dx -- Q' dy + R' dz (5) 


is an exact differential dt. 
We shall illustrate this method by an example: 
Example 2, Find the integral curves of the equations 
dx dy dz 


= 6) 


yx Ay a oMx-\)>az Ax b » 


In this case we have, in the above notation, 
Peeve oy) + az, Q -- x(x > 7) - az, R= 2(x + y) 
If we take 


Pes, Q@--) Re? 


1 I 


then condition (3) is satisfied, and the function 1, of equation (4) assumes the form 


Similarly if we take 
P= x, Q - -y, R= ~a 
condition (3) is again satisfied, and the corresponding function is 
uz, ~ 1G? — 5°) — az 
Hence the integral curves of the given differential equations are the members of the 


two-parameter family 


XP =, x? —  — 2az = ¢, (7) 
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We have derived the solution in this manner to illustrate the general argument 
given above. Written down in this way, the derivation of the solution of these 
equations seems to require a good deal of intuition in determining the forms of the 
functions P’, Q’, and R’. In any actual example it is much simpler to try to cast the 
given differential equations into a form which suggests their solution. For example, 
if we add the numerators and denominators of the first two “fractions,” their value 
is unaltered. We therefore have 


dx dv dz 


which may be written in the form 

dx+y) dz 

act ears 

This is an ordinary differential equation in the variables x + y and z with general 


solution 
— 2 (8) 


where c, is a constant. 


Similarly 
xdx ~ ydy 
ax - yi 
which is equivalent to 
xdx — ydy 
ie. to dbx? -- by 


and hence leads to the solution 
x? — y? — az = Cy (9) 
Equations (8) and (9) together furnish the solution 7). 

In some instances it is a comparatively simple matter to derive one of 
the sets of surfaces of the solution (2) but not so easy to derive the 
second set. When that occurs, it is possible to use the first solution in 
the following way: Suppose, for example, that we are trying to deter- 
mine the integral curves of the set of differential equations (6) and that 
we have derived the set of surfaces (8) but cannot find the second set 
necessary for the complete solution, If we write 

x+ 


2 
Cy 


in the first of equations (6), we see that that equation is equivalent to 
the ordinary differential equation 


which has solution 
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where c. is a constant. This solution may be written 
Pe -— (XY Ve, (10) 


and we see immediately that, by virtue of equation (8), the curves of 
intersection of the surfaces (8) and (10) are identical with those of the 
surfaces (8) and (9). 

Method (b). Suppose that we can find three functions P’, Q’, R’ 
such that 

P' dx ~ Q dy + R’ dz Hl 
PP’ = OO" RR’ an) 

is an exact differential, dH’ say, and that we can find three other 
functions P’, 0”, R” such that 


P’ dx «- Q" dy + R’ dz (12) 
PP’ 300" RR” 2 
is also an exact differential, dW” say. Then, since each of the ratios (11) 
and (12) is equal to dv/P, it follows that they are equal to each other. 
This in turn implies that 
dW’ = dw" 
so that we have derived the relation 
W=W te 
between x,y, and 2. As previously, c; denotes an arbitrary constant. 
Example 3, Solve the equations 
dx 7 dy - dz 
prs zope xtyy 
Each of these ratios is equal to 
Zdx ~pdy- vdz 
Ay + 22) ~ ee + Bx) ~ ee + yh) 


If 4, “, and v are constant multipliers, this expression will be an exact differential if 
it is of the form 
LAdx » pedy > vdz 


and this is possible only if 
ph + pe Reel 
A pe —w=0 (13) 
ah fe py = él 
Regarded as equations in 4, , and », these equations possess a solution only if p 
is a root of the equation 


| ~p 8 1 
lL -p w=0 (14) 
[x 4 ail 


which is equivalent to 
P+ (x+B- yp +1 + apy = 0 (15) 
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This equation has three roots, which we may denete by p;. px. py Uf we substitute 
the value », for p in the equation (14)andschetofindZ Ay = yr ry. then 
in the notation of (13) 


F | 4, de 
due 
Pr 
so that Wo logtae mya 
Similarly Wo leg (ax ayy poy ee 


and (13) is equivalent to the relation 


(ax = yy 


fay Ca a ed La 
where ¢, is aconstant. Ina similar way ve can show that 
yx mye oy edige egh yr ya 


with ¢, a constant. 
A more lamiliar form of the solution ef these equations is that obtained by 
setting each of the ratios equal te dt, We then have relations of the type 


t s 
—dleg Gx wy 8c) dt 
Pi 7 

which give 

een 


where the ¢; are constants ands = 1, 2.3. 


Method (c). When one of the variables is absent from one equation 
of the set (1), we can derive the integral curves in a simple way. 
Suppose, for the sake of definiteness, that the equation 

dy d= 
O'R 
may be written in the form 
dy 


a fo.) 


Then by the theory of ordinary differential equations this equation has 
a solution of the form 
A(V201) = 0 
Solving this equation for = and substituting the value of < so obtained 
in the equation 
de dy 
Pp @ 
we obtain an ordinary differential equation of type 
dy 
“= = g(XY,¢, 
aw 46 at 1) 
whose solution 
VOTO C2) = 
may readily be obtained. 
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Example 4, Find the integral curves of the cquatious 


dx dy d= 


— (16) 
a 
The second of these equations nay be written as 
U2 8 
ae le BO 
dy + e 
which is equivalent to 
py 
vhs =} =} 
dvly 
and hence has solution 
28 gy at (17) 


From the first equation of the set (16) we have 
dx 
dy 


and this, by equation (17), is equivalent to 


x 
¥ 


dx x 
Se a ee racing 
dvr 7 

W we regard y us the independent variable and x as the dependent variable in this 
equation and then write it in the form 


EN i 
dvyooy 
we sec that it has a sotution of the form 
x -aylogy ay 4 (18) 


The integral curves of the given differential equations (16) are therefore determined 
by the equations (17) and (18). 


PROBLEMS 
Find the integral curves of the sets of equations: 

dx dz 
i x(yo~ 2) ctv) 

adx edz 
2: (a -- b)xy 
3. 

dz 

4. ~ 28 — a) 


4. Orthogonal Trajectories of a System of Curves on a Surface 
The problem of finding the orthogonal trajectories of a system of 
plane curves is well known.’ In three dimensions the corresponding 
problem is: Given a surface 
F(x.7,2) = 0 (1) 
1M. Golomb and M. E. Shanks, “Elements of Ordinary Differential Equations” 
(MeGraw-Hilt, New York, 1950), pp. 29-31, 64-65. 
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and a system of curves on it, to find a system of curves each of which 
lies on the surface (1) and cuts every curve of the given system at right 
angles. The new system of curves is called the system of oF thogonal 
trajectories on the surface of the given system of curves. The original 
system cf curves may be thought of as the intersections of the surface 
(1) with the one-parameter family of 
surfaces 
Goxyc) = (2) 
For example, a system of circles 
(shown by full lines in Fig. 7) is 
formed on the cone 


x2) 32 =r? tants QB) 
by the system of parallel planes 
ee (4) 


where ¢, is a parameter. It is 
obvious on geometrical grounds that, 
in this case, the orthogonal trajec- 
tories are the generators shown dotted 
in Fig. 7. We shall prove this 
analytically at the end of this section 
(Example 5 below). 

In the general case the tangential 
direction (dyvdy.dz) to the given 
curve through the point (x, on 
the surface (1) satisfies the equations 


A 


Figure 7 


XK db (i 
a a. $7 ‘D 
where 
(FeG CFG CF CG 
‘Toa Sate a aa PR bo dad cues 
Seu ea TS ae as e 
Ree 
ras, a ae 


The curve through (x,y,z) of the orthogonal system has tangential 
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3 ireetion (dx'.dy’dz") (ef. Fig. 8), which lies on the surface (1), so that 
°F °F : 
dy de 0 (9) 
ees : 


sn FS 


” 


and is perpendicular to the original system of curves. Therefore from 
equation (7) we have 


pdx’. Ody +Rdz 0 (10) 
Equations (9) and (10) yield the equations 
dy’ de 
— - dx’, dy',d2’) 
Pi R’ qd) (dx dy’ de 
where 
ee eae 
gO Gz. i 
: Da | 
O's PH — R=. 12) 
ox ' 
' iF 
fe O ae f ry ; Figure 8 


The solution of the equations (11) with the relation (1) gives the system 
of orthogonal trajectories. 

To illustrate the method we shall consider the example referred to 
previously: 

Example 5. Mind the orthogonal trajectories on the cone x? — 3°. tan? x of its 
intersections with the fanuly of planes parallel to z — 0. 

The given system of circles on the cone is characterized by the pair of equations 

xdx —ydy = tan? xzdz, dz - 0 


which are equivalent to 


dx dv dz 
Y -x 0 


The system of orthogonal trajectories is therefore determined by the pair of equations 


xdx - ydy ~ tan? xz dz, bdx —xdv=-0 
2 he 
he. hy — = 
x 
which have solutions 
Ae SS inte, ae Hey (13) 


where ¢, 1s a parameter. Hence the orthogonal trajectories are the generators of the 
vone formed by the intersection of its surface with the sheaf of planes v - ¢.y 
passing through the = avis (cf. Fig. 7). 
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ich 

PROBLEMS shit 

1, Find the orthogonal trajectories on the surface x7? = fir - d Oof val 
curves of intersection with planes parallel 1a the piane xOv. al 


2. Find the orthogonal trajectories on the sphere xt 72+ = @ of ite 
intersections with the parabatoids xr ez, ¢ being a parameter. 

3. Find the equations of the system of curves on the cylinder 2y = 2° orthogonal: 
to its intersections with the hyperboloids of the one-parameter system 
See 

4. Show that the orthogonal trajectories on the hyperboloid 


of the conics in which it is cut by the system of planes x or ¢ are its 
curves of intersection with the surfaces (¢ - jz -- &. where & is a parameter. 
5. Find the orthogonal trajectories on the conicaid 


(x= yz 4 
of the conics in which it is cut by the system of planes 
BOA By Beak 
where & is a parameter. 
5. Pfaffian Differential Forms and Equations 
The expression 


FXixa, . . . X,) dx, (t) 


DAs 


in which the F, (== 1,2, .. . , 7) are sen of some or all of the 
independent variables x4, v2, ... ,¥,, is called a Pfaffian differential 
form inn variables. Similarly the relation 


™ 
Sif de = (2) 
a | 

is called a Pfaffian differential equation. 

There is a fundamental difference between Pfaffian differential 
equations in two variables and those in a higher number of variables, 
and so we shall consider the two types separately. 

In the case of two variables we may write equation (2) in the form 


Pix) dx = Q(xy) dy = 0 (3) 
which is equivalent to 


7 fey) (4) 


if we write f(x.y) = --P/Q. Now the functions P(x,y) and Q(x,3) are 
known functions of x and y, so that f(x,y) is defined uniquely at each 
point of the xy plane at which the functions P(x,)) and Q(x,)) are 
defined. In particular, if these functions are single-valued, then 
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e condition (9) is satisfied, we see that 
OF ov 
ax Oy 


“>. function ¢ is a function of both x and y, so that dc/éy is not identi- 
Js zero. Hence 


OF 
= =0 
ov 
yich shows that the function F does not contain the variable x 


splicitly, 

\nother result we shall require later is: 

Theorem 4. /f X is a vector such that X-curl X = 0 and pn is an 
Alrrary fon of x, 2 then (eX) curl (@X) = 0. 

For, by the definition! of curl we have 


(A(R) AnQ)| 
fs) &. 


~ és | 


os 


wX:eurl wX = Ss (uP) i 


re X has components (P,Q,R). The right-hand side of this equation 
ras be written in the form 


(AR  aQ| | Ou On 
2 Zee. pro’ 
>| ter rales DS here soe 


yo Oz 
and the second of these sums is identically zero, Hence 
eX curl (4X) es {Xcurl MP? 


snd the theorem follows at once. 

The converse of this theorem is also true, as is seen by applying the 
actor [fy to the yeetor xX. 

Having proved these preliminary results, we shall now return to the 
ciscussion of the Pfaffian differential equation (6). [t is not true that 
all equations of this form possess integrals. If, however, the equation 
s such that there exists a funetion «(x,y,2) with the property that 

‘P dx + Q dy ~ R dz) is an exact differential dé, the equation is 
said to be integrable and to possess an integrating factor (x,y,z). The 
“unction ¢ is called the primitive of the differential equation. The 
ecterion for determining whether or not an equation of the type (6) 
s integrable is contained in: 

Theorem 5. A necessary and sufficient condition that the Pfaffian 

nerential equation X + dr = 0 should be integrable is that X > curl X = 0. 

The condition is necessary, for if the equation 


Pdx ~ Qdy + Rd: =0 (6) 
1H. Lass, “Vector and Tensor Analysis” (McGraw-Hill, New York, 1950), p. 45. 
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is integrable. there exists Poon ee te Bate as v7 the 
type 
f = 
where Cisaconstam. Wro- sins votre a tee 
Saas 0 
ey £ 


we see that there must exist a Function at visi such that 


P= a uQ an uR: a 


a ér éz 


Le., such that 


uX = grad F 
so that since 
curl grad F — 0 
we have 
curl (vX) = 0 
so that 
#X > curl (eX) — 0 


From Theorem 4 it follows that 
X-curlX =0 
Again, the condition is sufficient. For, if = is treated as a constant, 
the differential equation (6) becomes 
Pixs) dx -— OCxy,2) dy = 0 
which by Theorem 2 possesses a solution of the form 
Uy — ¢ 


where the “constant” c, may involve z. Also there must exist a function 
ye such that 

éUu 3Uu 

aT = HP, aH (10 

Ix ae Q (10) 
Substituting from the equations (10) into equation (6), we see that the 
latter equation may be written in the form 


ae Bl eu f ou 
eee dy - =—-dy - dz -- (uk =) dz == 0 
aX eye oz wy of 
which is equivalent to the equation 
di ~Kdz=0 (1) 
if we write 
AowR— a (12) 
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Now we are given that X + curl X -- 0. and it follows from Theorem 4 
al 
eX-cutleX 0 


i 
HX - (uPO,uR) k) 
- grad U | (0.0.K) 
wX + curl (4X) (ee pri uh , o} 
Ox ON - 
ou OK 


dx dy Or Ox 
.»s the condition X*curlX 0 is equivalent to the relation 
LK) 
Ary) 
“1 Theorem 3 it follows that there exists between LU’ and K a 
on independent of .. and y but not necessarily of 2. In other 
“cs, K can be expressed as a function A(U,2) of U and = alone, and 
vatton (11) is of the form 


aS + K(U,2z) = 0 
dz 
“hb. by Theorem 2, has a solution of the form 
ML zs) = ¢ 


“2c is an arbitrary constant. On replacing U by its expression in 
~ sof wa, and 2, we obtain the solution in the form 
Fix) = ¢ 

sowing that the original equation (6) is integrable. 

Once it has been established that the equation is integrable, it only 
-miins to determine an appropriate integrating factor “(x,),2). We 
call discuss the solution of Pfaffian differential equations in three 
artables more fully in the next section. Before going on to the 
scussion of methods of solution, we shall first of all prove a theorem 

integrating factors of Pfaffian differential equations which is of 

“< Importance in thermodynamics. Since the proof is elementary, 
. shall state the result generally for an equation in # variables: 
Theorem 6. Given one integrating factor of the Pfaffian differential 

aHlon 


X dey + Xedxy4- ++ > + X,dv, = 0 


_ can find an infinity of then, 
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For, if axyxy.. . . ov.) is an integrating factor of the given 
equation, there exists a function d(x,.v, wv) with the property 
that . 

Ob , 
UX, = We? V4. Gs ee u (13) 
ox, 


If (4) is an arbitrary function of 4, we find that the given Pfaffian 
differential equation may be written in the form 


d® 
uae (Xi dy + X,dvy,- + °° X,dy) 0 
which, by tinae of the relations (13), is equivalent to 
d? fe od eb Cn 
We ss IM i re cles In dy, | 0 
: dD 
i.c., to ae d) = 0 


with solution 
Md) — 

Thus if y is an integrating factor yielding a solution 4 -- ¢ and if 
is an arbitrary function of 4, then ;(d@/dd) is also an integrating 
factor of the given differential equation. Since ® is arbitrary, there 
are infinitely many integrating factors of this type. 

To show how the theoretical argument outlined in the proof of 
Theorem 5 may be used to derive the solution of a Pfaffian differential 
equation we shall consider: 


Example 6, berify thar the differential equation 
GP ve)dy + (x -2)ydv ~ (7 xy) dz 


is integrable and find ity priminre. 
First of all to yerily the integrability we note that in this case 


X UF eye ar SF a 
so that curl X - A-x¥ +e a 4) 
and it is readily veritied that 
XrcurlX 0 
If we treat 2 as a constant, the equation reduces to 
dy dy 
= ——=—- 0 
2 ep “chit eog im 
which has solution UQx.y,2) ~~ ¢. where 
7 ry 
Ctx.2) 
r 
1 eu | 1 1 
Now hes - ~, 
: Prox «\ike WT sk, Ore 2) 
and, in the notation of equation (121. 
ie =) 
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.. AQ, equation (11) reduces to the simple form dl — 0 with solutien 
: Le., the solution of the original equation is 


Fox oz) ely 7} 


wc is a constant. 


is of interest to consider the geometrical meaning of integrability. 
runetions y => 0x), 2 — (x) constitute a solution of the equation 


Pdx-, Ody -- Rdz==0 (14) 


“2s reduce the equation to an identityin vy. Geometrically such a 
ion is a curve whose tangential direction + at the point (x,y,z) 
-srpendicular to the line 2 whose direction cosines are proportional 
?.Q.R) (cf. Fig. 9), and hence the tangent to an integral curve lies 
ac disk o which is perpendicular 
“and whose center is (v.12). On a 
. other hand, a curve through the Zz 
1X is an integral curve of the ye 
tion if iis tangent at X lies ino. 
When the equation is integrable, 
‘ntegral curves lie on the one- 
. uneter family of surfaces 


ACY Y.Z) +7 ¢ 


. curve on one of these surfaces 
automatically be an integral 
2 of the equation (14). The Figure 9 
dition of integrability may there- 
- be thought of as the condition that the disks o should fit together 
orm a one-parameter family of surfaces. 
\nother way of looking at it is to say that the equation (14) is 
cvgrable if there exists a one-parameter family of surfaces orthogonal! 
che two-parameter system of curves determined by the equations 


When the equation is not integrable, it still has solutions in the 
owing sense. It determines on a given surface S with equation 


Uy.) = 0 (15) 


ne-parameter system of curves. For, eliminating = from equations 
+: and (15), we have a first-order ordinary differential equation whose 
sion 
yyy.) = 0 
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is a one-parameter system of cylinders C,, Ca, . . . (ef. Fig. 10) with 
generators parallel to Oz and cutting the surface S in the integral 
curves Ty, %, 0... 


Figure 10 


PROBLEMS 


Determine which of the following equations are integrable, and find the solution 
of those which are: 
1. ydx + xdy + 22dz =0 
2 22 + pode + zlz + x) dp ~ Ixydz =0 
3. yzdx + 2xz dy — 3xydz = 0 
4. Ixzdx +zdy — dz «0 
5. OP ~ xz)dx + GX? ya) dy -- 322 dz = 0 


6. Solution of Pfaffian Differential Equations in Three Variables 


We shall now consider methods by which the solutions of Pfaffian 
differential equations in three variables x, y, z may be derived. 

(a) By Inspection. Once the condition of integrability has been 
verified, it is often possible to derive the primitive of the equation by 
inspection. In particular if the equation is such that curl X == 0, then? 


\ Ihid., p. 46. 
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\ nust be of the form grad r, and the equation X - dr = 0 is equivalent 


or or or 
=~ dx + dy + = d= = 0 
Ox Oye ds 
in primitive 
e(xy,c) = ¢ 
Example 7. Solve the equation 


(ez — P)dx — 3xy? dy + dz =0 


+s showing that it is integrable. 

To test for integrabtlity we note that X = (x*: — 43, 3x1°, 2x4), so that 
ver X = (0,-2.2, 6°), and hence X + curl X = 0. 

We may write the equation in the form 


xz dx + x dz) — dx — 3x2 dy =0 


¥ 38 
= zdx+xdz -=3dx +—-dy =0 
* xt 
ya 
2 (xz) + a) =0 
\ x 


that the primitive of the equation is 
x82 + yb = cx 
Bere c is a constant. 
ib) Variables Separable, In certain cases it is possible 10 write the 
Praffian differential equation in the form 


P(x) dx + Q(y) dy + R(z) dz = 0 
:a which case it is immediately obvious that the integral surfaces are 
zven by the equation 


[Pe dx + [ a.) dy + [ Re) dz=c¢ 


here ¢ is a constant. 
Example 8. Solve the equation 


a y?z? dx + bz? dy ~ Ax*y? dz = 0 


If we divide both sides of this equation by x*y*z?, we have 


ahere kis a constant. 
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(c) One Variable Separable. \t may happen that one variable is 
separable, z say, in which case the equation is of the form 


Pay) dx + O(xy) dy + R(z) dz = 0 a 
For this equation 
X == {P(x py), O01). R(Z)} 


and a simple calculation shows that 


curl X (0. 0, 8 = sed 


ex Oy! 
so that the condition for integrability, X - curl X == 0, implies that 
lige a 
ey Ox 


In other words, P dx + Q dy is an exact differential, du say, and equation 
(1) reduces to 

du + R(z)dz =0 
with primitive 


u(x,p) + | R(z)dz =e 
Example 9, Verify that the equation 
xQ® — a) dx + yO? — 2) dy — 24? — a) dz =0 


is integrable and solve it. 
If we divide throughout by ()% — a®)(x* — z*), we see that the equation assumes 
the form 


ydy 


xdx —2z 


showing that itis separable in y. By the above argument it is therefore integrable if 
ap OR 
Oz ax 

which is readily shown to be true. To determine the solution of the equation we 


note that it is 
3d log (x? — 2”) + dd log(y? ~- a?) = 0 


so that the solution is 
(2 — 2°? — a?) = 
where c is a constant. 


(d) Homogeneous Equations. The equation 
P(x,y,2) dx + O(x,y,2) dy + R(x,y,2) dz = 0 (2) 


is said 10 be homogeneous if the functions P, Q, R are homogeneous in 
x, y,2 of the same degreen. To derive the solution of such an equation 
we make the substitutions 


y= ux, r= Ux (3) 
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stituting from (3) into (2), we see that equation (2) assumes the form 
tha) dx OC aeryudy +x du) - Rilwarhvdre pe dx} -- 0 


stor x” canceling out. If we now write 


ye Pe) 
Ane) P(Lwr) -- uO agar) + eR ur) 
RS R( Lue) 


Puc) ~ uO(haar) — eR(uwr) 
‘ind that this equation is of the form 


as  Au,r) du» Blur) dv -= 0 


can be solved by method (c). 

1 is obvious from the above analysis that another way of putting 
“s same result is to say that if the condition of integrability is satisfied 
te & re R are homogeneous functions of +, 1, = of the same degree 
en “VQ oR does not vanish identically, its reciprocal is an 

ae factor of the given equation. 


t vample 10. Verify that the equation 
ast f)dx xN zd + xy(x - y)dz = 0 
‘curable and find its solution, 
1s easy to show that the condition of integrability is satisfied; this will be left 


i e\ercise to the reader, Making the substitutions Vo ux, Z = ux, we find 
the equation satisfied by x, a, ¢ is 


uae vyde 3 re — Drdx x du) tu -- Drdx + x dv) =0 


wh reduces to 
dx rae Wdu + dar Ide 
nee =0 
x Quah utr) 


> iting the factors of di and dr into partial fractions, we see that this is equivalent to 


es | ee ee | au - eet ee 
x la I ue ri le 


“hich is the same thing, 


5x : dit de ad - H+ Tr) 0 
B 3 u“ t be ae 3 


- solution of this equation is obviously 
ure cl in =e) 
<re cis a constant. Reverting to the original variables, we see that the solution 


che given equation is 
REZ OOS Ae 2) 
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(e) Natani’s Method. \n the first instance we treat the variable z as 
though it were constant. and solve the resulting differential cquation 


Pdx -Qdy 0 
Suppose we find that the solution of this equation is 
AX VE) = Cy (4) 
where c, isaconstant. The solution of equation (2) is then of the form 
M(g,2) - - C2 (5) 
where cy is a constant, and we can express this solution in the form 
Aixyy.z) = ye) 


where y is a function of z alone. To determine the function y(z) we 
observe that, if we give the variable v a fixed value, « say, then 


(x,y,z) = y=) (6) 
is a solution of the differential equation 
O(2,1,2) dy -- R(z,y,2) dz = 0 (7) 
Now we can find a solution of equation (7) in the form 
«(y,2) == € (8) 


by using the methods of the theory of first-order differential equations. 

Since equations (6) and (8) represent general solutions of the same 
differential equation (7), they must be equivalent. Therefore if we 
eliminate the variable ) between (6) and (8), we obtain an expression 
for the function ;{z). Substituting this expression in equation (6), we 
obtain the solution of the Pfaffian differential equation (2). 

The method is often simplified by choosing a value hi %, such as 
0 or 1, which makes the labor of solving the “differentia | equation (7) 
as light as possible. It is important to remember that it is necessary to 
verify in advance that the equation is integrable before using Natani’s 
method. 


Example Hl. Verify that the equation 
225 Pde - 22+ P)dy - xx + dz = 0 


is integrable and find its primitive. 
For this equation 


), 2(z 5 x), —xvlx + y)} 
may se + at eae ay 
and it is soon verified that X+ curl X = 0, showing that the equation is integrable. 
An inspection of the equation suggests that it is probably simplest to take dy == 0 
in Natani’s method. The equation then becomes 
1 | fat I 
Vee! nell eee 
: lpo F 21 
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g that it has the solution 


xy? 2) 

= i . a 

ax 4) Ao ”) 
ve pow Tet z= fin the original equation, we sce that it reduces to the simple 

Lx dy 

ax € A) . 0 (30) 


pox of 
hution 
tan?x tan!) const. 


~y tin7! (f/e) for the constant and making use of the addition formula 


fan= by» tan7t yp 


s.. that the solution of equation (10) is 


f—xr 


a) 
Xd 


~slution must be the form assumed by (9) in the case > — 1; in other words, 
~ ust be equivalent to the relation 


x? aa ~ fa) (2) 


x4 
~ting x between equations (11) and (12), we find that 
f=tboer 


~ tuting this expression in equation (9), we find that the solution of the 
Sons 
x? — 2) = ele +) cr) 


- 1) Reduction to an Ordinary Differential Equation. Tn this method 
~sduce the problem of finding the solution of a Pfaffian differential 
“son of the type (2) to that of integrating one ordinary differential 
avon of the first order in two variables. It is necessary, of course, 
.. the condition for integrability should be satisfied. 
‘the equation (2) is integrable, it has a solution of the form 


fy) = ¢ (13) 


--esenting a one-parameter family of surfaces in space. These 
.2ral surfaces will be intersected in a single infinity of curves by the 


ce xt hy (14) 


wc k is a constant. The curves so formed will be the solutions of 
. differential equation 


pay. k) dx + q(x,y,k) dy = 0 (15) 


~uied by eliminating z between equations (2) and (14). 
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If we have found the solution of the ordinary differential equation 
(15), we may easily find the family of surfaces (13), since we know their 
curves of intersection with planes of the type (14). For the single 
infinity of curves of intersection which pass through one point on the 
axis of the family of planes obtained by varying & in (14) will in general 
form one of the integral surfaces (13). 

Suppose that the general solution of equation (15) is 


d(x,1,k) = const. (16) 
then, since a point on the axis of the planes (13) is determined by 
y= 0, x = c (a constant), we must have 

O(x,yk) = 3(¢,0,k) (17) 
in order that the curves (16) should pass through this point. When & 
varies, (17) represents the family of curves through the point y = 0, 
x=c. Ife also varies, we obtain successively the family of curves 
through each point on the axis of (14). That is, if we eliminate k 
between equations (17) and (13), we obtain the integral surfaces required 
in the form 


fo 2x z— x! 
oy - ) = 4(¢,0,2= ) (18) 


y 

The complete solution of the Pfaffian differential equation (2) is 
therefore determined once we know the solution (16) of one ordinary 
differential equation of the first order, namely, (15). If it so happens 
that the constant k is a factor of equation (15), then we must use some 
other family of planes in place of (14). 

Theoretically, this method is superior to Natani’s method in that it 
involves the solution of one ordinary differential in two variables 
instead of two as in the previous case. On the other hand, this one 
equation is often more difficult to integrate than either of the equations 
in Natani’s method. 


Example 12. Integrate the equation 
(y + z)dx + (2 + x)dy — (x — y)dz =0 


The integration of this equation could be effected in a number of ways—by 
methods (a), (d), (e), for instance—but we shall illustrate method ( f) by applying 
it in this case. 

Putting z = x ~ ky, we find that the equation reduces to the form 


dy PRA Dy 8 

dx" (k + 2x + 2kp 

which is homogeneous in x and y. Making the substitution » = ex, we find that 
dx {2ke ~(k = 2p de 
x kre? (k + De - 4 
x? {ke® ~ (k ~ 2)e — 1} const. 

therefore oxrk) — ky? + (k & 2)xy + x? 


2 


=0 
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‘vs immediately that 


ams. F ) - XV 0 VI 2x 


4(6.0.5 —) = 


~g C for c?, we obtain the solution 
xy tyr - cx =C 


PROBLEMS 


-' fy that the following equations are integrable and find their primitives: 
lita ~ x)dx + [z —)? + (a — xP] dy - ydz =0 

"dx — xl + 2)dy +(x? - dz =0 

i yz + 2%) dx + (2? + + XS) dy - G2 -- xy + Pydz = 0 


2 .cdx ~ xzdy + xpdz =0 

FL yz)dx + x(z — x) dy — (1 - xy)dz = 0 

tx > Ap + 2) dx — x(y ~ 32) dy + 2xydz =~ 0 
wtdx + (xty — zx) dp + (x*z — xp) dz =0 

so disdx — 2xz dy — (x? — °\(z — I) dz = 0 


W 


Carathéodory's Theorem 


The importance of the analysis of Sec. 5 is that it shows that we 
.~not, in general, find integrating factors for Pfaffian differential 
“ms in more than two independent variables. Our discussion has 
wn that Pfaffian differential forms fall into two classes, those which 
. integrable and those which are not. This difference is too abstract 
>2 of immediate use in thermodynamical theory, and it is necessary 
seek a more geometrical characterization of the difference between 
- two classes of Pfaffian forms. 
3efore considering the case of three variables, we shall consider the 
.se of a Pfaffian differential form in two variables. As a first example 
..@ the Pfaffian equation 


dx —dy=0 
zich obviously has the solution 
x-y=e () 


sere cis a constant. Geometrically this solution consists of a family 

straight lines all making an angle 7/4 with the positive direction of 

2 yaxis. Consider now the point (0,0). The only line of the family 

which passes through this point is the line x = y. This line inter- 
.cis the circle x? + y? = 2 in two points 

1B CBP pe v8 

A ( ie red and B{- 7 
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Now it is not possible to go from 4 to any point on the circle, 
other than 8, if we restrict the motion to be always along lines 
of the family (1). Thus, since e may be made as small as we please, it 
follows that arbitrarily close to the point (0,0) there is an infinity of 
points which cannot be reached by means of lines which are solutions of 
the given Pfaffian differential equation. 

This result is true of the general Pfaffian differential equation in two 
variables. By Theorem 2 there exists a function d(x,)) and a function 
w(x.) such that 


Hy PO dx + Oly) dy} = dblay) 


so that the equation 
Pdx+Qdy=0 


must possess an integral of the form 


dey) =e (2) 


where ¢ is a constant. Thus through every point of the vy plane there 
passes one, and only one, curve of the one-parameter system (2), From 
any given point in the xy plane we cannot reach all the neighboring 
points by curves which satisfy the given differential equation. We shall 
refer to this state of affairs by the statement that not all the points in the 
neighborhood are accessible from the given point. 

A similar result holds for a Pfaffian differential equation in three 
independent variables. If the equation possesses an integrating factor, 
the situation is precisely the same as in the two-dimensional case. All 
the solutions lie on one or other of the surfaces belonging to the one- 
parameter system 


H(X3.2) == 


so that we cannot reach a// the points in the neighborhood of a given 
point but only those points which lie on the surface of the family passing 
through the point we are considering. 

By extending the idea of inaccessible points to space of 1 dimensions 
we may similarly prove: 

Theorem 7. If the Pfaffian differential equation 


AX == X, dx, + X,dx, + -+-+ +X,dx,=0 


is integrable, then in any neighborhood, however small, of a given point 
Gy, there exists points which are not accessible from G, along any path 
for which AX = 0. 

What is of interest in thermodynamics is not the direct theorem but 
the converse. That is, we consider whether or not the inaccessibility of 
points in the neighborhood of a given point provides us with a criterion 
for the integrability of the Pfaffian differential equation. If we know 
that in the neighborhood of a given point there are points which are 
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‘iv near but inaccessible along curves for which AY =< 0, can 
~ assert that the Pfaffian differential equation 44° = 0 possesses 
uing factor? Carathéodory has shown that the answer to 
-stion is in the affirmative. Stated formally his theorem is: 
seorem 8 [fa Pfaffian differential form AX -= X¥, dx, — Ny dx, -- 
\ dx, has the property that in every arbitrarily close neighbor- 
giv en point Gy there exist points G “which are inaccessible from 
curves for which XX == 0, the corresponding Pfaffian differential 
AX == 0 is integrable. 
hall consider the proof of this theorem in the case x = 3. The 
trical concepts are simpler in this case, and the extension to a 
~ umber of independent variables is purely formal. 
~. of all we shall prove the theorem making use of a method 
--tzd by a paper of Buchdahl’s.!| This depends essentially on 
~ that by means of the transformations (10) and (12) of Sec. 5 the 
an 


Pdxs +Qdy-+-Rdz=0 (3) 
2 written in the form 
ae -K(U3,2) = 0 (4) 


coh. it will be observed, the function K may be expressed as a 
on of the three variables U, y, and 2. Uf we take y to be fixed, 
2s Write equation (4) in the form 


dU + K(U,y,2) dz = 0 
hy Theorem 2 has a solution of the form 
U = d(2,)) (5) 


se showed in Sec. 5 that equation (3) was integrable if it could be 
~ the form 


aU “ERG =O (6) 
d= 
“and only if, 
x =0 @ 
oy 


-ortain region of the yz plane. 

spose the point Go(xo,¥9,Z9) is contained in a domain D of the 
nace. Then if P, QO, R, and w are such that Y and X are single- 
.d. finite, and continuous functions of x, y, and 2, there is a one-to- 


\. Buchdahl, Am. J. Phiys., 17, 44 (1949). 
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one correspondence between the points of D and those of a domain D’ 
of the Uyz space. Let Ay(Uy.vy¥9) be the point of D’ corresponding 
to the point Gy of D. We shall now consider how the passage along a 
solution curve of equation (6) from H, to a neighboring point H may 
actually be effected: 

(a) First pass in the plane v ~ yy from AM, to the point H,; then by 
virtue of (5) the coordinates of H, will be (f(z, 0 eva) tae ty oS 
where ¢' denotes the displacement in the = coordinate. Furthermore 
since Hy, lies on the same integral curve as //,, it follows that 


Ua -7 HZaNo) 


(b) Next pass in the plane U' = d(zy — ¢', v9) from H, to the point 
Hy. Since = is constant, it follows that the coordinates of #/, are 


ia 
¥U Figure || 
‘Aco OG Vo): Yo Sy’, Zo + ES, where 4 — 4 denotes the 
displacement 7,3. 

(c) Next pass in the plane y= yy -+ 7 — x’ to the point 7, which 
then has coordinates {d(2) ~ Grp — 7 — /), Yow me Too Gs 
¢ -- ¢' denoting the change in the z coordinate. 

(d) Finally pass in the plane U == f(z) ~~ & yy +) — 9) through a 
displacement 4,’ to the point H, which then has coordinates 


C- bu 7 Ga Sa 4’), ¥rrVow W reeig th 


If the point (Uy &..¥y — fa. Zo + fy), Which is arbitrarily close to 
H( Uy ¥o.Zo). is accessible from H, along solutions of the equation (4), 
then it is possible to choose the displacement ¥, 2;°, € in such a way that 


b(Zy +S da Hy — ) S290 0) = A y= &y, =e, (8) 


Now if a// the points in the neighborhood of H,, are accessible from Ho, 
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iows that the points (Uy ~ +. ta. 24) Which lie on the lime x - xy, 
_ are accessible from //,. Therefore it should be possible to 
sea displacement 7,’ such that 


(HZ. Voor 7 AZnVahi Tak (9) 


‘his is so only if 64/ér is not identically zero, in which case, as we 
:hed above, the equation is not integrable. 

“the other hand if there are points which are inaccessible from Ho, 
ows that there exist values of ¢,, ¢, and «, for which the equations 
or what is the same thing, equation (9}—have no solution. To the 
order we may write equation (9) in the form 


| ab / ab) 
(es WF es 7 ey «(5} 


” “a 


s fails to give a value for 4)", it can only be because 


snty if the equation is integrable. 
\ more geometrical proof of Carathéodory’s theorem has been given 
Born.) In this proof we consider the solutions of the Pfaffian 
eventtal equation (3) which lie on a given surface S with parametric 


.cions 


Yo xltae), vo ye), ze 2(uye) 


ss curves will satisfy the two-dimensional Pfaffian differential 
ation 


Fdu ~Gde -0 (10) 
: Ox ov (ed = ps ay oz 
PoP a Oa Rae STP RT ORT RE 


», by Theorem 2, equation (10) has a solution of the form 
Aue) == 0 


~ senting a one-parameter system of curves covering the surface S. 
Js now suppose that arbitrarily close to a given point G, there are 
.-essible points, and let us further assume that G is one of these 
‘s. Through G, draw a line 4 which js not a solution of equation 
ind which does not pass through G. Let = be the plane defined 
‘he line 4 and the point G. 
“I. Born, “Natural Philosophy of Cause and Chance” (Oxford, London, 1949), 
vendix 7, p. 144. 
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If we now take the plane a to be the surface S, introduced above, we 
see that there is just one curve which fies in the plane 7, passes through 
the point G, and is a solution of equation (3). Suppose this curve 
intersects the line 4 in the point H, then since G is accessible from H 
and inaccessible from Gy, it follows that /7 ts inaccessible from Gy. 
Furthermore, since we can choose a point G arbitrarily close to G5, 
the point H may be arbitrarily near to Go. 

Suppose now that the line 4 is made to move parallel to itself to 
generate a closed cylinder +. Then on the surface o there exists a 


Figure [2 Figure [3 


curve ¢ which is a solution of (3) and passes through Gy. If the line 4 
cuts the curve ¢ again in a point /, then by continuously deforming the 
evlinder ¢ we can make the point / move along a segment of the line # 
surrounding the point Go. In this way we could construct a band of 
accessible points in the vicinity of Gp. But this is contrary to the 
assumption that, arbitrarily close to Gy, there exist points on the line A 
(such as H) which are inaccessible from Gy: hence we conclude that 
for each form of o the point 7 coincides with Gy. 

As the cylinder o is continuously deformed, the closed curve c traces 
out a surface which contains all solutions of the equation (3) passing 
through the point Gy. Since this surface will have an equation of the 
form 

$(X,4.2) = OX aVe7Z0) 
it follows that there exist functions ~ and ¢ such that 
WP dx + Ody + Rdz) = dé 


and so the theorem is proved. 
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+ aplication to Thermodynamics 


stclementary textbooks on thermodynamics follow the historical 
opment of the subject and consequently discuss the basic principles 
ms of the behavior of several kinds of “perfect” heat engines. 
. no doubt advantageous in the training of engineers, but mathe- 
ans and physicists often feel a need for a more formal approach, 
re vlegant, and at the same time more rational, formulation of the 
‘auons of thermodynamics has been devel eloped by Carathéodory 
~ basis of Theorem 8, and will be outlined here. For the ful 
. the reader is referred to the original papers. 
2 frst law of thermodynamics is essentially a generalization of 
<> experimental law that whenever heat is generated by mechanical 
..», the heat evolved is always in a constant ratio to the correspond- 
emount of work done by ‘the forces. There are several ways in 
.> such a generalization may be framed. That favored by 
“héodory is: 


vder to bring a thermodynamical system from a prescribed initial 
“0 another prescribed final state adiabatically, it is necessary to do 
‘ant amount of mechanical work which is independent of the munner 
ft the change is accomplished and which depends only on the 
ped initial and final states of the system. 


ill be observed that in this axiom the idea of quantity of heat is 
oaarded, as it is in the classical theory of Clausius and Kelvin, as 
Jan intuitive one; an adiabatic process can be thought of as one 

= place in an adiabatic enclosure defined by the property that the 

state of any thermodynamical system enclosed within it can be 
: only by displacing a finite area of the wall of the enclosure. 
h ematically this first law is equivalent to saying that in such an 
sie process the mechanical work done W jis a function of the 

dynamical variables (vy.N9,. 2. 4¥,) and (vfay", 2 2. xi’) 

-y the final and initial states of the system and not of the inter- 
we values of these variables. Thus we may write 


W— Wapven os. RNG Sones 
“we consider a simple experiment in which the substance goes from 
sral state Cy, 2. © a) to an intermediate state Gv?) 2. 6 vv!) 
“nto a final state (44, . . . .¥,), we obtain the functional equation 
My MP) WO. at pe) 
WG aN 2 Ee? 


Carathéodory, Math. Aui., 67. 355 (1909): Sitzber. prenss. Akad. Wiss. 
uth, Ki, 1925, p. 39. General accounts of Carathéodory’s theory are 
in M. Born, Physik. Z., 22, 218, 249, 282 (1921); A. Landé, “Handbuch 
sik” (Springer, Berlin, 1936), vol. 9, chap. IV. 
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for the determination of the function #. This shows that there exists a 


function U(x, . . . .x,,), called the internal energy of the svstem, with 
the property that 
WX 2 = BCRP te A) 
(1) 
If we now consider the case in which the state of the system is changed 
from (x... oP) to (yy... - .v,) by applying an amount of work 
W, but not ensuring that ‘the system is adiabatically enclosed. we find 
that the change in internal energy U(x, . . . 4¥,) -- CON wo), 


which can be determined experimentally by measuring che amount of 
work peat to achieve it when the system is adiabatically enclosed, 
will not equal the mechanical work HW” The difference between the 
two quantities is defined to be the quantity of heat Q absorbed by the 
system in the course of the nonadiabatic process. Thus the first law 
of thermodynamics is contained in the equation 


Q=U-U,—-W (2) 


In Carathéodory’s theory the idea of quantity of heat is a derived one 
which has no meaning apart from the first law of thermodynamics. 

A gas, defined by its pressure p and its specific volume r, is the 
simplest kind of thermodynamical system we can consider. It is 
readily shown that if the gas expands by an infinitesimal amount de, 
the work done by it is —p dr, and this is nof an exact differential. 
Hence we should denote the work done in an infinitesimal change of 
the system by AW. On the other hand it is obvious from the definition 
of U that the change in the internal energy in an infinitesimal change 
of the system is an exact differential, and should be denoted by dU. 
Hence we may write (2) in the infinitesimal form 


\Q = dU—AW (3) 


If we take p and ¢ as the thermodynamical variables and put AW = 
—p dv, then for a gas 


AQ=PdptVade (4) 
where Piss ae : V= ay t 
op iae 


Now from Theorem 2 we have immediately that, whatever the forms 
of the functions P and ¥, there exist functions «(p,r) and (p.v) such 
that 

“uAQ= db (5) 


showing that, although AQ is not itself an exact differential, it is always 
possible to find a function « of the thermodynamical! variables such 
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that « AQ is an exact differential. This result is a purely mathematical 
consequence of the fact that two thermodynamical variables are 
sufficient for the unique specification of the system. 

It is natural to inquire whether or not such a result is valid when the 
system requires more than two thermodynamical variables for its 
complete specification. If the system is described by the # thermo- 


dynamical variables x;, v2... . ..¥,, then equation (4) is replaced by 
a Pfaffian form of the type 
AO > X, dx, (6) 
ist 
m which the X,s are functions of x,,... ,x,. We know that, in 


general, functions « and ¢ with the property 7 \Q = dé do not exist 
in this general case. If we wish to establish that all thermodynamical 
systems which occur in nature have this property, then we must add a 
new axiom of a physical character. This new physical assumption is 
the second law of thermodynamics. 

in the classical theory the physical basis of the second law of thermo- 
dynamics is the realization that certain changes of state are not physically 
realizable; ¢.g., we get statements of the kind “heat cannot flow from 
a cold body to a hotter one without external control.” In formulating 
the second law, Carathéodory generalizes such statements and then 
makes use of Theorem 8 to obtain mathematical relationships similar 
to those derived by Kelvin and Clausius from their hypotheses. The 
essential point of Carathéodory’s theory is that it formulates the results 
of our experience in a much more general way without loss of any of 
the mathematical results. Carathéodory’s axiom is: 


Arbitrarily near to any prescribed initial state there exist states which 
cannot be reached from the initial state as a result of adiabatic processes. 


if the first law of thermodynamics leads to an equation of the type 
(6) for the system. then the second law in Carathéodory’s form asserts 
that arbitrarily near to the point (x), .. . 22 xv") there exist points 
CMe ae cee Ge v,) which are not accessible from the initial point along 
paths for which 1Q = 0. It follows immediately from Theorem 8 that 
there exist functions #(x, ... wv) and 404... . ,x,) with the 
property that 
Hw AQ = dé 7) 


The function ¢ occurring in this equation is called the exfropry of the 
thermodynamical system. Jt can be shown that the function « is, 
apart from a multiplicative constant, a function only of the empirical 
emperature of the system. Jt is written as 1/7, and 7 fs called the 
uhsolute temperature of the system. It can further be demonstrated 
that the gas-thermometer scale based on the equation of state of a 
perfect gas defines a temperature which is directly proportional to T; 


42 
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by choosing the absolute scale in the appropriate manner we can make 
the two temperatures equal. With this notation we can write equation 
(7) in the familiar form 


a0 = 


a dé (8) 


Theorem 8 shows that such an equation is valid only if we introduce a 
physical assumption in the form of a second law of thermodynamics. 


MISCELLANEOUS PROBLEMS 


Find the integral curves of the equations: 


(a) dx dy dz 
yx —2xt yf SE 2a PF) 
dx dy dz 

© Je Je Poe F 

(c) dx dy dz 

“Ox Sp xey a - ¥ + 22) 


Find the integral curves of the equations 


dx dy dz 
cy ~ bz az—cex bx — ay 


and show that they are circles. 


Solve the equations 
dy dz 


XY — az xz ay 


and show that the integral curves are conics. 


The components of velocity of a moving point (x,; 

2y - 2p ); determine the path in the genera 
if the initial point is (5,1,1), show that as 1 — < the limiting point (1,2,2) is 

approached along a parabola in the plane x - 2z -— 9. 

Find the orthogonal trajectories on the cylinder 2z of the curves in which 

it is cut by the system of planes x » z -- c, where ¢ is a parameter. 

Show that the orthogonal trajectories on the cone 


yr ix + xy =0 


of the conies in which it is cut by the system of planes x — y — care itscurves 
of intersection with the one-parameter family of surfaces 


(x ey ~ 22Per ye zpsk 


Find the curves on the paraboloid 


orthogonal to the system of generators 


Koy she eS 


1. 
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Find curves on the cylinder x? : 2.* - 2a? orthogonal to one system of 
circular sections. 
Show that the curves on the surface x)? -- 2z orthogonal to its curves of 
intersection with the paraboloids yz x lie on the evlinders 
x? 227 | zlogt(kz) 0 
where & is a parameter. 
Verify that the following equations are integrable and determine their 
primitives: 
(a) Emre) 
(by) OP + 2) de 4 xpdy + xzdz +0 
fc) (+ z)dx t dy | dz —-0 
(d) re — 2°) dx — x*z dy - (xz -) I)dz = 0 
(e) zdx i zxdy — ey dz = 0 
Cf) xQ? — 2%) dx -~ (2? — x) dy + 20? - dz = 0 
(g) G® — 2) dx ~ O? — 2°) dv + (x — yx ~ y — 22) dz = 0 
(A) (2 1 y2ddx | ixz 3 2 ydy © (RF — xpdz —0 
(i) 2zty 4 z)dx — 2xzdy - {(y + zP — x — 2xzj dz = 0 
tf) (x? -~ xy ye)de — xl + z)dy ~ xP dz = 0 
tk) yz) ~ 4xz) dx — xz(1 + 2xz)dy —xydz =0 
GQ) (xz — 2*)dx + 2yzdz — 2x? + 2f - xz — 2a) dz — 0 
Qn) (ydx — xdy\la —2z)—xydz = 0 
(@) 2xde | Qe > 2y7 2 + dp ede = 0 
(a) 2xzty — z) dx — 2(x? + 2z)dy = y(x? + 2y)dz = 0 
If f,, fo, and fz are homogeneous functions of the same degree in x, y, and z and 
if xf, > fe + 2f, = 0, show that the equation fpdx + fpdy + fgdz = 0 is 
integrable. 
Find the general solution of the equation 


(l2x 5 2p) dx - (Lix ~ [2y)zdy — (2x? + 3xp — 2y")dz = 0 


dx -axdy — 


and determine the integral surface which passes through the curve y = 0, 
eee ae , 

{f L, M, Nand P, Q, R are proportional to the direction cosines of two direc- 
tions tangential to the surface f (x.),z) = Oat the point (x,y,z) and make equal 
angles with the z axis, show that 


(P24 OYLf, + Mf, = (22 + MY(Pf. + OFF 


and deduce that 
L _ PE =f) © 2Ofofy 
Mi Of, — fi) > 2Phof, 
Hence find the equations of the system of curves on the paraboloid xy = z 
such that each curve, at its intersection with each generator of the system 
x -4,z = Ay, makes with the z axis the same angle as that generator. 
Find the integral curves of the equation 


wdx —xdy +dz=0 


on the surface » = xz, 
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PARTIAL DIFFERENTIAL EQUATIONS OF THE 
FIRST ORDER 


|. Partial Differential Equations 


We now proceed to the study of partial differential equations proper. 
Such equations arise in geometry and physics when the number of 
independent variables in the problem under discussion is two or more. 
When such is the case, any dependent variable is likely to be a function 
of more than one variable, so that it possesses not ordinary derivatives 
with respect to a single variable but partial derivatives with respect to 
several variables. For instance, in the study of thermal effects in a 
solid body the temperature 4 may vary from point to point in the solid 
as well as from time to time, and, as a consequence, the derivatives 

ob a ao a 
ox dy Gz)” 
will, in general, be nonzero. Furthermore in any particular problem it 
may happen that higher derivatives of the types 
a ot) (ad 
5 > ete. 
ax? Ge Gr” Gx Gr 
may be of physical significance. 

When the laws of physics are applied to a problem of this kind, we 

sometimes obtain a relation between the derivatives of the kind 


ao ao Cal 
ee ° ) 
Such an equation relating partial derivatives is called a partial differential 


equation, 

Just as in the case of ordinary differential equations, we define the 
order of a partial differential equation to be the order of the derivative 
of highest order occurring in the equation. If, for example, we take 4 
to be the dependent variable and x, v, and ¢ to be independent 
variables, then the equation 

eH ab 
a OF 
44 
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sa second-order equation in two variables. the equation 
on \’ ia 


ant Pee? (3) 


'y a first-order equation in two variables, while 
ou on on 
a ae 4 
ax ov @t 4) 


> a first-order equation in three variables. 
In this chapter we shall consider partial differential equations of the 
tirst order, i.e., equations of the type 


F(u%,..)-0 (5) 


In the main we shall suppose that there are {wo independent variables 
-nd y and that the dependent variable is denoted by z. If we write 


dz ez 
prea a (6) 


ze see that such an equation can be written in the symbolic form 


a CWp.g = 0 (0) 


2. Origins of First-order Partial Differential Equations 
Before discussing the solution of equations of the type (7) of the last 
.ction, we shall examine the interesting question of how they arise. 
Suppose that we consider the equation 
Va eee ica a dl) 
which the constants a and ¢ are arbitrary. Then equation (1) 
-presents the set of all spheres whose centers lie along the z axis. If 
= differentiate this equation with respect to x, we obtain the relation 
Xx + plz —c)=0 
hile if we differentiate it with respect to y, we find that 
k+ge—o=0 
nunating the arbitrary constant ¢ from these two equations, we 
wun the partial differential equation 
Jp —xq=0 (2) 


iich is of the first order. In some sense, then, the set of all spheres 
:h centers on the z axis is characterized by the partial differential 
uation (2). 
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However, other geometrical entities can be described by the same 
equation. For example, the equation 


wo. Pac - cP tan? (3) 


in which both of the constants c and ~ are arbitrary, represents the set of 
all right circular cones whose axes coincide with the line Oz. If we 
differentiate equation (3) first with respect to x and then with respect to 
y, we find that 

plz ~ e)tan?a = x, gz — c) tan? = (4) 


and, upon eliminating c and « from these relations, we see that for these 
cones also the equation (2) is satisfied. 

Now what the spheres and cones have in common is that they are 
surfaces of revolution which have the line Oz as axes of symmetry. 
All surfaces of revolution with this property are characterized by an 
equation of the form 

== f(s? +3) (5) 


where the function fis arbitrary. Now if we write x* + 1° = u and 
differentiate equation (5) with respect to x and },, respectively, we obtain 


the relations 
p= 2xf'tn), q=2Uf'w 


where f'(u) = df jdu, from which we obtain equation (2) by eliminating 
the arbitrary function f(u). 
Thus we see that the function z defined by each of the equations (1), 
(3), and (5) is, in some sense, a “solution” of the equation (2). 
We shall now generalize this argument slightly. The relations (1) 
and (3) are both of the type 
F(x,),2,4,)) = 0 (6) 
where a@ and 6 denote arbitrary constants. If we differentiate this 
equation with respect to x, we obtain the relation 
oF oF 0 OF OF 
ee agp es 
ax PR? Oh TIE 
The set of equations (6) and (7) constitute three equations involving two 
arbitrary constants a and 4, and, in the general case, it will be possible 


to eliminate a and 6 from these equations to obtain a relation of the 
kind 


0 (7) 


SOP p.Q) = 0 (8) 
showing that the system of surfaces (1) gives rise to a partial differential 
equation (8) of the first order. 

The obvious generalization of the relation (5) is a relation between 
x, y, and z of the type 
F(u,v) = 0 (9) 
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where w and v are Anawn functions of x, y, and z and F is an arbitrary 
function of w and v. If we differentiate equation (9) with respect to 
yand y, respectively, we obtain the equations 
OF jou eu | ‘ OF {ov . ev | 
da ania en ae 
du lax 62?) Golde ” 3? 


OF (du, ou | | OF (ev , ov | 7 
onlay eT lay Pe O 


0 


and if we now eliminate @F/éu and éF/év from these equations, we 
obtain the equation 

Our) Au) — Aue) 

Papa) 1 Ny) Gy) 


(10) 


which is a partial differential equation of the type (8). 

It should be observed, however, that the partial differential equation 
(10) is a /inear equation; i.¢,, the powers of p and g are both unity, 
whereas equation (8) need not be linear. For example, the equation 

(x -- a)? + (y =~ bP + 2? = | 
which represents the set of all spheres of unit radius with center in the 
plane xOy, leads to the first-order nonlinear differential equation 


21 + p? tq) = I 


PROBLEMS 


1. Eliminate the constants a and 6 from the following equations: 
(a) z = (¥ + ally + 6) 


2. Eliminate the arbitrary function f from the equations: 
(a) 2 = xy + f(x? +’) 
(b) zx + pow f(xy) 
Bey 
(2 s(2) 


Wd) z=f(x—y) 


(e) f(x? + yf 27, 22 — Axy) = 0 


3. Cauchy’s Problem for First-order Equations 

Though a complete discussion of existence theorems would be out of 
place in a work of this kind, it is important that, even at this elementary 
stage, the student should realize just what is meant by an existence 
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theorem, The business of an existence theorem is to establish con- 
ditions under which we can assert whether or not a given partial 
differential equation has a solution at all: the further step of proving 
that the solution, when it exists, is unique requires a uniqueness theorem. 
The conditions to be satisfied in the case of a first-order partial differ- 
ential equation are conveniently crystallized in the classic problem of 
Cauchy, which in the case of two independent variables may be stated as 
follows: 

Cauchy’s Problem. If 

(a) X99, Vol), and 2,(/) are functions which, together with their 
first derivatives, are continuous in the interval j/ defined by 
My SS fess 

(b) And if F(x,y,2,p.g) is a continuous function of x, ¥, 2, p, and g 
in a certain region U of the xyzpg space, then it is required to establish 
the existence of a function (x,y) with the following properties: 

(1) (x,y) and its partial derivatives with respect to x and y are 
continuous functions of x and y in a region R of the xy space. 

(2) For all values of x and y lying in R, the point (yyA0ny).¢.06)), 
$X,y)} lies in U and 


F[x,y.O(%9).8,04)).4,04))] 


(3) For all w belonging to the interval M, the point {v9(4).yo(40 
belongs to the region R, and 


AX (V4) } = fo 


Stated geometrically, what we wish to prove is that there exists a 
surface z == 4(x,y) which passes through the curve T whose parametric 
equations are 


X= X(t), y= yole), Z == 2¢(") () 


and at every point of which the direction (p,g,— 1) of the normal is such 
that 


F(x.S2,p.g) = 0 (2) 


We have given only one form of the problem of Cauchy. The em 
can in fact be formulated in seven other ways which are equivalent to 
the formulation above.! The significant point is that the theorem can- 
not be proved with this degree of generality. To prove the existence 
of a solution of equation (2) passing through a curve with equations (1) 
it is necessary to make some further assumptions about the form of the 
function F and the nature of the curve . There are, therefore, a whole 
class of existence theorems depending on the nature of these special 

1 For details the reader is referred to D. Bernstein, “Existence Theorems in 


Partial Differential Equations,” Annals of Mathematics Studies, no. 23, (Princeton, 
Princeton, N.J., 1950), chap. IL 
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sumptions. We shall not discuss these existence theorems here but 
shall content ourselves with quoting one of them to show the nature of 
such a theorem. For the proof of it the reader should consult pages 
32 to 36 of Bernstein’s monograph cited above. The classic theorem 
+ this field is that due to Sonia Kowalewski: 

Theorem 1. /f g(y) and all its derivatives are continuous for 
= Fo <4, if Xe is a given number and 2) = gy). Go = &'(Yo), and if 
xyv,2,g) and all its partial derivatives are continuous in a region S 
‘efined by 

[x — x] <9, [vy — vel <4, lg-ql < 8 
‘hen there exists a unique function d(x,y) such that: 

(a) (x,y) and all its partial derivatives are continuous in a region R 

defined by |x — xo] < 6, ly — ol < Oot 

(b) For all (x,y) in R. z = 6(x,v) is a solution of the equation 

ez 7 fi oz 
By LG a =) 


(c) For all vatues of y in the interval |y — yol < 4, b(Xo.y) = gy). 

Before passing on to the discussion of the solution of first-order 
partial differential equations, we shall say a word about different kinds 
of solutions, We saw in Sec. 2 that relations of the type 


F(x,y,z,,b) = 0 (3) 


led to partial differential equations of the first order. Any such 
relation which contains two arbitrary constants a and 6 and is a solution 
of a partial differential equation of the first order is said to be a complete 
svhition or a complete integral of that equation. On the other hand 
any relation of the type 

Flu,v) = 0 (4) 


involving an arbitrary function F connecting two known functions wu 
and v of x, y, and z and providing a solution of a first-order partial 
differential equation is called a general solution or a general integral of 
that equation, 

It is obvious that in some sense a general integral provides a much 
broader set of solutions of the partial differential equation in question 
than does a complete integral. We shall see later, however, that this is 
purely illusory in the sense that it is possible to derive a general 
integral of the equation once a complete integral is known (see Sec. 12). 


4. Linear Equations, of the First Order 


We have already encountered linear equations of the first order in 
Sec. 2, They are partial differential equations of the form 


Pp+Qq=R (1) 
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where P, Q, and R are given functions of x, y, and = (which do not 
involve p or g), p denotes 3=/@x gq denotes é2/éy, and we wish to find a 
relation between x, 1, and = ‘involving an arbitrary function. The first 
systematic theory of equations of this type was given by Lagrange. 
For that reason equation (1) is frequently referred to as Lagrange’s 
equation. Its generalization to n independent variables is obviously 
the equation 

Xipi — Xop2— + Xap, = Y (2) 


where Y,, ¥2,... ,¥,,and Y are functions of » independent variables 
Xy, 2, -. . 5X, and a dependent variable /; p,; denotes éf /@x, (i -- I, 
2,....,n). It should be observed that in this connection the term 
“linear” means that p and g (or, in the general case, p,. po, - - + » Px) 
appear to the first degree only but P, Q, R may be any functions of x, ), 
and z. This is in contrast to the situation in the theory of ordinary 
differential equations, where z must also appear linearly. For example, 
the equation 
é= 6z 


+r = 


VR ox oy 


an ee 


x2 


is linear, whereas the equation 


is not. 
The method of solving linear equations of the form (1) is contained in: 
Theorem 2. The general solution of the linear partial differential 
equation 


; Pp + Qq=R (1) 
is 
Fluv) = 0 QB) 

where F is an arbitrary function and wx.y,z) = €, and v(x,),2) = C2 form 
a solution of the equations 

dx dy a 

Es AY 4 

POR (4) 


We shall prove this theorem in two stages: (a) We shall show that 
all integral surfaces of the equation (1) are generated by the integral 
curves of the equations (4); (6) and then we shall prove that all 
surfaces generated by integral curves of the equations (4) are integral 
surfaces of the equation (1). 

(a) Hf we are given that z — f(x,)) is an integral surface of the partial 
differential equation (1), then the normal to this surface has direction 
cosines proportional to (p.g,—1), and the differential equation (1) is no 
more than an analytical statement of the fact that this normal is perpen- 
dicular to the direction defined by the direction ratios (P,Q,R). In 
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.* words, the direction (P.Q,R) is tangential to the integral surface 
MY) 
. therefore, we start from an arbitrary point 4 on the surface (cf. 
< t4) and move in such a way that the direction of motion is always 
JR), we trace out an integral curve of the equations (4), and since 
Q, and R are assumed to be unique, there will be only one such 
-< through M. Further, since (?,0,8) is always tangential to the 
“ace, we never leave the surface. In other words, this integral curve 
che equations (4) lies completely on the surface. 
‘Ve have therefore shown that through each point 44 of the surface 
ere is one and only one integral curve of the equations (4) and that this 
~ve lies entirely on the surface. That 
the integral surface of the equation A(P.QR) 
iy generated by the integral curves of / 
- equations (4), { 
'\ Second, if we are given that the 
face 2 = f'(x,1) is generated by integral 
ves of the equations (4), then we 
rice that its normal at a general point 
vc) which is in the direction (é2/éx, 
: 1) will be perpendicular to the 
~sction (P,Q,R) of the curves generat- 
=< the surface. Therefore 


pe OB RAO 
ax ol Figure 14 


‘ich is just another way of saying that 
f(x,y) is an integral surface of equation (1). 
To complete the proof of the theorem we have still to prove that any 
‘face generated by the integral curves of the equations (4) has an 
wattion of the form (3). Let any curve on the surface which is not a 
.rucular member of the system 


UN 2) = On r(XY,2) = C2 (5) 
ive equations 
disc) = 0, vinac) = 0 (6) 
the curve (5) is a generating curve of the surface, it will intersect the 
tye (6). The condition that it should do so will be obtained by 
minating x,y, and z from the four equations (5) and (6). This will 
- a relation of the form 
Fle,.ca) = 0 (7) 
tween the constants c, and c,, The surface is therefore generated by 
rves (5) which obey the condition (7) and will therefore have an 
juation of the form 
Fur) = 0 (3) 
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Conversely, any surface of the form (3) is generated by integral curves 
(5) of the equations (4), for it is that surface generated by those curves 
of the system (3) which satisfy the relation (7). 

This completes the proof of the, theorem. 

We have used a geometrical method of proof to establish this theorem 
because it seems to show most clearly the relation between the two 
equations (1) and (4). The theorem can, however, be proved by purely 
analytical methods as we shall now show: 

Alternative Proof. tf the equations (5) satisfy the equations (4), then 
the equations 

u, dx + u, dy + u,dz = 0 


dx _dy_ dz 
P OR 
must be compatible; i.e., we must have 

Pu, + Qu, + Ru, = 0 
Similarly we must have 
Pr, + Qu, =- Rv, = 0 


and 


Solving these equations for P, Q, and R, we have 
P Q R 


Auv)y/o(y.z) — Aae)/O(2.x) Aur) O(x,y) () 
Now we showed in Sec. 2 that the relation 
Flux) = 0 
leads to the partial differential equation 
p Our) Hu,v) Aue) (9) 


ar. 1aaN) Ax) 


Substituting from equations (8) into equation (9), we see that (3) is a 
solution of the equation (1) if # and v are given by equations (5). 
We shall illustrate the method by considering a particular case: 


Example 1. Find the genecal solution of the differential equation 


The integral surfaces of this equation are generated by the integral curves of the 


equations 
ax _ dy i dz (40) 
(x + We 


+l 
7 


The first equation of this set has obviously the integral 


xtiyplsd (11) 
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it follows immediately from the equations that 
dx dy dz 
See oe ix oye 


ch has the integral 


= (12) 


~bining the solutions (11) and (12), we see that the integral curves of the equations 
sire given by equation (12) and the equation 


(13) 


(14) 


-2 the function F is arbitrary. 
should be observed that this surface can be expressed by equations such as 


ay 


ee “ x ae ¥) 
~ ast 


aich f and g denote arbitrary functions), which are apparently different from 
vion (14). 


ye theory we have developed for the case of two independent 
-bles can, of course, be readily extended to the case of n independent 
-les, though in this case it is simpler to make use of an analytical 
od of proof than one which depends on the appreciation of 
~etrical ideas. The general theorem is: 
iheorem 3. Uf u(xro,.. . XZ) = ¢; = 1.2,...,0) are 
.ndent solutions of the equations 


N 


dx,  dxs dx, dz 


Pi Pz ~ P, R 


the relation Diy.u2,, .. . ,u,) == 0, in which the function D is 
“ary, is a general solution of the linear partial differential equation 


az ez az 
Vga °te Pea ~R 
prove this theorem we first of all note that if the solutions of the 
Ons 
dx, : dX, soa ds Yethe, dx, 4 dz (15) 
P, P, Py R 


Wg Bey od 2 GRY ORE i eee (16) 
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then the 7 equations 


8 é 
\ Beiids IX, <- eh 0 i Wes ts © veel (17) 
fe Ox; ez 


must be compatible with the equations (15). In other words. we must 
have 


Pp, — R= 0 (18) 


Solving the set of 7 equations (18) for P,, we find that 


P, R 
Olli Sok ene ela. OG, os caeT: 
Oy Sb arecd SiGe Ge aia au, Aa a 
pas Wy eee gt 19) 
where G(s, . - . 0, JO(xy ve... . ,X,,) denotes the Jacobian 
au, Out, au, 
| Ox, OX» _ ox, 
Gis Oily Oty 
dx, Oxy tst~<CS*é«S, 
eu, ou, bu, 
ex, ax, mes Ox, |} 
Consider now the relation 
PUA 2 2. 4.) — 0 (20) 


Differentiating it with respect to x,, we obtain the equation 


~ (= Gu; , Ou; =) 0 

< ‘du, 0x, © 82 Ox; i 

and there are 7 such equations, one for each value of i. Eliminating 
the n quantities @@/@u,, . . . , @@/éu,, from these equations, we obtain 
the relation 


Ary...) | SS OZ Att, wi MG ly ay es atte) =0 QU 
Axy. Se aA) = ax, a(x, pone VeVi 2 X,) 


Substituting from equations (19) into the equation (21), we see that the 
function = defined by the relation (20) is a solution of the equation 
Gz oz ne 
Py — Pax PL 22 
rex, Ps OX) eOxs & 2) 


as we desired to show. 
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Example 2. Jfu is a function of x, v, and z which satisfies the partial differential 
sHtOn 
Ou ou bu 
y-De tN +t (Koy = 0 
Q ) ex ¢ a A) ez 
“x that u contains x, y, and z only in combinations x - y + z and x 4 
{n this case the auxiliary equations are 


dx dy dz af, di 


Pry Se “oe -¥ 0 
<i they are equivalent to the three relations 
du =0 


dx + dy +dz=0 
xdx+ydy-+zdz=-0 
aich show that the integrals are 
u=, xtytzr=q, Pe Pt2tag 


ence the general solution is of the form 


ue f(x ys 


ss sve were required to show. 

It should be observed that there is a simple method of verifying a result of this 
-.nd once the answer is known, We transform the independent variables from x, y, 
ad z to & y, and ¢, where § = x 7 yz, = 2x? + y+ 2?) and {is any other 
.ombination of x, y, and z, say y ~ z. Then we have 


eu bu bx a eu dy , ou ez 
a ax Hh By Hz a 


(23) 


ond it is readily shown that 


ox 4 6y x -—2 a =x 
a 3 a ye z a oy Zz 
y that 
ou eu ou ou 
CoN gy ~Y-2 eo Oa - Ns 


I, therefore, the function w satisfies the given partial differential equation, we have 
uf @ = 0, showing that w = (1), which is precisely what we found before. 


PROBLEMS 


Find the general integrals of the linear partial differential equations: 
2(xp ~~ yg) = ym x? 

i2=g)e> ¥ — 22) 

ay(x + y) — (x — yi(2x + 2p +z) 


4. ?p ~ xyg = xz ~ 2y) 
5. (y + 2xip — (x + zig = x? — 
6. x(x? +. 3y®)p — px? + yg = 22()? ~ x*) 
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5. Integral Surfaces Passing through a Given Curve 


In the last section we considered a method of finding the general 
solution of a linear partial differential equation. We shall now 
indicate how such a general solution may be used to determine the 
integral surface which passes through a given curve. We shall suppose 
that we have found two solutions 


UNV) Oy OY, 


C2 (1) 
of the auxiliary equations (4) of Sec. 4. Then, as we saw in that section, 
any solution of the corresponding linear equation is of the form 
Funry-~ 0 Q) 
arising from a relation 
F(cy,C2) ~~ 0 (3) 
between the constants c, and cy. The problem we have to consider is 
that of determining the function F in special circumstances. 
If we wish to find the integral surface which passes through the 
curve ¢ whose parametric equations are 
X= x(t), y= y), z= 2(/) 
where ¢ is a parameter, then the particular solution (1) must be such that 
ulx(t),y(1),20)} = C1. rE), MOAD} = C2 
We therefore have two equations from which we may eliminate the 
single variable / to obtain a relation of the type (3). The solution we are 
seeking is then given by equation (2). 
Example 3. Find the integral surface of the linear partial differential equation 
Mis Sp yi t= alg es Lg 


which contains the straight line x ~ y ~O,z = 1. 
The auxtiary equations 


dx dz 
xy? - =) Gy? ~ y4)2 
have integrals 
XYZ = Gy, 2-22 -& (4) 


For the curve in question we have the freedom equations 
eo Ae aay, z 1 
Substituting these values in the pair of equations (4), we have the pair 
—-P> a, 22? -=c 
and eliminating ¢ from them, we find the relation 
2¢, — G+ 2-0 


showing that the desired integral surface is 


-+ 2xyz — 22 +2 -0 
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PROBLEMS 
J the equation of the integral surface of the differential equation 
22 Dp (ars oz) ave <3) 
ch passes through the circle > O)x? a? - 2. 


~d the general integral of the partial differential equation 
(2xx Dp (s 2x x - 12) 
vaso the particular Integral which passes through the line x Pas 
¢ the integral surface of the equation 
ep? dp casey ed Ge ae 
@y - 0. 


tx 


ough the curve 
~d the general solution of the equation 

Dx(y, s2)ps aie. BPlg ost 
d deduce that 


SARS Qiye aux? 
» solution, 
~d the general integral of the equation 
(x- vp (ox - 2g z 
J the particular solution through the circle > - 1,a% - 1? = I. 
sd the general solution of the differential equation 
atz ~ lajp : (xz - Qe. lag = Ac + a) 
id also the integral surfaces which pass through the curves: 
ry 0 cto. dax 
1 0. Ses tay 20 


.rfaces Orthogonal to a Given System of Surfaces 
interesting application of the theory of linear partial differential 
ons of the first order is to the determination of the systems of 
cs orthogonal to a given system of surfaces. Suppose we are 
a one-parameter family of surfaces characterized by the equation 


joys) Sc (I) 


“sat we wish to find a system of surfaces which cut each of these 
surfaces at right angles (cf. Fig. 15). 
~ normal at the point (x.),2) to the surface of the system (1) which 
-.. through that point is the direction given by the direction ratios 


Of 4, 
(2.2.2) Q) 


(P,O.R) = 


- surface with equation 
== &%¥) (3) 
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cuts each surface of the given system orthogonally, then its normal at 
the point (x,7.2) which is in the direction 

G2 a: 

ee si 

ox dy 
is perpendicular to the direction (P,Q,R) of the normal to the surface of 
the set (1) at that point. We there- 
fore have the linear partial differen- 
tial equation 

oz Oz 


R (4) 


for the determination of the surfaces 
(3). Substituting from equations 
(2), we see that this equation is 
equivalent to 


aa: afd: af 
Seog Oper az 


Conversely, any solution of the 
linear partial differential equation 
(4) is orthogonal to every surface 
of the system characterized by equa- 
tion (1), for (4) simply states that the 
normal to any solution of (4) is per- 
pendicular to the normal to that 
member of the system (1) which 
passes through the same point, 
The linear equation (4) is therefore the general partial differential 
equation determining the surfaces orthogonal to members of the system 
(1); ie., the surfaces orthogonal to the system (1) are the surfaces 
generated by the integral curves of the equations 
dx dy d= 
Oflex afjey ~ Oe: 
Example 4. Find tle surface witiclr intersects the surfaces of the systen 
ax or) e3r - 1) 
orthogonally and which passes through the circle xP = Tez 
In this instance 


Figure 15 


(5) 


(x 4) 
so that the equations (5) take the form 
dx dy de 
232-9) “23S iD v 
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which have solutions 
X74 7-0, eo pH 2a 2 ee, 
Thus any surface which is orthogonal to the given surfaces has equation of the form 
xP — P= 228 = 28 fe 9) 
For the particular surface passing through the circle x2 + y? = 1, z = 1 we must 
take fto be the constant —2, The required surface is therefore 


xy yp? = 228 22 ~ 2 


PROBLEMS 
1. Find the surface which is orthogonal to the one-parameter system 
z= expr? 4 wv) 
and which passes through the hyperbola x° — y? = a®,z = 0. 
2. Find the equation of the system of surfaces which cut orthogonally the cones 
of the system x? + 9? — 2? = exy, 
3. Find the general equation of surfaces orthogonal to the family given by 
{a) x08 + P= 2) =qyP 
showing that one such orthogonal set consists of the family of spheres given by 
(b) hy? og® meee 
If a family exists, orthogonal to both (a) and (4), show that it must satisfy 
2x(x? ~ 22) dx + (3x? + y? ~ 2) dp + 22128 + YP) dz = 0 


Show that such a family in fact exists, and find its equation. 


7. Nonlinear Partial Differential Equations of the First Order 


We turn now to the more difficult problem of finding the solutions 
of the partial differential equation 
FUXY,2p9) = 0 (1) 
in which the function Fis not necessarily linear in p and q. 
We saw in Sec. 2 that the partial differential equation of the two- 
parameter system 
SP (xy.z4,b) = 0 2) 
was of this form. It will be shown a little later (Sec. 10) that the 
converse is also true; i.e., that any partial differential equation of the 
ispe (1) has solutions of the type (2). Any envelope of the system (2) 
touches at each of its points a member of the system,' It possesses 
therefore the same set of values (x,y,2,p,¢) as the particular surface, 
so that it must also be a solution of the differential equation. In this 


1 The properties of one- and two-parameter systems of surfaces are outlined 
briefly in the Appendix. 
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way we are led to three classes of integrals of a partial differential 
equation of the type (1): 
(a) Two-parameter systems of surfaces 
f(xasah) 0 


Such an integral is called a complete integral. 
(b) If we take any one-parameter subsystem 
7 f ixvc.ad(ay} = 0 
of the system (2), and form its envelope, we obtain a solution of equation 
(1). When the function 4(a) which defines this subsystem is arbitrary, 
the solution obtained is called the general integral of (1) corresponding 
to the complete integral (2). When a definite function (a) is used, we 
obtain a particular case of the general integral. 

(c) If the envelope of the two-parameter system (2) exists, it is also a 
solution of the equation (1); it is called the singular integral of the 
equation. 

We can illustrate these three kinds of solution with reference to the 
partial differential equation 

P14 pPt+¢g) =! (3) 
We showed in Sec. 2 that 
(x — a? + (y — bP + 2 = 1 (4) 
was a solution of this equation with arbitrary a and 6. Since it contains 
two arbitrary constants, the solution (4) is thus a complete integral of 
the equation (3). 
Putting b = ain equation (4), we obtain the one-parameter subsy stem 
(v—aP +(y -aP t+ 2= 1 
whose envelope is obtained by eliminating @ between this equation and 
X + yp — 2a=2 0 
so that it has equation 
(x — yf + 2? = 2 (5) 
Differentiating both sides of this equation with respect to v and y, 
respectively, we obtain the relations 
2sp=y—~ xX, 2iq=3x—-)} 
from which it follows immediately that (5) is an integral surface of the 
equation (3). It is a solution of type (6): Le., it is a general integral 
of the equation (3), 

The envelope of the two-parameter system (3) is obtained by elimi- 
nating a and / from equation (4) and the two equations 

x-a=0 y-b=0 
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2. the envelope consists of the pair of planes z = 41. It is readily 
erified that these planes are integral surfaces of the equation (3): since 
hey are of type (c) they constitute the singular integral of the equation. 
It should be noted that, theoretically, it is always possible to obtain 
ulerent complete integrals which are not equivalent to each other, i.e. 
-hich cannot be obtained from one another merely by a change in the 
“vice of arbitrary constants. When, however, one complete integral 
as been obtained, every other solution, including every other complete 
regral, appears among the solutions of type (6) and (c) corresponding 
the complete integral we have found. 
To iltustrate both these points we note that 
(y — mx — 0) == (Lam) — 2") (6) 
« complete integral of equation (3), since it contains two arbitrary 
. “stants #2 and c, and it cannot be derived from the complete integral 
++ >v a simple change in the values of aand b. It can be readily shown, 
sever, that the solution (6) is the envelope of the one-parameter 
»svstem of (4) obtained by taking b = ma + ¢. 


PROBLEMS 


Verify that 2 = av + by © a ~ b — ab is a complete integral of the partial 
differential equation 
Ze px. gyer p~ |g — pg 
where a and 6 are arbitrary constants, Show that the envelope of all planes 
corresponding to complete integrals provides a singular solution of the 
differential equation, and determine a general solution by finding the envelope 
T those planes that pass through the origin. 


- Verify that the equations 


a) z= 
Pow AL bar Nx PAL) 
re both complete integrals of the partial differential equation 


hy 


Show, further, that the complete integral (4) is the envelope of the one- 
parameter subsystem obtained by taking 
a ie 


be mee n 
Ade dh 


+ the solution (@). 


Cauchy’s Method of Characteristics 


‘Se shall now consider methods of solving the nonlinear partial 


cvential equation 


() 


62 ELEMENTS OF PARTIAL DIFFERENTIAL EQUATIONS 


In this section we shall consider a method, due to Cauchy, which is 
based largely on geometrical ideas. 

The plane passing through the point P(vq.1%4,29) with its normal 
parallel to the direction n defined by the direction ratios (py.g,.—1) is 
uniquely specified by the set of numbers D(va.VoZoPo4u)- Conversely 
any such set of five real numbers detines a plane in three-dimensional 
space. For this reason a set of five numbers D(x.).<,p.g) ts called a 
plane element of the space. In particular a plane element (.¥9,1'9.70.Po4o) 
whose components satisfy an equation 

F(xy.c.p.g) = 0 (2) 
is called an integral element of the equation (2) at the point (vo.¥.70) 
It is theoretically possible to solve 
an equation of the type (2) to 
obtain an expression 

g = Gy z-p) (3) 
from which to calculate g when wx, 
y,2, and p are known, Keeping 
Xo. Fo and z, fixed and varying 
p, we obtain a set of plane 
< elements {¥9.V 057 9sG(X ol Zoo) fs 

“Plane element which depend on the single para- 
meter p. As p Varies, we obtain 
aset of plane elements all of which 
pass through the point P and which therefore envelop a cone with 
vertex P; the cone so generated is called the elementary cone of 
equation (2) at the point P (cf. Fig. 16). 

Consider now a surface S whose equation is 

z= g(x,y) (4) 
If the function g(x,y) and its first partial derivatives g,(v,1), g(x,y) are 
continuous in a certain region R of the xy plane, then the tangent plane 
at each point of S determines a plane element of the type 
{Nob org! (Xo.¥ 0). ee Xo¥o)-£& AXoyo) } (5) 
which we shall call the tangent element of the surface S at the point 
(Vos) “aX o,¥o) t 

It is obvious on geometrical grounds that: 

Theorem 4. 4 necessary and sufficient condition that a surface be an 
integral surface of a partial differential equation is that at each point its 
tangent element should touch the elementary cone of the equation. 

A curve C with parametric equations 

x = x(1), r= yt), == x(t) (6) 
lies on the surface (4) if 


Elementary cone 


\ 


Figure 16 


A= gi s(D} 
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r all values of ¢ in the appropriate interval /. If Py is a point on this 
.urve determined by the parameters ¢,. then the direction ratios of the 
angent line PP, (cl. Fig. 17) are tv'(Uo)i (taht Uy)}, where v(t) 
Jenotes the value of dv/dr when ¢- fq. elec. This direction will be 
serpendicular to the direction (po.go.—1) if 


=") PoXo (to) +h Foy Uo) 


{or this reason we say that any set 


Mv) OpPWO.g)} (7) 
ov five real functions satisfying the condition 
2) = p(nx() = (ov (8) 


cvlines a strip at the point (v1,c) of the curve C. If such a strip is 
also an integral element of equa- 
on (2), we say that it is an integral 
‘ip of equation (2); Le., the set 
* funetions (7) is an integral strip 
"equation (2) provided they 
-susfy condition(8)and the further 
-ondition 
FXO) VO) DP(D. GO} = 0+ (9) 
vor all cin J. 
If at each point the curve (6) 
‘ -uches a generator of the elemen- 
“y cone, we say that the corresponding strip is a characteristic strip. 
A shall now derive the equations determining a characteristic strip. 
se point (v + dx, y -+ dy, z + dz) lies in the tangent plane to the 
mentary cone at P if 


(Pg -9g7}) 


Figure |7 


dz = pdx --qdy (10) 


here p, q satisfy the relation (2). Differentiating (10) with respect to 
we obtain 


O= dy + a (a) 
dp 
rere, from (2), 
oF @eF dg 
ap ° ty dp ~° oe 


\ fving the equations (10), (11), and (12) for the ratios of dy, d= to dy, 
~ obtain 
dx dy dz 
ae a ee aS) 


that along a characteristic strip x'(4), 1(), ='() must be proportional 
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to F,, F,, pF, -- qF,, respectively. 1f we choose the parameter / in 
such a way that 
XO=F, vO=F, (4) 
then 
z(t) — pF, > qF, (15) 
Along a characteristic strip p is a function of ¢ so that 


vy Pan P, 
PO 75x) ay? 2) 


x 
Bie earth oad 
~ éxép dy ag 
_ pak ag aF 
~ @x ap ax aq 

since Op/dy == ég/é@x. Differentiating equation (2) with respect to x, 

we find that 

oF OF  aF ap | aF aq 


ax 32? ~ ép ex | 8g ex a 
so that on a characteristic strip 
p() = —(F. + pF) (16) 
and it can be shown similarly that 
qq = -(F, + gE) a7) 


Collecting equations (14) to (17) together, we see that we have the 
following system of five ordinary differential equations for the deter- 
mination of the characteristic strip 
YO=F, YO=F, 20 = phi +4 
PO=—-F.—pF, (i= —F, - ¢F, 
These equations are known as the characteristic equations of the differ- 
ential equation (2). These equations are of the same type as those 
considered in Sec. 2 of Chap. 1, so that it follows, from a simple 
extension of Theorem 1 of that section, that, if the functions which 
appear in equations (18) satisfy a Lipschitz condition, there is a unique 
solution of the equations for each prescribed set of initial values of the 
variables. Therefore the characteristic strip is determined uniquely by 
any initial element (9,¥'0,20,Po.4o) and any initial value 1, of f. 

The main theorem about characteristic strips is: 

Theorem 5. Along every characteristic strip of the equation 
F(x,y,2,psq) = 0 the function F(x,¥,2,p.q) is a constant. 


(18) 
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The proof is a matter simply of calculation. Along a characteristic 
strip we have 


a ye 
5 POLO AO PO.GO} 
= Fix!’ + By + Fz!) Fp’ + Eg 
os FP, + FF FApP, ~ qf) ~~ PCF, ob pF.) ~ FF, + 9F.) 


=0 
so that F(x).2,p.g) == &, a constant along the strip. 
As a corollary we have immediately: 


Theorem 6. /f a characteristic strip contains at least one integral 
aoment of F(X,y,2,p.q) = 0 it is an integral strip of the equation 
FINY 2, ZinZy) = 0. 

We are now in a position to solve Cauchy's problem. Suppose we 
ssh to find the solution of the partial differential equation (1) which 
~asses through a curve I’ whose freedom equations are 


X= We) ye Av), 2 gv) (19) 
-en in the solution 


X = X(PosorXoVosZosfort), ele. (20) 
"the characteristic equations (18) we may take 
Xoo WC), Yo = H(t), Zo = xv) 


- the initial values of x, y, 2. The corresponding initial values of 
J, are détermined by the relations 


Z(t) = po (0) + qoP'(e) 
FOL) P(e). L0),P 0-40} = 


+e Substitute these values of xo, Vo, Zo: Pos Jo and the appropriate 
. de of f) in equation (20), we find that x, y, z can be expressed in 
ts of the two parameters /, t, to give 


x= X40), pe ¥4,), Se Z(t) Q1) 
‘ninating v, ¢ from these three equations, we get a relation 
yxy.) == 0 


.h is the equation of the integral surface of equation (1) through 
_ curve PT. We shall illustrate this procedure by an example. 


:xample 5. Find the solution of the equation 
zai g@ + (p — xq -") 


passes through the x-axis. 
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is readily shown that the initial values are 


xy =hy Fo = 0, Zy = 0, Po = 9, qo = dW, tg = 0 


The characteristic equations of this partial differential equation are 


dx 


‘ ¥ dz 
= PTE GTP TIN FPP ra YUP 7 - 


eg ate a 
sd cm a) Co aa a 2 


from which it follows immediately that 


=p, y=q—-2 


Also it is readily shown that 


id aon. 
getrq-Y=p-q-x% Fp tq-y=pra-y 


giving 


ptq-x=vel, prg-—y =e 


Hence we have 


x=vQe-1), pore -1l, pH=be = Deg=aret +) (22) 


Substituting in the third of the characteristic equations, we have 


ng = 5r2e* ~ 3y%et 
dt 
with solution 
z= $r%(e* — 1) - 3e%(et — 1) (23) 
New from the first pair of equations (22) we have 
re Araaca Tarte, 5 
é yx b=x-—2y 


so that substituting in (23), we obtain the solution 


z = 44x — 3y) 


PROBLEMS 


Find the characteristics of the equation pg = z, and determine the integral 
surface which passes through the parabola x = 0, y? =z. 


Write down, and integrate completely, the equations for the characteristics o! 
(Ll + @)z = px 


expressing x, y, z, and p in terms of ¢, where g = tang, and determine thi 
integral surface which passes through the parabola x? = 2z, y = 0. 


Determine the characteristics of the equation z = p* — gq’, and find th 


integral surface which passes through the parabola 4z + x = 0, y = 0. 
Integrate the equations for the characteristics of the equation 
Pg ad: 


expressing x; y, z, and p in terms of g, and then find the solutions of th 
equation which reduce to z = x? + 1 when y = 0. 
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9. Compatible Systems of First-order Equations 


We shall next consider the condition to be satisfied in order that every 
solution of the first-order partial differential equation 


fxvyp.g — 9 (1) 
> also a solution of the equation 
glyy.cp.g) = 0 (2) 
When such a situation arises, the equations are said to be compatible. 
if 

ALS) 29 Q) 

p.g) 
+e can solve equations (1) and (2) to obtain the explicit expressions 
p= dsc) 9 = vay) (4) 


‘rpandg. The condition that the pair of equations (1) and (2) should 
>: compatible reduces then to the condition that the system of equations 
+) should be completely integrable, i-e., that the equation 


¢dx ~ypdy —dz=90 
sould be integrable. From Theorem 5 of Chap. | we see that the 
sondition that this equation is integrable is 
#—¥,) + ¥(¢.) — Y. — $,) = 0 
aich is equivalent to 
V2 — Oy. = $ + ¥d, (5) 


Substituting from equations (4) into equation (1) and differentiating 
» th regard to x and z, respectively, we obtain the equations 


fe = fabs + fos = 0 
Si + fobs + fits = 9 
--om which it is readily deduced that 
Se © Of Lb. + O46) ~ flys + b¥) = 0 
\ milarly we may deduce from equation (2) that 
82 > $8. + Bld. + $4.) + lye + dv.) = 0 
\ uing these equations, we find that 


de AFD. 4g ALON 6 
Ye + Oye Flap) 7 $ aG.p)| (6) 


»here J is defined as equation (3). 


68 ELEMENTS OF PARTIAL DIFFERENTIAL EQUATIONS 


If we had differentiated the given pair of equations with respect to 
y and z, we should have obtained 
_Lat@ . , gn 
slag "az! 
so that, substituting from equations (6) and (7) into equation (5) and 
replacing ¢, y by p, g, respectively, we see that the condition that the 
two conditions should be compatible is that 


[fgl = 9 (8) 
af. aAfe . fs), Afg) 6) 


by + ¥b. = (7) 


where Lfgl = 


“ap) Pep)” Ay9) 4 BEq) 
Example 6. Show that the equations 
xpayg,  2xp + yg) = Ixy 


are compatible and soice them. 
In this example we may take f + xp — yg, = zap ~ yg) ~ 2xy so that 


Hie) > 46) a Ah aR, 


Rp OP ag OO 


arp) 7 
from which it follows that 
[fg] = xplvg — xp) = 0 

since xp -- yp. The equations are therefore compatible. 

It is readily shown that p = y/z,q = x/2, So that we have to solve 

idz--ydx ~ xdy 

which has solution 
Bae Bey 
where c, is a constant. 


PROBLEMS 


_ 
wn 


how that the equations 
xp—yqex, pi g=xz 


are compatible and find their solution. 


N 
“zi 


how that the equation 2 = px > gy is compatible with any equation 
FOXY EPD 0 that is homogeneous in x, ¥, and z. 
Solve completely the simultaneous equations 


za pxrgy,  2xylp = @) = chp + xq) 


3. Show that the equations f(x,y.p.q) = 0, g(x,v,p.g) = 0 are compatible if 
aAfs) . ahs _ 
Ax,p) A y.g) 
Verify that the equations p = P(x,v), g = Q(x,y) are compatible if 
aP ag 
ey ax 
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4. [fay = Ouf@x, uy = Ou/@r, uz, Gu 22, show that the equations 
f(XN2 ig tata,) 0. (KD uy) 0 


are compatible if 


'0. Charpit’s Method 
A method of solving the partial differential equation 
S32 pp) = 9 (1) 
due to Charpit, is based on the considerations of the last section. The 


‘undamental idea in Charpit’s method is the introduction of a second 
partial differential equation of the first order 


2.2.9.4) = 0 (2) 


hich contains an arbitrary constant @ and which is such that: 
(w) Equations (1) and (2) can be solved to give 


P= AXNYM, 9 -= WX,2,a) 
(h) The equation 
dz ~~ p(x.yjz,a) dx | g(x.y,z,a) dy (3) 
‘'s integrable. 
When such a function g has been found, the solution of equation (3) 
F(x,),.2,a,6) = 0 (4) 
-ontaining two arbitrary constants a, 6 will be a solution of equation (1). 
{rom the considerations of Sec. 7 it will be seen that equation (4) is a 
complete integral of equation (1). 
The main problem then is the determination of the second equation 
2), but this has already been solved in the last section, since we need 
snly seek an equation g -= 0 compatible with the given equation f = 0. 
The conditions for this are symbolized in equations (3) and (8) of the 
vast section. Expanding the latter equation, we see that it is equivalent 
‘o the linear partial differential equation 


e ag . ag 
piel Os co \2 
a In ay (Phy ~ 4h) 5 
eg Sa ORs 
Cf. ~ pf ap Cf. > 9 f2) a 0 (5) 


“or the determination of g. Our problem then is to find a solution of 
‘his equation, as simple as possible, involving an arbitrary constant a, 
vnd this we do by finding an integral of the subsidiary equations 


dx dy dz dp dq 


Loh Pheah “h-m “h- ap 


(6) 
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in accordance with Theorem 3. These equations, which are known as 
Charpit’s equations, are equivalent to the characteristic equations (18) 
of Sec. 8. 

Once an integral g(,7,7,p,¢.@) of this kind has been found, the problem 
reduces to solving for p, g, and then integrating equation (3) by the 
methods of Sec. 6 of Chap. |. It should be noted that not all of 
Charpit’s equations (6) need be used, but that p or g must occur in the 
solution obtained, 

Example 7. Find a complete integral of the equation 


px org (7) 
The auxiliary equations are 
ips” 2qy px PY pp goog 
from which it follows that 


dx dy dz dp dq 


pdx 2pxdp g@dv  2qvadg 


px TY 
ana hence that 
px > agy (8) 
where a is a constant. Solving equations (7) and (8) for p,q, we have 
{ a: |} {=z \: 


Po Va axl” 4 a ail 


so that equation (3) becomes in this case 
I= a\! fa\' fy\! 
(——! dz = (<) dx (+) dy 
= x) Ay aes 


{UL = az\t = (axy}t = yh = b 


with solution 


which is therefore a complete integral of (7), 


PROBLEMS 


Find the complete integrals of the equations: 


Lp = Py = gz 

2p (2 =qrP 

3. 2? pyxy 

4. xp - 3yq = 22 — xg?) 

5. px? -~ 4gix? = 6x22 — 2 = 0 
6, 2(y - 2g) += glap + yg) 

7. U2 \ xp + yg) = sp? 


11. Special Types of First-order Equations 


In this section we shall consider some special types of first-order 
partial differential equations whose solutions may be obtained easily 
by Charpit’s method. 
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ta) Equations Involving Only p and q. For equations of the type 2 
Sipqy 9 (1) 
«harpit’s equations reduce to 
dx_ dv d= tp ig 
to fy Phe Gf, 9 0 
\n obvious solution of these equations is 
poa (2) 
che corresponding value of g being obtained from (1) in the form 
J (ag) 0 (3) 
+o that gq = Aa) 
The solution of the equation is then 
(4) 


. constant. 
z=ar + Ofay — 6 


shere b is a constant. : 
We have chosen the equation dp — 0 to provide our second equation. 

in some problems the amount of computation involved is considerably 

cduced if we take instead dg = 0, leading to g = a. . 

Find a complete integral of the equation pg |. 


Example 8. 
In this case Qt) — I/a, so that we see, from equation (4), that a complete 


stegral is 
- ae b 


hich is equivalent to 
ayy 


nere ec are arbitrary constants. . 

(6b) Equations Not Involving the Independent Variables. If the partial 
differential equation is of the type 
SEp.g) = 0 6) 


Charpit’s equations take the forms 
dx dy dz ep dq 
too fe Pew 9h Pf Oh: 
‘he last of which leads to the relation 
(6) 


p= ag 
Solving (5) and (6), we obtain expressions for p, g from which a complete 


‘ategral follows immediately. 
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Example 9. Find @ complete integral of the equation pz age Ts 
Putting p -- ag, we find that 


2 


te gg We wer og Mahe 


Hence Qo @ydz: -adx ~ dy 


Fure 


which leads to the complete integral 


atl @ : 


2 log faz: ql - a@z*y] -. alae 2 y ~ B) 


(c) Separable Equations. We say that a first-order partial differential 
is separable if it can be written in the form 


fixpy-- sg (7) 
For such an equation Charpit’s equations become 
dx dy dp dg 
ty 81 Phe — We fe Bs 
so that we have an ordinary differential equation 


ap fe 
<i 


in x and p which may be solved to give p as a function of x and an 
arbitrary constant ¢. Writing this equation in the form f, dp ~ f, dx 
= 0, we see that its solution is f(x,p) = a. Hence we determine p, ¢ 
from the relations. . 

fap=a  gvg=a (8) 
and then proceed as in the general theory. 


Example 10. Find a complete integral of the equation py — x°) = gat. 
We first observe that we can write the equation in the form 


PU =P) g 


20 that P 


and hence a complete integral is 
Pegs lt Gey ee 
where a and # are constants. 


(d) Clairaut Equations. A first-order partial differential equation is 
said to be of Clairaut type if it can be written in the form 


os px +-gy + f(pq) (9) 
The corresponding Charpit equations are 
dx dy dz dp dy 


yf, pr-~qvtph,-gh, 0 0 
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so that we may take p == a,q-- 6. If we substitute these values in (9), 
we get the complete integral 
z= ax ~ by +f(ab) (10) 
as is readily verified by direct differentiation. 
Example Il. Find a complete integral of the equation 
(p > Qlz — xp ~ yy) = 1 
Writing this equation in the form 


Fo xp i yy eo 


Zax 4 by + — 
ax 4 hy +o 


PROBLEMS 
Find complete integrals of the equations: 
Lp q=pq 
22 -p~@ 


3. =pq =p +4 

4. g(x? + y*) = pt g 

5. payee x8y? = gO? + 3%) 

6. pgz = Pixs py > Gap +P) 


12. Solutions Satisfying Given Conditions 
Th this section we shall consider the determination of surfaces which 
satisfy the partial differential equation 
FOxy,2,p.g) = 0 (1) 
and which satisfy some other condition such as passing through a given 
curve or circumscribing a given surface. We shall also consider how to 


derive one complete integral from another. 
First of all, we shall discuss how to determine the solution of (1) 
‘hich passes throug a given curve C which has parametric equations 


X= x(1), y= 7, z= 2(/) (2) 


- being a parameter. If there is an integral surface of the equation (1) 


:hrough the curve C, then it is: 
(a) A particular case of the complete integral 


f(x.1,2,4,2) = 0 (3) 


obtained by giving @ or ) particular values; er 
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(6) A particular case of the general integral corresponding to (3), 
i.e., the envelope of a one-parameter subsystem of (3); or 

(c) The envelope of the two-parameter system (3). 
It seems unlikely that the solution would fall into either (a) or (¢) so 
we consider the case (b), which is the one which occurs most frequently. 
We suppose, therefore, that a surface, E say, of type (b) exists and 
passes through the curve C. At every one of its points this envelope F 
is touched by some member of the subsystem. In particular at each 
point P of the curve C we may suppose it to be touched by a member, 
S,, say, of the subsystem, and since S, touches E at P, it also touches C 
al thesame point. In other words, £ is the envelope of a one-parameter 
subsystem of (3) each of whose members touches the curve C, provided 
that such a subsystem exists. To determine £, then, we must consider 
the subsystem made up of those members of the family (3) which touch 
the curve C. The points of intersection of the surface (3) and the curve 
C are determined in terms of the parameter ¢ by the equation 


SP Ax(y),2(0),4,8} &= 0 (4) 


and the condition that the curve C should touch the surface (3) is that 
the equation (4) must have two equal roots or, what is the same thing, 
that equation (4) and the equation 


Ca , 

Bf HOW2),4,b} = 0 (3) 
should have a common root. The condition for this to be so is the 
eliminant of ¢ from (4) and (5), 

yah) = 0 (6) 


which is a relation between a and 4 alone. The equation (6) may be 
factorized into a set of alternative equations 


b= $a), b= ba), .. (7) 
each of which defines a subsystem of one parameter, The envelope of 
each of these one-parameter subsystems is a solution of the problem. 

Example 12. Find a complete integral of the partial differential equation 
(P+ Px = pz 
and deduce the solution which passes through the curve x ~ 0, 27 = Ay. 
it may readily be shown that 
+ (ay + by (8) 
is a complete integral, and it is left to the reader to do so. 
The parametric equations of the given curve are 


x£=0, yeP z= 2e (9) 
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The intersections of (8) and (9) are therefore determined by 
4°. (aP- bP 
ie, by et Qab-4r . P= 0 
and this equation has equal roots if 
tab — 2P = @h* 
ie, if ab = 1 
The appropriate one-parameter subsystem is therefore 


f 1\? 
Piaget: { ay \) 
i o> a} 


ie, a(x? — y?) = a@(2y — 27) 1 = 0 
and this has for its envelope the surface 

(2y — 2°? = 4(x? + 9°) (10) 
The function z defined by equation (10) is the solution of the problem. 


The problem of deriving one complete integral from another may be 
treated in a very similar way. Suppose we know that 


Sf (xy,2,4,8) = 0 (e3) 
is a complete integral and wish to show that another relation 
ex, y.2,hk) = 0 (12) 


involving two arbitrary constants A, k is also a complete integral. We 
choose on the surface (12) a curve T’ in whose equations the constants 
h,k appear as independent parameters and then find the envelope of the 
ene-parameter subsystem of (11) touching the curve T, Since this 
solution contains two arbitrary constants, it is a complete integral. 


Example 13. Show that the equation 


xpg + yg =i 
has complete integrals 
(a) (z + bY -- 4(ax + y) 
(b) kx hy) = Ky +P 


and deduce ()) frotn (a). 
The two complete integrals may be derived from the characteristic equations. 
Consider the curve 
y =0, x =k(z +h) (£3) 


on the surface (5). At the intersections of (a) and (13) we have 
(z - BY — 4ak(z -- 6) — 4ak(b —h) =0 


and this has equal roots if 
@h* - akth — hy 
ie, if ak =Oorb =f = ak. 
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The subsystem given by @ -- 0 cannot be the desired one since its envelope does 
not depend on A and &. The second subsystem has equation 
(2 ho akP Atax oy) 
Le, Ra? | latktz hy) - 2x) (2 - he - 4y -0 


and this has envelope 
{kz = A)» Ax 2 fie Payee 
which reduces to 
kur th) By ex? 
Next, we shall outline the procedure for determining an integral 
surface which circumscribes a given surface. Two surfaces are said to 
circumscribe each other if they touch along 
= a curve, é.g., a conicoid and its cnveloping 
cylinder. It should be noted that the curve 
of contact need not be a plane curve. We 
shall suppose that (3) is a complete integral 
of the partial differential equation (1) and 
that we wish to find, by using (3), an inte- 
gral surface of (1) which circumscribes the 
surface “ whose equation is 


y(xyc) = 0 (14) 
If we have a surface FE 
u(xiy.z) == 0 (15) 


of the required kind, then it will be one of 
three kinds (a), (4), (c) listed above. We 
Figure 18 shall consider the possibility (6), since it is 

the one which occurs most frequently. 
Suppose that the surface E touches the given surface & along a 
curve TV (cf, Fig. 18). Since E is the envelope of a one-parameter 
subsystem S of the two-parameter system (3), it is touched at each of its 
points, and, in particular, at each point P of I’, by a member S, of 
the subsystem S. Now, since S, touches E at P, it also touches © at P. 
Hence equation (15) is the equation of the envelope of a set of surfaces 
(3) which touch the surface (14). We now proceed to find the surfaces 
(3) which touch = and see if they provide a solution of the problem. 
The surface (3) touches the surface (15) if, and only if, the equations 


(3), (14), and 
fe ahuk (16) 


Pr Wy Ve 
are consistent. The condition for this is the eliminant of x, py, and z 
from these four equations, Le., a relation of the form 


Hab) =0 a) 


PARTIAL DIFFERENTIAL EQUATIONS OF THE FIRST ORDER 77 


between a and 6. This equation factorizes into a set of relations 
b=¢$(a), 6 - dsfa), os (18) 


each of which defines a subsystem of (3) whose members touch (14). 
The points of contact lie on the surface whose equation is obtained by 
eliminating a and 6 from the equations (16) and (18). The curve I’ is 
the intersection of this surface with “. Each of the relations (18) 
defines a subsystem whose envelope £ touches X along I’. 


Example 14. Show thae the only integral surface of the equation 


¢. 


2 


2qiz — px — qr) 14 
uhich is cireuntscribed about the paraboloid 2x = \° -- 2° is the enveloping cvlinder 
ahich touches it along its section by the plane y ~ | -- 0. 

The equation is of Clairaut type with complete integral 


; Poi 
z=ax + by: Ta (19) 
Fquation (14) has the form 
2x= Pee (20) 
so that equations (16) become, in this case 
aeob 
2° Dy 
which give the relations * 
b 1 
yoros Zan QI) 
a a 


Fliminating x between equations (19) aud (21), we have 


aby? — 26) — abz? — 2bz -+ Be 1 = 0 


ind eliminating + and z from this equation and the equations (21), we find that 
(b — a - 1) +0 


~o that the relation 4 ~ a defines a subsystem whose envelope is a surface of the 
<quired kind, The envelope of the subsystem 


(2(x + py) + Ile? ~ 2az 1-1 = 0 
is obviously 


Pay tl (22) 
The surface (20) touches the surface (22) where 
Gs ipo 
proving the stated result. 
PROBLEMS 


|. Find a complete integral of the equation px - qy = z, and hence derive the 
equation of an integral surface of which the line y = 1, x +20 is a 
generator, 


2, Show that the integral surface of the equation 


2b — @) = Upx + qu) 
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which passes through the line x = 1, » = Az + & has equation 
(y -— kxP = 24 + Hx — 1} 
3. Show that the differential equation 
2xz + @ = x(xp > v9) 
has a complete integral 


z+ ax = axy + bx* 


and deduce that 
x(y = AxP » 4(z ~ kx?) 


is also a complete integral. 
4. Find the complete integral of the differential equation 
xpi +g = (Or + 2g 


corresponding to that integral of Charpit’s equations which involves only 
q and x, and deduce that + 


(2 + hx — kP = 4hx(k — y) 
is also a complete integral. 
5. Find the integral surface of the differential equation 
G4 oP = SUS Peg 
circumscribed about the surface x° — 7? = 2p. 


6. Show that the integral surface of the equation 2y(1 + p*) = pq which is 
circumscribed about the cone x* +. z* = }* has equation 


P= ays 4x + 1) 


13. Jacobi’s Method 


Another method, due to Jacobi, of solving the partial differential 
equation 


F(x.y.2.p.q) = 0 a) 
depends on the fact that if 
u(x,y,z) = 0 (2) 
is a relation between x, y, and z, then 
Wy Us 
=-—-, =--+ 3 
P Ug q ug 3) 


where u, denotes éu/éx; (i = 1, 2,3). If we substitute from equations 
(3) into equation (1), we obtain a partial differential equation of the type 


Sf (%y.25 (4) 


in which the new dependent variable u does not appear. 
The fundamental idea of Jacobi’s method is the introduction of two 
further partial differential equations of the first order 


O(X.Y,Z,U4Ue,Ug,a) = 0, ACX.Y,Z,Upst 43,0) == 0 (5) 
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involving two arbitrary constants a and 6 and such that: 
(a) Equations (4) and (5) can be solved for u,, Us, Us; 
(b) The equation 
du=u,dx —u,dy ~ u,du (6) 


obtained from these values of u;, ve, us is integrable. 

When these functions have been found, the solution of equation (6) 
containing three arbitrary constants will be a complete integral of (4). 
The three constants are necessary if the given equation is (4); when, 
however, the equation is given in the form (1), we need only two arbitrary 
constants in the final solution. By taking different choices of our third 
arbitrary constant we get different complete integrals of the given 
equation. 

As in Charpit’s method, the main difficulty is in the determination of 
the auxiliary equations (5). We have, in effect, to find two equations , 
which are compatible with (4). Now in Example 4 of Sec. 9 we showed 
that g and A would therefore have to be solutions of the linear partial 
differential equation 


a a 
Ze + Sethe SRE Ngee 9 
which has subsidiary equations 
dx dy dz diy _ du, _ diy (8) 
fu Su Su Se th OH 


The procedure is then the same as in Charpit’s method. 
To illustrate {he method we shall solve Example 7 of Sec. 10 in this 
way. Writing p = —u,/us, 9 = —Ue/u3, we see that the equation 


px qy=2 


becomes 
xue + yuk — zu = 0 


so that the auxiliary equations are 


dx _ dy dz du, du, duty 
2uyx  2uagy gz eR 
with solutions 
x= a, | y= 
whence 
(4)' By ay 
u=(-}- Uy = : = 
1 x) 2 es us ( xo 
so that 


u = 2ax)? + (by)? + 2(a + d)zP# +e 


Writing 5 = 1,c¢ = 4, we see that the solution u = 0 is equivalent to the 
solution derived in Sec. 10. 
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The advantage of the Jacobi method is that it can readily be genera- 
lized, If we have to solve an equation of the type 
Ai X ae os Xn oly) = 0 (9) 
where u; denotes du/@x, (i=: 1,2,...,), then we find #—1 
auxiliary functions fs, f, .. . .f, from the subsidiary equations 
dx, dx » Aad dx, diy diy du, 
fu Say tog hey hay ~Sen 


involving # -~ | arbitrary constants. Solving these for i.ug, 6. - 5 Uy 
we determine x by integrating the Pfaffian equation 


n 


du = Su, dx; 
BAY, 
1 


i 


the solution so obtained containing ” arbitrary constants. On the other 
hand, Charpit’s method cannot be generalized directly. 


PROBLEMS 


1. Solve the problems of Sec. 10 by Jacobi's method. 
2. Show that a complete integral of the equation 
au Ou zu 
f (% Nay Fe 
is 
ue ax > by 4 Wab)z + ¢ 
where a, 6, and ¢ are arbitrary constants and f(a,h,9) -- 0. 
Find a complete integral of the equation 
Gu Bu Ou ut Bue Ott 
ax Gy Oz ax y Or 
3. Show how to solve, by Jacobi’s method, a partial differential equation of 
the type 


(x22) © oy. 24 
Bae PE Bree 
and illustrate the method by finding a complete integral of the equation 
[auy? eu ou ou \? 
pe eey paliced ease a) 
- (i) éz oy yf } 
4. Prove that an equation of the “Clajraut™ form 
Ou 
Xb 
Ox 0° 


eu a fe ou =) 


oz Vax) By az; 


is always soluble by Jacobi’s method. 
Hence solve the equation 


jeu du ay (ou Ou 2) 
laa x io Yoo dy = 
ax Oy ez} y: 
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14, Applications of First-order Equations 
The most important first-order partial differential equation occurring 
in mathematical physics is the Hamilton-Jacobi cquation 
as CAYEECAY as’ 
m-= t+ Hlgy, ga... Gap woo 


appropriate to the Hamiltonian H(gy.go.. . . 6Gu5 Pups ~~ Pr) of 
a dynamical system of » generalized coordinates qq... .. .g, and 
the conjugate momenta pi, Pp. .. - . Pp, This is an equation in which 
the dependent variable S is absent, so it is of the type (9) of Sec. 13. 
From the considerations of that section we see that the equations of the 
characteristics are 


irae eens ae Ce 
| dH ep, 6H op, 
| 
= se Steet es eee (2) 
6H] 8G) (8HI9q,) 
ie. they are equivalent to the Hamiltonian equations of motion 
dg, oH dp; OH * 
an Eo ee DQpa og (3) 
A modified form of equation (1) is obtained by writing 
S-= ~Wt-+S, 
We then find that 
as, as, 
hai) nels es oot gil | 4 
Hq ++ Gi ae 7 oe (4) 


Suppose, for example, that a system with two degrees of freedom has 
Hamiltonian 
Pp? ~ Op? & = : 
He. “Be SE 2 (5) 
UX ¥Y) vo 
here P, X, § are functions of x alone and Q, Y, 7 are functions of » 
one. Then equation (4) becomes 


Pp, - Opy) — (F — 1) — WX ~ Y)=0 


en one of the characteristic equations is 


aX: | dp, 0 
Pp. SPp, — ¥ — Wx" 


* solution 
Po (AWK ~ E+ ad} 
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where @ is an arbitrary constant. Similarly we could have shown that 
gq,  AWY- ye by 


where 4 is an arbitrary constant. Thus since p, is a function of x alone 
and q, is a function of y alone, we have 


Son Wt | QW & ay dy | QWY = 4» by dy 
showing that a solution of the Hamilton-Jacobi equation can always be 
found for a Hamiltonian of the form (5). 

First-order partial differential equations arise frequently in the theory 
of stochastic processes. One such equation is the Fokker-Planck 
equation" 


op a eP 
Hb a Py DF; (6) 
which reduces in the case D == 0 to the first-order linear equation 
oP), OP 
a Bx a + BP (7) 


The physical interpretation of the variables in this equation is that P is 
the probability that a random variable has the value x at time ¢. For 
example, P might be the probability distribution of the position of a 
harmonically bound particle in Brownian movement or the probability 
distribution of the deflection x of an electrical noise trace at time /. 
It should be observed that this equation (6) is valid only if the random 
process has Gaussian distribution and is a Markoff process. 

Probably the most important occurrence of first-order equations is 
in the theory of birth and death processes* connected with bacteria. 
Suppose, for example, that at time / there are exactly # live bacteria 
and that: 

(a) The probability of a bacterium dying in time (f, 1 -- 67) is ye, Of5 

(b) The probability of a bacterium reproducing in time (f, ¢ 7 4/) is 
A, Ot; 

(c) The probability of the number of bacteria remaining constant in 
time (4, ¢ > df is CL -- 4, Of ws, 693 

(d) The probability of more than one birth or death occurring in 
time (/, f + 6r) is zero. 

If we assume P,,(1) is the probability of there being # bacteria at time J, 
then these assumptions lead to the equation 


Pt -- Of) = A, Py (1) Of > fy a Paya(t) Of -- UL 2, Ot — pw, OOP 


+ For a derivation of this equation see $. Chandrasekhar, Rer. Modern Phys.. 
15, 33 (1943). 

2W. Feller, “An Introduction to Probability Theory and Hts Applications” 
(Wiley, New York. 1950), p. 371. 
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which is equivalent to 


Phy Py aD oe faP MO > dP) (8) 


In the general case 4,, “#, would depend on a and 1; if we assume that 
the probability of the birth or death of a bacterium is proportional to the 
“umber present, we write 


a ey (9) 


“here 4 and w# are constants, and equation (8) reduces to 


at = in — IP, (t) ~ 2 + onPf{d + ln + VP, 


acd if we introduce a generating function (2,1) defined by the relation 
(2,1) = > Pe" 
Raw 


see that this last equation is equivalent to the first-order linear 
J uation 
ie ob 
= = (2 —- )G@z -») 
GE 


-hose solution is readily shown (by the method of Sec. 4) to be 


ri) -s {5 a ee (10) 


rere the function f is arbitrary. If there are m bacteria present at 
0. then ® == z” at f = 0, so that 


am which it follows that 


ince at time r 
(el — oF) 2 — pe” 
Ua = he? — pz. — et 9 J 


ci) 


is the coefficient of z” in the power series expansion of this function. 
vu, then @— | as ¢-» ©, so that the probability of ultimate 
nection is unity. 
similar equations arise in the discussion of trunking problems (see 
o. 4 below), in which 4, == 4, «7, = ag, and in birth and death 
alems governed by different assumptions from those we have made 
. « (ef. Prob. 3 below). 
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PROBLEMS 


y be assumed that the rate of deposit or removal of sand on the bed of a 

wis a( ée/éx}, where a is a constant and ¢ is the velocity of the water in the 
ction. If 9, # denote the heights, above an arbitrary zero level, of the 
the sand in the bed and of the water surface, respectively, show that the 
on of 4 is governed by the first-order equation 


é, 
Ch pees mz =0 


where + is a constant. Assuming # to be constant, show that the general 
solution of this equation is 
ai | 


f 
ae mca ma | 


where the function fis arbitrary. 
Uf 4 —= 49 COS (2xx/) at ¢ — 0, find the relation between 4 and x at time f. 


Show that the general solution of the modified Fokker-Planck equation (7) is 


1 
P = =f (seit) 


where the function f is arbitrary. 
Show further that a solution of the full equation (6) is given by 


235 
P=@Q (ete) ) ett 


where Q(§,7) is a solution of the equation 


20 #Q 


The individuals in a competitive community breed and die according to the 

laws: 
(a) Every individual has the same chance 4 or of giving birth to a new 

individual in any infinitesimal time interval or; 
(b) Every individual has the chance {x -+ Bla — W}Sr of dying in the 

interval 47, where a is the total number of individuals in the community. 

(A,%, and # are nonnegative constants, and the chances of birth and death 

are independent of each other). If P,,(¢) denotes the probability that at time 

t there are a individuals in the community, show that the probability-generating 

function satisfies the equation 

ep | on = 


=(z—-D ia - Ys — pz 5 


Show that if x = 0 and 4 and # are positive, it is possible for the probability 
distribution of the number of individuals to have a stable form (independent 
of 1) with zero chance of extinction. Find P,,(1) explicitly in this case, and show 
that the mean number of individuals is then 

ip 
1 — exp(—4;) 
The probability distribution of telephone conversations carried on over a 
certain number of lines may be thought of as governed by the laws: 


we 


wn 
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(a) Ifa line is occupied, the probability of a conversation which started at 
time ¢ = 0 ending in the interval (4. / < 47) is 442, where # js a constant; 

(6) The probability of an incoming call in the interval (7, -- 59) is 467, 
where / is a constant; 

fc) Hor is smail, the probability of two conversations stopping in time of 
is negligible. 
Vf P,{1) is the probability that # lines are being used at time # and P(z,s) is the 
corresponding probability-generating function, show that 


ep =(z -4) [20 ~ oO 


If»: lines are occupied at ¢ -= 0, show that at time ¢ 


) 


2) = {1 = @ ~ ew} exp ee SME), 


MISCELLANEOUS PROBLEMS 


Show that any surface of revolution whose axis passes through the origin 
satisfies the equation 


u v w 
uy eS Wy =O 
jou, by wy, 


where £2 8 4 zp. e abe: 2q, woe xg — ¥p- 
Show that the integral surfaces of the differential equation 


6z 
(Z 3 2-9 Ze 2 3p) -0 
are of revolution about the line x = 


through the curve 


z, and find the integral! surface 


em x—Vt2=2a 
Hf the expression 
Oo? + z)dx + (x? = z) dy 
is an exact differential in x and }, show that z = 2xy + f(x + y), where fis 
arbitrary. Find fif z = 2 -- | when x = 0. 
The equation P dx? .- Q dx dy -- Rady? = 0, in which P, Q, R are functions of 
xand }, represents the projection on 2 = 0 of a network of curves on a surface 
u(x,j),2) = 0. Show that the curves are orthogonal if 
POG - 2) ~ Qu,tt, 1 RUG -r iB) = 0 
Find the partial differential equation of the first order of which a complete 
integral is 
(x aPt Gy bP = 2? cot? y 

where a, 6 are constants. 

Prove that another complete integral can be found which represents all 
planes making an angle y with the plane z = 0. 


Find the family of surfaces which represents the solution of the partial differ- 
ential equation 


86 


10. 


Mh 


12. 


43. 


44. 


45. 
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Find the equation of the integral surface of the differential equation 


az 
Bo a Bx® a ye . 
Ox WOR oy) a 


which passes through the parabola x = 1,y? 22-5. 
Solve the equation 
(p - gx phoz 
and determine the equation of the surface which satisfies this equation and 
passes through the curve 
2 


x PPB 0 Xz 


Show that the integral surfaces of 

(xp ~ ygx® -y® a?) - 2G dy) 
are generated by conics, and find the integral surface through the curve 
x- 22x84 or dat 


Find the general solution of 


dx“ Gp 
in the domain 0 +» -* x, Find the solution which equals x woes y » dy. 
Find the general integral of the equation 
{anple y) - ne8} z ~ {ix(x oy) — az : (Ix — my)z 
and deduce the equation of the integral surface which passes through the curve 
282 Pie ee at 
Prove that for the equation 
28 px gy ~ 1 = pgxty? <0 
the characteristic strips are given by 
| | 
“BT aA De 
pr AB Cet, gq: BA = Dep 
where A, B, C, D, and E are ar itrary constants. Hence find the integral 
surface which passes through the line z = 0, x = y. 


x 


» 222 B= (AC = BD)ow! 


Find a complete integral of the equation 
Ay vz (pv gyn VP Up ~ gyix? — 9°) — 4p? — @ 
Show that the characteristic equations of the differential equation 


(g? + Lz? == Ipxz i 


x 


have an integral gz ~ ax, and find the corresponding complete integral of the 
differential equation, showing that it represents a set of conicoids of revolution. 
The normal to a given surface at a variable point P meets the coordinate planes 
XO Yand YOZin A and B, respectively. If ABis bisected by the plane ZOX, 
show that the surface satisfies the differential equation 

x yp 


perverse 


P= 2G 


Find a complete integral of this equation. 
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The norma 
an aes 
sp 
Find a cont 
Show that t 


plete integral of t 


xp 


have an integral gx - a, and 


differential equation. 


Find a com 
equation of an integral sur 
generator. 


Find the complete integral of 


prx 


corresponding to the integra 
sy alone, in the form 


Deduce the integral surface t 
Show that a necessary and 
developable is that it sati 


developable is t 
equation rr 


Si 


ow that the on 


lete integral of 
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to a given surface at a variable point P meets the sphere 
} z= { in the points 4 and B. 
0, show that the surface 


if 48 is bisected by the plane 
satisfies the differential equation 


Poo peo 0 


his equation. 


¢ characteristic cquations of the differential equation 


— aye xtpy 0 


find the corresponding complete integral of the 


he equation px | gy = z, and henee derive the 
face of which the line y - 1, x Oisa 


the differential equation 
pay 
of the characteristic equations involving g and 


2pz x 


hrough the line 4, = 2. 


sufficient condition that a surface should be 
sa differential equation of the form f(pg) 0. 


Deduce that 4 necessary and sufficient condition that a surface should be 
hat its second derivatives r(x), sixy), tx,y) satisfy the 


ly integral surfaces of the differential equation 


2g(z - xp ~ 2vgp x = 0 
which are developable are the cones 
(z-- ax? 2x | A) 


Find the integral surfaces 
tany point P ona surface 
ow that the differential e 


that OF? = ON?*, where Oi 


ne 


s 
zp 


Obtain a complete integral 
with the above property w 
If any integral surface of 
remains an integral surface 
the 2 axis, prove that the eq 


a 


through the curve z -- 


0x3 | 2r = 0. 


the normal meets the plane z =- 0 in the point N. 
u 


ation of the system of surfaces with the property 
the origin, is 


g) : Apx | gy) =z 


of this equation, and hence find the two surfaces 


2 


ly =O. 
partial differential equation of the first order 


ich pass through the circle x? = 


when it is given an arbitrary serew motion about 
uation must be of the form 


F(xp 7 vq,Xxq ~ Jp, xe yd 


If a differential equation o 


as an integral surface, show 


f this type admits the quadric 
L by" 


that the characteristic curves which lie on this 


quadric are its intersections with the family of paraboloids z = kxy. 


Chapter 3 


PARTIAL DIFFERENTIAL EQUATIONS OF 
THE SECOND ORDER 


In the last chapter we considered the solution of partial differential 
equations of the first order. We shall now proceed to the discussion 
of equations of the second order. In this chapter we shall confine 
ourselves to a preliminary discussion of these equations, and then in 
the following three chapters we shall consider in more detail the three 
main types of linear partial differential equation of the second order. 
Though we are concerned mainly with second-order equations, we shall 
also have something to say about partial differential equations of order 
higher than the second. 


\. The Origin of Second-order Equations 
Suppose that the function z is given by an expression of the type 
ze flu)» gv) ow (1) 
where fand g are arbitrary functions of wand «, respectively, and x, v, 
and w are prescribed functions of x andy, Then writing 
6 S Dy 2 ay 2 oy 


we find, on differentiating both sides of (1) with respect to x and y, 
respectively, thal 


p= f' (wus > gets + We 


q = f"(u)u, + Le), a Wy 
and hence that 


rae f(s + gee? bf (Wigs gE ae Woe 
5 fatty + g"(eyraty +f Way + 8" (OKry Wav 
t= f"Qauy + g’(eyey +f duyy + g'(yy Wy 


We now have five equations involving the four arbitrary quantities /’, 
88 
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f"¢',@". If we eliminate these four quantities from the five equations, 
se oblain the relation 


p-wy, uy r. 0 Oo | 

q- wy, uy ty 0 0 

rt — Wey Ux U py ue ed =O (3) 
Sm Wy Uny ty Uy Ly 


shich involves only the derivatives p, q, r,s, f and known functions of 
-and y. Itis therefore a partial differential equation of the second 
rder, Furthermore if we expand the determinant on the left-hand side 
f equation (3) in terms of the elements of the first column, we obtain an 
quation of the form 


Rr +- Ss + Tt ~ Pp -- Qqg= W (4) 
‘here R, S, T, P, Q, Ware known functions of y andy. Therefore the 
‘lation (1) is a solution of the second-order linear partial differential 
juation (4). It should be noticed that the equation (4) is of a par- 
cular type: the dependent variable z does not occur in it. 
As an example of the procedure of the last paragraph, suppose that 


ze f(x + ay) + g(x ~ ay) (5) 
here f and g are arbitrary functions and q@ is a constant. If we 
fferentiate (5) twice with respect to x, we obtain the relation 

ra flr g" 
iile if we differentiate it twice with regard to }, we obtain the relation 
t= af" — ae” 
that functions 7 which can be expressed in the form (5) satisfy the 
rtial differential equation 
t=ar (6) 
Similar methods apply in the case of higher-order equations. It is 
idily shown that any relation of the type 


) 


ere the functions f, are arbitrary and the functions v, are known. 
ds to a linear partial differential equation of the nth order. 

“he partial differential equations we have so far considered in this 
tion have been linear equations. Naturally it is not only linear 
alions in which we are interested. In fact, we have already en- 
ntered a nonlinear equation of the second order; we saw in Example 
of Chap. 2 that if the surface z = f(x,y) is a developable surface, 


function /must be a solution of the second-order nonlinear equation 


rt—s?=0 
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_ 
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PROBLEMS 


Verify that the partial differential equation 


fz #z 2: 


is satisfied by 


1 ees 
z= reas —x)+ eG - x) 


where ¢ is an arbitrary function. 


If w= f(x + iy) + g(x — i), where the functions f and g are arbitrary, 
show that 

a, a 

cA + ag 0 

6x ay 


Show that if fand g are arbitrary functions of a single variable, then 
us f(x — rt + ixy) + pix — vt — iay) 

is a solution of the equation . 

Ou ke ee 1 Py 

ae" ay ~ 23e 
provided that e = 1 ~ r/c. 
If 

z=f(x — y+ g(x? +p 

where the functions f, g are arbitrary, prove that 


@: lez 


TG 

ay? 
A variable z is defined in terms of variables x, y as the result of eliminating ¢ 
from the equations 


ox x Ox 
z=ix + ofl) + gi) 
O=x+of(N= 9) 

Prove that, whatever the functions f and g may be, the equation 


rt SO 
is satisfied. 
Second-order Equations in Physics 


Partial differential equations of the second order arise frequently 
mathematical physics. In fact, it is for this reason that the study of 


such equations is of great practical value. The next three chapters will 


be 
oc 


devoted to the study of the solution of types of second-order equation 
curring most often in physics. For the moment we shall merely 


show how such equations arise. 


Asa first example we consider the flow of electricity in a long insulated 


cable. We shall suppose that the flow is one-dimensional so that the 


PARTIAL DIFFERENTIAL EQUATIONS OF THE SECOND ORDER 9 


current / and the voltage E at any point in the cable can be completely 
specified by one spatial coordinate x and a time variable t. If we 
consider the fall of potential in a linear element of length 6x situated 
at the point x, we find that 
<i 
—6E = iR 6x + Lb bx 
at 
where R is the series resistance per unit length and L is the inductance 
per unit length. If there is a capacitance to earth of C per unit length 
and a conductance G per unit length, then 


()) 


0E 
~01 = GE bx + Cox > (2) 
The relations (1) and (2) are equivalent to the pair of partial differential 
equations 


aE 
x Ri+L a 0 (3) 
ai OE 
qT GE+ Cs =0 (4) 
Differentiating equation (3) with regard to x, we obtain 
a ai ary 
E ae L i 0 (5) 


oxt Ox | Ox ar 
and similarly differentiating equation (4) with regard to ¢, we obtain 


ati dE RE 
aa Ca) “ae © 
Eliminating @i/@x and @*i/@x ét from equations (4), (5), and (6), we 
find that £ satisfies the second-order partial differential equation 
6 AO ar ag 
pre pe ee PEO 

Similarly if we differentiate (3) with regard to ¢, (4) with regard to x, 
and eliminate 0?E/éx dt and GEjéx from the resulling equations and 
equation (3), we find that / is also a solution of equation (7). 

Equation (7), which is called the telegraphy equation by Poincaré and 
others, reduces to a simple form in two special cases. If the leakage to 
ground is small, so that G and L may be taken to be zero, equation (7) 
reduces to the form 


_ RG¢ (7) 


a lad 

as=75 (8) 

ox k Gt 
where & == (RC)? is a constant. This equation is also sometimes 
called the lelegraphy equation ; we shall refer to it as the one-dimensional 
diffusion equation. 
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On the other hand, if we are dealing with high-frequency phenomena 
ona cable, the terms involving the time derivatives predominate. If we 
look at equations (3) and (4), we see that this is equivalent to taking G 
and R to be zero in equation (7), in which case it reduces to 

oe. 
“ ; = ae 9} 
N CO 


where c= (LC)~*. This equation is sometimes referred to, in this 
context, as the radio equation; we shall refer to it as the one-dimensional 
ware equation. 

A simple partial differential equation of the second order, different 
in character from either equation (8) or (9), arises in electrostatics. By 
Gauss’ law of electrostatics we know that the flux of the electric vector 
E out of a surface S bounding an arbitrary volume V is 47 times the 
charge contained in V. Thus if p is the density of electric charge, we 
have 


[ E-ds = 47 [ pdr 
ds Jy 


Using Green’s theorem in the form 


| Bods = [ divE dr 
s Rag 


and remembering that the volume V is arbitrary, we see that Gauss’ law 
is equivalent to the equation 


div E = 4zp (10) 


Now it is readily shown that the electrostatic field is characterized by 
the fact that the vector E is derivable from a potential function ¢ by the 
equation 


E = ~grad 4 (1) 


Eliminating E between equations (10) and (11), we-find that ¢ satisfies 
the equation 


V°d + 4xp = 0 (12) 


where we have written V* for the operator div (grad), which in rect- 
angular Cartesian coordinates takes the form 


a e a 
at ae tos og) 


Equation (12) is known as Poisson's equation. In the absence of charges, 
pis zero, and equation (12) reduces to the simple form 


v4 =0 (14) 


This equation is known as Laplace’s equation or the harmonic equation. 
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ve are dealing with a problem in which the potential function 4 does 
vary with 2, we then find that V is replaced by 


“3S (15) 
d that Laplace’s equation becomes 
Vie - 0 (16) 


orm which we shall refer to as the fvo-dimensional harmonic equation. 
{he Laplacian operator V? occurs frequently in mathematical physics, 
Jin a great many problems it is advantageous to transform from 
artesian coordinates x, y, 7 to another orthogonal curvilinear system 
-en by the equations 


= HOT), Wy = woNZ), Ug == Us(4942) (17) 


2 transformation of the Laplacian operator in these circumstances is 
.-t effected by the aid of vector calculus,’ which shows that in the 
- ia, Hy System 


~ 18 hats OY) 8 f tah a 8 /hyhe aV\\ 
hyhoh, (au Ay Gu! ae | ) 


| fy Bug! Gus fy dug /) 
(18) 
nere 
F Ox)? fOF\V 2 fO2\ 
he (=) - (54) ‘ (==) 2053 (19) 
PROBLEMS 


Show that Maxwell's equations 
div E — 4zp, divH =0 


1 eH i $4Lce 
curl E = —-—; curl H = 42! 1 
c of ¢ eo 
governing the behavior of the electric and magnetic field strengths E and H 
possess solutions of the form 
Tea 
H = curl A, E= —-— - gradé 
c 


6, 


where the vector A and the scalar ¢ satisfy the inhomogeneous equations 


CA 1 # 1 ®S 
: 5 pS 2 


- 4xp = 0 


respectively, 


2. A heavy chain of uniform line density js suspended vertically from one end. 
Taking the origin of coordinates at the position of equilibrium of the lower 


*H. Lass, “Vector and Tensor Analysis” (McGraw-Hill, New York, 1950), 
~. 5]-54. 
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(free) end and the x avis along the equilibrium position of the chain, pointing 
vertically upward, show that in small oscillations about the equilibrium 
position the horizontal deflection y of the chain satisfies the equation 


where v is the acceleration due to gravity. 
By changing the independent visiubles to ¢ and 2 
that this cquation is equivalent to 


where £° — 4/9, show 


3. Plane sound waves are being propagated in a gas of normal average density 
py contained in a pipe whose cross-sectional area A varies ulong its length, If 
p, p denote the pressure and density at any peint in the plane whose cvordinate 
is x and if during the motion the plane nermally at x Is displaced tox; =, show 
that if the disturbance is small, 
a PP I 
or. cy \ 
Hence show that £ satisfies the equation 
ces [AE “ar 8, 2 
aS 2c 
Ox \4 ex ] 
where ec? dpijidp. 
We» Age’, show that the equation possesses a solution of the form 
Sia te where 
4, Show that in cylindrical coordinates p, z, ¢ defined by the relations 
x = pcosd, y psing, eka 
Laplace's equation V7 - 0 takes the form 
cals ‘ i eV : c ald i eV 0 
Gp? pp Op pt aye 
5. Show that in polar coordinates r, 0, ¢ defined by the equations 
x= rsin&cos 4 y =rsinBsin 4, z= Frcos 9 
Laplace's equation V°V ~ 0 takes the form 
i @ ,46V i @ aV 5 
— (sino) =0 
or } resing ef an} 
3. Higher-order Equations in Physics 


The differential equations in the physical problems we have so far 


considered, and indeed most of those considered in a first course, are all 
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second-order equations and are al! linear. It is therefore significant 
to show that not all physical problems lead to partial differential 
equations which are either linear or of the second order. 

For example, if we consider the state of stress in a two-dimensional 
solid,! we find that it is specified by three stress components a,, ¢,, Tx, 
which satisfy the equilibrium conditions 


Og, | Ory, os 
oe a px sO qd) 
Or és 

Liana oe = 2 
ax ay pY =0 (2) 


where Y and Y are the components of the body force per unit mass. 

Suppose, for simplicity, that there are no body forces, so that we may 

take ¥ and ¥ to be zero; then it is obvious that the expressions 
_ a ; ad ap 


Oy = Ty = a 
aye 9 ax dy 0 Ox? 

satisfy the equilibrium equations for any arbitrary function 4. 

So far we have not specified the nature of the material of which the 
body is composed. If the body is elastic, i.e., if the relation between 
the stresses and strains is a simple generalization of Hooke’s law, then 
it is known that the components of stress satisfy compatibility relations 
of the form (v denoting Poisson’s ratio) 

a a arp, 


Fa Oe Hoe + OD} > Fay — MO, ba} = IGT A) 


(3) 


Substituting from the equations (3) into equation (4), we see that ¢ 
must satisfy the fourth-order linear partial differential equation 


aig ad arg 
+ 2 —— 
@xt |” ax? ey? * ey? : (6) 
which may be written symbolically as 
Vid = 0 (6) 


Because of its relation to Vid = 0, this is called the two-dimensional 
biharmonic equation, The same equation arises in the discussion of the 
slow motion of a viscous fluid.? 

If, instead of assuming that the solid body was elastic, we had 
assumed that it was ideally plastic, so that the stresses satisfy a Hencky- 
Mises condition of the form 


lo, — Yo, bre = ©) 
'A.E. H. Love, “A Treatise on the Mathematical Theory of Elasticity,” 4th ed. 


‘Cambridge, London, 1934), p. 138. 
2H. Lamb, “Hydrodynamies,” 6th ed, (Cambridge, London, 1932), p. 602. 
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instead of equation (4), we find that ¢ satisfies the second order non- 
linear partial differential equation 


ed Ps? Bh \2 : 
( ae 33) 4 ox x) male (8) 
PROBLEMS 


1. Show that 


Vite) avy 


and deduce that if y,, 4, 4’, /'.are arbitrary solutions of Viy 0, the function 
LS is rnd a i ee 
is a general solution of Viv = 0. 


2. Tranform the equation V{V — 0 to plane polar coordinates rand 4, and show 
that if V is a plane biharmonic function which depends on r alone, then 


Veorlogr -clogr ey cy 
where ¢,, ¢,, 3, ¢ ate constants, 
3. Prove: 


@) Tie) = Vb + 


4 


Deduce that if Viy = 0, then Ty(Py) = 0. 


(b) 


4, Verify that 6 ~ (1 Exje~**~4v is a solution of the biharmonic equation 
vid - Oif Sis a constant. 

Hence derive expressions for components of stress ¢,, %,. Ty, Which satisfy 
the equilibrium and compatibility relations and are such that all the com- 
ponents tend to zero as x = % and @, = - py cos (Sy), ty = O when x = 0. 

5, Show that the equations of plastic equilibrium in the plane are equivalent to 
the equation 


and verify that ¢, ~ ¢,) is the only solution of this equation of the form f(y). 
Taking r,, = ~ky/a, calculate o,, ¢,. 


4. Linear Partial Differential Equations with Constant Co- 
efficients 


We shall now consider the solution of a very special type of linear 
partial differential equation, that with constant coefficients. Such an 
equation can be written in the form 


F(D,D)z = f(xy) (1) 
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sere FCD,D’) denotes a differential operator of the type 
FUDD’) = SS ¢,.DeD” (2) 


which the quantities ¢,, are constants, and D ~- 6/éx, D’ = 0/0y. 
The most general solution, i.e., one containing the correct number 
arbitrary elements, of the corresponding homogeneous linear partial 
‘Terential equation 

F(D,D')= — 0 (3) 


called the complementary function of the equation (1), just as in the 
cory of ordinary differential equations. Similarly any salon of the 
zation (1) is called a particular integral of (1). 

\s in the theory of linear ordinary differential equations, the basic 

orem is: 

theorem 1. /f uw is the complementary function and 2, a particular 
é ea of a linear partial differential equation, then u -- z, is a general 

es of the equation. 

The proof of this theorem is obvious. Since the equations (1) and (3) 

. of the same kind, the solution w ~. 2, will contain the correct number 
arbitrary elements to qualify as a general solution of (1). Also 


FUDD -= 0, FULD, Dy = fx) 
“hat F(D,DYu + 2) = f(y) 


wing that w -i- 2, is in fact a solution of equation (1). This com- 
wics the proof, 
\nother result which is used extensively in the solution of differential 
_ tons is: 
Iheorem 2. /f i, th, ... , i. are solutions of the homogeneous 
r partial differential equation INP; D’)= == 0, then 


re the ¢/s are arbitrary constanis, is also a solution. 
The proof of this is immediate, since 


F(D,D’\(cu,) == ¢,F(D,D yu, 


r 


FD,D’)) Sv, = 3 FD,De 
r=1 


pol 


z 
any set of functions ¢, Therefore 


= SA(D,D'\c,u,) 
rel 


F(D,D’) S c,u, 
pad 


8 FP CD Diy 


ral 
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We classify linear differential operators F(D,D’) into two main types, 
which we shall treat separately. We say that: 
(a) FUDD’) is reducible if it can be written as the product of linear 
factors of the form D ~ aD’ + b, with a, b constants; 
(b) F(D,D’) is irreducible if it cannot be so written. 
For example, the operator 
D? — dD? 


which can be written in the form 
(D + DD — D’) 
is reducible, whereas the operator 
D?— Dp’ 

which cannot be decomposed into linear factors, is irreducible, 

(a) Reducible Equations. The starting point of the theory of reducible 
equations is the result: 

Theorem 3. If the operator F(D,D’) is reducible, the order in which 


the linear factors occur is unimportant. 
The theorem will be proved if we can show that 


(#,D + B,D’ ~ y,\(aD + BD’ +7) 
=(4,D + B,D’ + y)(%,D + p,D’ +7,) (4) 
for any reducible operator can be written in the form 
F(D,D') = [1 (@,D + f,D' ~ y,) 6) 
rol 
and the theorem follows at once. The proof of (4) is immediate, since 
both sides are equal to 
2,2,D® (a, + 2,8)DD! + f,B,D® + (ya, + 7,2,)D 
+08, =v A)D - ys 


Theorem 4. [f%,D — p,D' — y, is a factor of F(D,D’) and $,(8) is an 
arbitrary function of the iia MeSADIES: £, then if a, =: 9, 


u, = exp ‘= tty $48, — %¥) 


is a solution of the equation F(D,D’) z = 0. ~ 
By direct differentiation we have 


Du, = —"u, +8,exp(—"=) ¢@x — my) 
4, . r 


Diu, = —a,exp (— 2") 8G, ~ 2,3) 


xu 


so that (z,D + B,D’ + yu, == 0 (6) 
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s by Theorem 3 


FD.D wu, = {TD fDi =p |,D = A,D yd.) 
set 


. orime after the product denoting that the factor corresponding to 
ris omitted. Combining equations (6) and (7), we see that 
F(D,D'u,- 0 
~ ch proves the theorem. 
By an exactly similar method we can prove: 
Theorem 5. /f f,D! +- y, is a factor of F(D,D’) and 4(&) is an 
~ vary function of the single variable &, then if 3, ~ 0, 


u, =" exp (- 7 ) a 
S Pp 
solution of the equation F(D,D') #=0. 

In the decomposition of F(D,D’) into linear factors we may get 
“atiple factors of the type (2,D -- B,D’ --,)". The solution corre- 
-onding to a factor of this type can be obtained by a simple application 

Theorems 4 and 5. Forexample, if = 2, we wish to find solutions 

the equation 

(2,D -- B,D! +=», =0 (8) 
we let 
Z = (4,D — B,D! - yz 


en (4D - 8D --7)Z=9 
‘ich according to Theorem 4 has solution 


2 = exp ( - it) BAP 4) 


x! 


0. Yo find the corresponding function = we have therefore to 
‘ve the first-order linear partial differential equation 


byes er BBW — 4,7) (9) 


smg the method of Sec. 4 of Chap. 2, we see that the auxiliary 
-uations are 

dx dy dz 
“$b (B x — 4,y) 


y B wet dk QTE 
x, By We be 


th solution 
BX — m= 


~abstituting this in the auxiliary equations, we get the 
dx dz 


tz — 0 bey) 
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which is a first-order linear equation with solution 


im ie 
Z x jelonx . c.| ee 


Equation (9), and hence equation (8), therefore has solution 
fee (NOC BD) PB om aryje 7 


where the functions ¢,. y, are arbitrary. 

This result is readily generalized (by induction) to give: 

Theorem 6. /f (%,D = },D! ~~ 7)" (x, #0) is a factor of FCD,D) 
and if the functions $,, . . . .$;, are arbitrary, then 


» 


exp ( i) >, MBB —~ 2,4) 


s pi 


is a solution of F(D,D')z#0. 

Similarly the generalization of Theorem 5 is: 

Theorem 7. //(8,D’ — 3)" is a factor of FLD,D’) and if the functions 
dbus + + 5 Op atre arbitrary, then 


ays an 
eX a ft xvid a x 
exp ( 7 )> VG (PX) 
is a sohttion of FUD,D')z = 0. 

We are now in a position to state the complementary function of the 
equation (1) when the operator F(D,D’) is reducible. As a result of 
Theorems 4 and 6, we see that if 


FID,D') ~ TL (%,D + B.D) =») (10) 
rod 


and if none of the x,’s is zero, then the corresponding complementary 
function is 


_ aye YS . , 
Y af esent ay 
wes D ex PIB AB XS — tv i 
a p[ ). aC ¥) (di) 
where the functions ¢,.(s=- 1, ...,,3 r=1,...,) are arbi- 


trary. If some of the 2’s are zero, the necessary modifications to the 
expression (1) can be made by means of Theorems 5 and 7, From 
equation (10) we see that the order of equation (3) is my + my + °° * 
- m,; since the solution (11) contains the same number of arbitrary 
functions, it has the correct number and is thus the complete comple- 
mentary function, 

To illustrate the procedure we consider a simple special case: 


Example 1. Solve the equation 
@:  @z 
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In the notation of this section this cquation can be written in the form 
(D DYDD . py: - 0 
that by the rule (£1) the solution of it is 


Pane 10 See a 0 2 a 2 


shere the functions 3), d. 7). 72 are arbitrary. 


Having found the complementary function of equation (1), we need 
only find a particular integral to complete the solution. This is found 
by a method similar to that employed in the proof of Theorem 6. If 
we write 


a= [LD +8,D' ~»)= (12) 


then equation (1) is equivalent to the first-order linear equation 


ry Tae 11 fixny) 


a particular integral of which can easily be found by Lagrange’s method. 
Substituting this particular value of 2, in (12), we obtain an inhomo- 
geneous equation of order 7 -— 1. Repeating the process, we finally 
ative at a first-order equation for z. To illustrate the process we 
consider : 


Example 2, Find the solution of the equation 


This equation may be written in the form 
(D-DD Diz x -¥ 
so that the complementary function is 
a(x Vy -dty—) 
where 4, and @, are arbitrary. To determine a particular integral we write 


2, -(D- Dz (13) 

Then the equation for =, is 

(D - D2, =x -—y 
which is a first-order linear equation with solution 

avd 9 fix on 

where fis arbitrary. Since we are seeking only a particular integral, we may take 
/ 0. Substituting this value of >, into (13), we find that the equation for the 
particular integral is 

ez Caan 
ex Ot 


tor <P 


which has solution 
eodur -1P f@-y) 
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in which jis arbitrary, Taking f 0 we obtain the particular integral 
sale 1) 
Hence the general solution of the equation may be written in the form 
pede GP bly op br 
where the funetions 4, and , are arbitrary, 


(b) Irreducible Equations. When the operator F(D,D’) is irreducible, 
it is not always possible to find a solution with the full number of 
arbitrary functions, but it is possible to construct solutions which con- 
tain as many arbitrary constants as we wish. The method of deriving 
such solutions depends on a theorem which we shall now prove. This 
theorem is true for reducible as well as irreducible operators, but it is 
only in the irreducible case that we make use of it. 

Theorem 8. F(D, De" 4"!  Fla,bye 

The proof of this theorem follows from the fact that F( D,D’) is made 
up of terms of the type 


C),D' D”® 
and Derr?) =: aie, D(et HY) ma pear by 
so that (¢,.D" D™ yer!) = 6, absent 


The theorem follows by recombining the terms of the operator F(D,D’). 
A similar result which is used in determining particular integrals is: 
Theorem 9. F(D,D')ic'” (xv) } -= "FLD ~ a, D! + b)d(x,}). 
The proof is direct, making use of Leibnitz’s theorem for the rth 

derivative of a product to show that 


Die""s) SC (Dey Dra) 


; : 
=, a | S "Ca? DI? é 
vu 


= e'(D + aye 


To determine the complementary function of an equation of the type (1) 
we split the operator F(D,D’) into factors. The reducible factors are 
treated by method (a). The irreducible factors are treated as follows. 
From Theorem 8 we see that e***"" is a solution of the equation 


F(D,D')z == 0 (14) 
provided F(a,b) == 0, so that 
z= S c,exp (ax + 5,9) (15) 


: 
in which a,, 6,, ¢, are all constants, is also a solution provided that a,, 
b, are connected by the relation 


F(a,,b,) = 0 (16) 


PARTIAL DIFFERENTIAL EQUATIONS OF THE SECOND ORDER 103 


~ this way we can construct a solution of the homogeneous equation 
+) containing as many arbitrary constants as we need. The series (15) 
zed not be finite, but if it is infinite, it is necessary that it should be 
oiiformly convergent ifit has to be, in fact, a solution of equation (14). 
“he discussion of the convergence of such a series is difficult, involving 
it does the coefficients ¢,, the pairs (a,,6,), and the values of the 
uriables x and yp. 


Example 3. Show shar the equation 


verses solutions of the form 


Ee 
DS cp cos x + +, Je be 
0 


fa 


This follows immediately from the fact that e7* °! is a solution only if 
eat 
g=s 
& 
~d this relation is satisfied if we take @ - jn, hb = ~kn®, 


To find the particular integral of the equation (1) we write it sym- 
sheally as 


i 


= Dye a?) 


can often expand the operator F 3 by the binomial theorem and then 
terpret the operators D~', D’~? as integrations. 
txample 4. Find a particular integral of the equation 
(DP - D)r dv - x 


We put the equation in the form 


vA we can write 


I 
2y ~ PY Fe DO ae | 


1 
on ro any 9 
3 tek me ) 


When f(x,y) is made of terms of the form exp (ax + by), we obtain 
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(as a result of Theorem 8) a particular integral made up of terms of the 
form 


1 
Flab exp (av + by) 
except if it happens that F(a,b) ~= 0. 
Example 5. Find a particular integral of the equation 
(D2 - D')z = eer 
In this case F(D,D’) = D? D’,a-~ 2, and b i, so that Fla.6) = 3, and 
the particular integral is 


Lets 
ae 


In cases in which F(a,b) = O it is often possible to make use of Theorem 
9. If we have to solve 
F(D,D')z = ce?" 


where ¢ is a constant, we let 


z= wert 


then by Theorem 9 we have 
AD +4, D’-- bw=c (18) 

and it is sometimes possible to obtain a particular integral of this 
equation. 

Example 6. Find a particular integral of the equation 

(D2 ~ Dz = er 
In this case F(D,D’) = D® — D’,a = 1,6-- I, and Fla,b) = 0. However, 
F(D +a, D’--b) =(D AIP -- (D's I) = DP + 2D ~ D’ 
and so equation (18) becomes in this case 
(D? = 2D — Dw = 1 


which is readily seen to have particular integrals 3x and ~y. Thus 4xe?*” and 
~ye™" are particular integrals of the original equation. 


When the function / (x,y) is of the form of a trigonometric function. 
it is possible to make use of the last two methods by expressing it as a 
combination of exponential functions with imaginary exponents, but 
it is often simpler to use the method of undetermined coefficients. 


Example 7. Find a particular integral of the equation 
(D? — D')z = Acos (7x + my) 
where A, 1, m are constants. 
To find a particular integral we let 
z~ ey, cos Ux + mty) + cg sin (x + atv) 


and substitute in the left-hand side of the original equation. Equating the 
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coefficient of the sine to zero and that of the cosine to A, we obtain the equations 
nme, - Po, -0 
~Po,~ me, - A 
for the determination of ¢, and ¢,. Solving these equations for ¢, and ¢., we obtain 
the particular integral 
Zz ten farsin (ix ~ nit) +P cos (ix - mev)} 


ne pt 


PROBLEMS 
1. Show that the equation 
ep oy 
eve BE tg 
ot" or 


possesses solutions of the form 


c.e7*! cos (xx ~ &,) cos (ot &) 


r= 
where ¢), Zp) &, 4, are constants and w? = 22? — k. 
2. Solve the equations 
(a) re 
(bh) ro stig~z= er 
() r+s—-22-p-—2%9=0 


deen 


3, Solve the equation 
az Bz az. x 
ox8 ax ey ax ar 


sz QhTy 


4. Find the solution of the equation 
Viz =¢-* cos p 
which tends to zero as x ~ «% and has the value cos y when x = 0. 


3. Show that a linear partial differential equation of the type 


5 =f Oy) 


6x" @ 
may be reduced to one with constant coefficients by the substitutions 


& = log x, 4 = logy 


Hence solve the equation 


xr —1°t ~ xp —yq = loge 


a 
5. Equations with Variable Coefficients 


We shall now consider equations of the type 


Rr + Ss + Tt + f(x,y,z,p.g) = 0 qd) 
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which may be written in the form 


Lic) flxpcp.g) — 0 (2) 
where L is the differential operator defined by the equation 
a2 2 2 
LR é a é (3) 


ax?” x Oy here 
in which R, S, T are continuous functions of x and + possessing con- 
tinuous partial derivatives of as high an order as necessary. By a 
suitable change of the independent ‘Variables we shall show that any 
equation of the type (2) can be reduced to one of three ca" onical forms. 
Suppose we change the independent variables from x. + to £, 4, where 


Fe uy, 4 = yyy) 
and we write z(x,y) as (£1); then it is readily shown that equation (1) 
takes the form 
ia Care 


AG) 5a “+ 2BE Ey Hiei) Sea, 
OE at oy 
oa Met) F3 = FE, 6, (4) 
where A(u,v) = Ru? ~ Suv + Tr? (5) 
Btls y5Ua,t 9) == Ruug + 4S(Uye, + Ugh) + Teyrs (6) 


and the function F is readily derived from the given function f. 

The problem now is to determine & and ¥ so that equation (4) takes 
the simplest possible form. The procedure is simple when the dis- 
criminant S* — 4RT of the quadratic form (5) is ecerywhere either 
positive, negative, or zero, and we shall discuss these three cases 
separately. 

Case (ay. S* —4RT > 0. When this condition is satisfied, the 
roots 2,, 4, of the equation 

Re + Sx+T=0 (7) 
are real and distinct, and the coefficients of 6¢/@&* and @¢/é? in 
equation (4) will vanish if we choose £ and 1 such that. 

oe OE @, 5 0} 
Ap: he 
Ox oy ax ey 
From Sec. 4 of Chap. 2 we see that a suitable choice would be 


f= f(xy), y = flor) (8) 
where fi => ¢, fy = C2 are the solutions of the first-order ordinary 
differential equations 

dy 
dy 


Ay) = 0, a +A¢x,y) = 0 (9) 


respectively. 
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Now it is easily shown that, in general, 
AEE JAC gti) ~ BE nS, Ujesty,) — (ART — SM E,y, ~ Sy)? (10) 
so that when the A’s are zero 
Be = (S? - 4ART)V(E,4,, -~ &,),)? 


and since S? » 4R7 > 0, it follows that &? > 0 and therefore that we 
may divide both sides of the equation by it. Hence if we make the 
substitutions defined by the equations (8) and (9), we find that equation 
(1) is reduced to the form 
oe 
ae 01 


Example 8. Reduce the equation 


bE, 66,6) ay 


fo canonical form, 
In this case R= 1, S = 0, T - —2°, so that the roots of equation (7) are +x 
and the equations (9) are 
dy 
dx 


so that we may take § =~ $x° 4 = y > be 
the equation takes the canonical form 
ze 1 ( 4 zt) 


BF Oy AE) VBE Oy 


It is then readily verified that 


\65 Gy 


Case (b): S? —4RT = 0. In such circumstances the roots of 
equation (7) are equal. We define the function & precisely as in case (a) 
and take x to be any function of x, y which is independent of & We 
then have, as before, A(§,,§,) — 0, and hence, from equation (10), 
BEE, 8 y3Hesty) ~~ 0. On the other hand, A(j,,7,) 40; otherwise 7 
would be a function of €. Putting 4(&,,6,) and B equal to zero and 
dividing by 4(,.1,), we see that the canonical form of equation (1) is, 
in this case, 


ee 
a? 


= HEGE6,) (12) 


Example 9. Reduce the equation 


to canonical forn and hence solve it. 
In this example R = 1, S - 2, 7 -- 1, so that it is case (b), with 


]- 22--2=0 


in place of equation (7). We thus have 2, = -—1, so that we may take $ = x —}, 
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y= x + y. We then find that the equation reduces to the canonical form 
Be 


which is readily shown to have solution 


& yf) 4 fs) 
where the functions f, and f are arbitrary. Hence the original equation has 
solution 

z=(x - AX — + fe -—y) 

Case (c): S*—~-4RT <0. This is formally the same as case (a) 
except that now the roots of equation (7) are complex. If we go through 
the procedure outlined in case (a), we find that the equation (1) reduces 
to the form a 1) but that the variables £, 7 are not real but are in fact 
complex conjugates. To get a real canonical form we make the further 
transformation 

a= 32 +), B= By — 5) 

and it is readily shown that 
isa BL are 
als > a) 


ef ey oe ~ Op?) 
so that the desired canonical form is 
‘ ee a _ 
5 + Se = VO B.E.60) (13) 


Gat | apt 
To illustrate this procedure we consider: 


Example 10. Reduce the equation 
~ os 


to canonical form. 
In this instance 4, = ix, 22 ix, so that we may take 5 = ip + ja’, 


y = iy + $x*, and hence x = -y.  Itis left as an exercise to the reader to 
show that the equation then transforms to the canonical form 
Bo ee 1 eg 
~ ope 20x 


We classify second-order equations of the type (1) by their canonical 
forms; we say that an equation of this type is: 


(a) Hyperbolic if S? — 4RT > 0, 
(b) Parabolic if S* —4RT =0, 
(c) Elliptic if! S? — 4RT <0. 


The one-dimensional wave equation 
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haperbolic with canonical form 


ee 
— -.0 
os On 
“se one-dimensional diffusion equation 
é ez 
é@ ey 


rarabolic, being alrcady in canonical form, and the two-dimensional 
“monic equation 


Ce. 
ay 

- vlliptic and in canonical form. 
PROBLEMS 


Show hew to find a solution containing two arbitrary functions of the equation 
fle. 
Hence solve the equation 
seo Ae T 
Show that, by a simple substitution, the equation 
Rr Pp- W 


ean be reduced to a linear partial differential equation of the first order, ¢ 
vutline a procedure for determining the solution of the original equation. 
HWustrate the method by finding the solutions of the equations: 


woxr 2p 2p 
Mowe ge iere# 
nah’ functions R, P, Z contain y but not x, show that the solution of the 
-{Udtion 
Re Pp Zz W 
can be obtained from that of a certain second-order ordinary differential 
vquation with constant coefficients. 
Hence solve the equation 

SOF pet 

Reduce the equation 


(n 


» canonical form, and find its general solution. 
Reduce the equation 


'o canonical form, and hence solve it. 


Ho ELEMENTS OF PARTIAL DIFFERENTIAL EQUATIONS 


6. Characteristic Curves of Second-order Equations 


We shall now consider briefly the Cauchy problem for the second- 
order partial differential equation 


Rr -- Ss + Tt ~ f(x pg) = 0 (1) 


in which R, S, and 7 are functions of x and y only. In other words, we 
wish to consider the problem of determining the solution of equation (1) 
such that on a given space curve I’ it takes on prescribed values of z 
and @:/én, where 1 is distance measured along the normal to the curve. 
This latter set of boundary conditions is equivalent to assuming that the 
values of x, y, 2, p,g are determined on the curve, but it should be noted 
that the values of the partial derivatives p and g cannot be assigned 
arbitrarily along the curve. For if we take the freedom equations of 
the curve P to be 


X= X97), y= Pol), 2 == Zo (7) (2) 
then we must have at all points of P the relation 


20 Poo “= Foo (3) 

(where 2, denotes dz,/dt, etc.), showing that py and gp are not indepen- 
dent. The Cauchy problem is therefore that of finding the solution of 
equation (1) passing through the integral strip of the first order formed 
by the planar elements (vo, }0-ZoPo-Jo) of the curve [. . 
Avcvery point of the integral strip py = pelt), Jo = Gol7), SO that if 
we ditlerentiate these equations with respect to 7, we obtain the relations 


Po Phy > So Ga = Sy + to (4) 
If we solve the three equations (1) and (4) for r, s, t, we find that 
a —l 
Agee Nee ox 
where 
Ss r fj R RY T 
AY to 0 —Pfy|, etc. and Nez hey Vo 0 
&o Yo Go| 0 Fo Yo 


If A 7. 0, we can therefore easily calculate the expressions for the second- 
order derivatives rp, Sg, and fy .along the curve I. 

The third-order partial differential coefficients of z can similarly be 
calculated at cvery point of [ by differentiating equation (1) with 
respect to x and }, respectively, making use of the relations 


Fo Zarel a T Zarrylfo 


# 


etc., and solving as in the previous case. 
Proceeding in this way, we can calculate the partial derivatives o° 
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every order at the points of the curve T. The value of the function = 
at neighboring points can therefore be obtaincd by means of Taylor's 
theorem for functions of two independent variables. The Cauchy 
problem therefore possesses a solution as long as the determinant A 
does not vanish. In the elliptic case 4RT — S* > 0, so that 4 #0 
always holds, and the derivatives, of all orders, of = are uniqucly 
determined. It is reasonable to conjecture that the solution so obtained 
is analytic in the domain of analyticity of the coefficients of the differ- 
ential cquation being discussed: constructing a proof of this conjecture 
was one of the famous problems propounded by Hilbert. The proof 
for the linear case was given first by Bernstein; that for the general 
case (1) was given later by Hopf and Lewy. 

We must now consider the case in which the determinant A vanishes. 
Expanding A, we see that this condition is equivalent to the relation 


Ry ~ SXe¥y - Tx - 9 (5) 


If the projection of the curve I’ onto the plane = == 0 is a curve y with 
equation 
EX) = 5 (6) 


then we find that, as a result of differentiating with regard to 7, 
Euo ~ 0 (7) 


Eliminating the ratio X9/s'y between equations (5) and (7), we find that 
the conditicfn A == 0 is equivalent to the relation 


A(E,,&,) = 0 (8) 


where the function 4 is that defined by equation (5) of Sec. 5. A curve 
“in the xy plane satisfying the relation (8) is called a characteristic 
base curve of the partial differential equation (1), and the curve T of 
which it is the projection is called a characteristic curve of the same 
equation, The term characteristic is appisd indiscriminately to both 
kinds of curves, since there is usually litte danger of confusion arising 
as a result. 

From the arguments of Sec. 5 it follows at once that there are two 
families of characteristics if the given partial differential equation is 
hyperbolic, one family if it is parabolic, and none if it is elliptic. 

As we have defined it, a characteristic is a curve such that, given values 
of the dependent variable and its first-order partial derivatives at all 
puints on it, Cauchy’s problem does not possess a unique solution. 
We shall now show that this property is equivalent to one which is of 
more interest in physical applications, namely, that if there is a second- 
order discontinuity at one point of the characteristic, it must persist at 
all points. 

To establish this property we consider a function ¢ of the independent 
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variables x and y which is continuous everywhere except at the points 
of the curve C whose equation is 


fxr) oe () 
where S(x,y) is any function (not necessarily the function £ defined 
above) with as many derivatives as necessary. If Py is any point on 
this curve and P, and P, are neighboring points on opposite sides of 
the curve (cf. Fig. 19), then we define the discontinuity of the function 4 
at the point P,, by the equation 

[ele = lim | i Pi) — Ps) (10) 


Py Py 
If the element of length sia the directed tangent to the curve C at 
the point P, is de. then the tangen- 
c tial derivative of the function ¢ is 
defined to be 
de — dd 
ds 6x 
and it is readily shown that this is 
equivalent to the expression 
dp $6 Po — PSA Po) (ll) 
do (EP a) 4 cat Pay 


The tangential derivative at Py is 
2S * therefore continuous if the Be 
sion on the right-hand side of this 
Figure 19 equation is continuous at Py, and 
we say that dé/do is continuous on 
the curve C if this holds for all points Py on C. 

Now Ict us suppose that the function 2(x,\) is 2 solution of the 
equation (1), where, for simplicity, we shall suppose that the function f 
is linear in p and g. We shall assume in addition that the function 
2(X,¥) is continuous and has continuous derivatives of all orders re- 
quired except that its second derivatives are not all continuous at all 
points of the curve C defined by equation (9). In particularit is assumed 
that the first-order partial derivatives 2, and =, have continuous tan- 
gential derivatives at all points of the curve C. It follows immediately 
from equation (11) that if the tangential derivative d=,/do is continuous 
at the point Pp», so also is the expression 


Zp F{ Po) — Z24 (Po) 


Now another way of saying that a function is continuous is to say that 
its discontinuity is zero at the point in question. We may therefore 
write 


hy 


o¢ 
COS (a,X) + 3. cos (6,)') 


(2.1E (Po) — Evid APo) = 0 
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3. considering the other tangential derivative dz,/do, we may similarly 
prove the relation 
[z.]8(Po) ~~ fe, JEP.) ~ 0 


[eed 2 Cieal 
EP) g «EP o) 


Letting each of the ratios in the equations (12) be equal to 2, we may 
-rite these equations in the form 


[zee] = 48(P 0), fe.) = 454 PS Pod. [2] = 25(Po) (13) 


If we now transform the independent variables in our problem from 

and ¥ to and #, where ¢ is the function introduced through the curve 
“and ¥ is such that, for any function y(f.)), dy/do — ey/@.;. The 
-uantity 4 occurring in equations (13) will then be a function of 7; alone; 

e shall now proceed to determine that function. 

Since 


and hence that 


ae Sth + fey, 3 ee 
snd since z; and =<, are continuous (a result of the continuity of 2, and 
=) and z,, and z,, are tangential derivatives, we find that [z,,], which 
~. definition is equal to 

lim {2,,(P:) ~ z,.(P)} 


PLP OP, 


0 
~educes to 


lim {2.4 PSP.) — Zee PEP )} 


Dy PyP, 


9 that id= 


SA Po) (14) 


\ comparison of equation (14) with the equations (13) shows that the 
alue of the quantity 4 occurring in these equations is [=..]. We 
<zan by assuming that there was a discontinuity in at least one of the 
econd derivatives; so 4 cannot be zero, and hence neither can [z.] 
.. the point Po. 

If we transform the equation to the new variables £ and 7, we get the 
-guation (4) of Sec. 5, and applying the above argument to it, we see 
Tal 


rowing that 
: ACE,,§,) = 0 (15) 


ad thereby proving that the curve C is a characteristic of the equation. 
. we differentiate the transformed equation with regard to &, take 
-juation (15) into account, and note that only the terms in z:; and 
- , can be discontinuous, we can use a similar argument to show that 


2BE Eset) Ze] + {4lSn$.) — File: 
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Remembering that [z..] is 4 and that 4 is a function of » alone. we see 

that this last equation is equivalent to the ordinary differential equation 
da ‘ 
= A244) 
dy 


which has a solution of the form 
20) = Hop erp || ge de} 
Lng | 
So far we have considered only single characteristic curves; now let 
us consider briefly all the characteristic curves on un integral surface 
of the differential equation (1). If the cquation is hyperbolic at all 
points of the surface, there arc {wo one-parameter families of character- 
istic curves on XS. It follows that two integral surfaces can touch only 
along a characteristic, for if the linc of egntact were not a characteristic, 
it would define unique values of all partial derivatives along its length 
and would therefore yield onc surface, not the postulated two. Along 
a characteristic curve, on the other hand, this contradiction does not 
occur. In the case of elliptic cquations, for which there are no real 
characteristics, the corresponding result would be that two integral 
surfaces cannot touch along any line. 


PROBLEMS 
1. Show that the characteristics of the equation 
Rr Ss Th f(x yyzypg) 


are invariant with respect to uny transformations of the independent variables. 


2. Show that the charucteristics of the second-order equation 


FOX, pq) 


are the same as the projections on the xr plane of the Cauchy char :cteristics 
of the first-order. equation 
Ap® -i- 2Bpg + Cy? - 0 


3. In the one-dimensional unsteady flow of a compressible fluid the velocity wand 
the density p sutisfy the equations 


du ou it Op &p 8p an 0 
ru Fe ~ VU, u i = 
ar ax pax ar ax” P Oy 


If the law connecting the pressure p with the density p is p ~ kp*, show that 


ou eu ée ee ac en 
— -h on -0, 2- Qn . ¢ 0 
ét ax Ox or ax ay 


where ¢? - dp/dp. Prove that the characteristics are given by the differential 
equations dy = (# — ¢) dt and that on the characteristics # -- 2¢ are constant. 
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If there is a family of straight characteristics x ~ m7 satisfying the differ- 
ential equation dx/dr ~ uw ~ ¢, prove that 


“ 


where «is a constant. Determine the equations of the other famity of 
characteristics. 

In two-dimensional steady flow of compressible fluid the velocity (4,7) and the 
density satisfy the equations 


ou 
ae aa 

ev 
Um — pt - 
p ox Pp 


a end 
By (ue) ae) 0 


where c = dp/dp. Show that the condition that the curve (x,y) = constant 
should be a characteristic, ie., such that ws, ce, ps are not uniquely determined 
along it, is that 


(uS, > cS, h(us, — vs)? — 63 + SH} = 0 


Show that the second factor has real linear factors if, and only if, 
uw? + vu > c Interpret these results physically. 


Characteristics of Equations in Three Variables 


The concept of the characteristic curves of a second-order linear 
‘erential equation which was developed in the last section for 
uations in two independent variables may readily be extended to the 
se where there are 7 independent variables. In this section we shall 
-ow how the analysis may be extended in the case n = 3. The general 
a proceeds along similar lines, but the geometrical concepts are 

re easily visualized in the case we shall consider. 

We suppose that we have three independent variables .1y, v,, x3 and 

e dependent variable uv, and we write p,; for @u/dx, dx,, p; for 

. éx,, The problem we consider is that of finding a solution of the 

‘ear equation 

3 3 
Lu)= XS ap, + X bp + cu=0 (1) 
ijel il 

- which wand éu/én take on prescribed values on the surface S whose 

aalion is 


P(X 2X9) = 0 Q) 
«@ Suppose that the freedom equations of S are 


(7,72) j= 1,2,3 (3) 


x, 
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then we may write the boundary conditions in the form 
fiz Foyt), 9 Gulén-— Glry,7.) (4) 


the bar denoting that these are the values assumed by the relevant 
quantity on the surface S. 
From equation (2) we have the identity 


so that equating to zero the coefficients of dr, and dz,. we have 


SP y= 0. pail,2 (5) 
f=1 
where 6, = Of /éx,, P,, — 6x,/@r,. Solving these equations, we find 
that 
oy OF Os _ 48 
So a a (6) 


where A, denotes the Jacobian 6@(x,,x3)/@(7,,7.) and the others are 
defined similarly. 
Taking the total derivative of @, we find in a similar way that 


dii= XS pPisdr, 


i-1l jel 
from which it follows that the first of the conditions (4) is equivalent to 
2 
éF 
P,,=— j= 7 
DP. He oe. a 1,2 (7) 
The second condition gives 
S pd. == G8 + dF + aD! (8) 
ie 


Equations (7) and (8) are sufficient for the determination of p,. Ps, ps 
at all points of the surface S, it being easily verified that the determinant 
of their coefficients does not vanish. 

We can determine the second derivatives of uw at points of S by 
applying the same procedure to f, (the value of p, on S) as we have just 
applied to # We obtain the pair of equations 


: ap, 
S ek a es 
2 Pi Div go Pe (9) 


for each value of 7. This pair of equations is not sufficient for the 
solution of pjy, Piz. Pigs SO that we add the equation 


>. % Pir = Ai (10) 


where /,; is a parameter in terms of which all the p;, are expressed 
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linearly and the x's are numerical constants chosen in such a way as to 
ensure that the determinant 
aap) 


is nonzero. ; 
Suppose now that the quantities p:, constitute a set of solutions of 
the equations (9); then 


\ PD —py=0 j=1,2 
rel 


so that Pa = Pi Pe ~ Piz __ Pa = Ps 


cy aes 

which can be written in the form 

Pi Pij 4 pA; (12) 
where the p; are constants. Now p,; = pj; and pi = p);, so that we 
must have 

PAS pA; (13) 
But p,/p; = A,/A,-- 9,/6,, so that p, = 26, where x is a constant, 
and from (6) A; == 0,/p. Therefore p,A, = 15,6, where 4 = u/p is a 
constant. 
Hence we find 

Pis => Piz + 26,8; 

the value of 2 being given by 


BPO TOG 


2 a 0,0; + S api; + 


0 (14) 


ifel hg zi 
as found by substituting in the differential enduro (1). This equation 
has a solution for 2 unless the characteristic function 


3 
d= S 4,9,d, (15) 
i 
vanishes, i.e., unless fis such that 


Jt _9 (16) 


When , we can solve equation (14) for 4, so that then all the 
second derivatives can be found and the procedure repeated for higher 
derivatives of # on S. The complete solution can then be found by a 
Taylor expansion. 

The equation (16), i.e., ® = 0, defines the characteristic surfaces. If 
P(N XyXq) IS a solution of (16), then the direction ratios (01,462,535) of 
the normal at any point of the surface satisfy 

NS a,,0,6, =0 (17) 


ay 
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which is the equation of a cone. Therefore at any point in space the 
normals to all possible characteristic surfaces through the point lie on a 
cone. The planes perpendicular to these normals therefore also 
envelop a cone;’ this cone is called the characteristic cone through 
the point. The characteristic cone at a point therefore touches all 
the characteristic surfaces at the point. 

Now according to equations (8) of Sec. 13 of Chap. 2, the Cauchy 
characteristics of the first-order equation (16) are defined by the 
equations 

dy, dd, 


TTS Sar P= 1,-2.3 
6/00, ow, dx, 


The integrals of these equations satisfying the correct initial conditions 
ata given point represent lines which are called the hicharacteristics of 
the equation (1). These lines in turn generate a surface, called a 
conoid, which reduces, in the case of constant @,,’s, to the characteristic 
cone, 

We may use the quadratic form (15) to classify second-order equations 
in three independent variables: 

(a) If @ is positive definite in the o’s at the point P(xy.x2.x09), the 
characteristic cones and conoids are imaginary, and we say that the 
equation is elliptic at P. 

(b) If ) is indefinite, the characteristic cones are real, and we say 
that the equation is Arperholic at the point. 

(c) HW the determinant 


ay ay a, | 
: Ay. Ay» 
ayy a3 Ass 


of the form & vanishes, we say that the equaticn is parabolic. 

This classification is in line with the one pu: forward in Sec. S for 
equations in two variables and has the advantage that it is readily 
generalized to equations in 1 variables. 


PROBLEMS 
1. Classify the equations: 
ta). Ung om tty 
th) , thy te, 
CO} Ay i eo 
{d) a,, 2yqg te 2g. 2 2h. 
CO). ne is MA Dit, 


In solid geometry this second cone is called the reciprocal cone of the Ars: 
See, for example. R. J. T. Bell, “An Elementary Treatise on Coordinate Geometry 
of Three Dimensions,” 2d ed. (Macmillan, London, 1931), p. 92. 
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tw 


Determine the characteristic surfaces of the wase equation 
a, ay, u 


Show that the bicharacteristics are straight lines, and verify that they 
generate the characteristic cone, 


8. The Solution of Linear Hyperbolic Equations 


Before describing Riemann’s method of solution of linear hyperbolic 
yuations of the second order in two independent variables, we shall 
srictly sketch the existence theorems for two types of initial conditions 
“9 the equation 

Re 


Ra om Ae emer 


hich. as we have seen, inshides the most general linear hyperbolic 
-quation. In the first kind of initial condition the integral surface is 
vvtined by two characteristics, one of each of the two families of 
-huracteristics on the surface: in the second kind (which corresponds 
“. Cauchy's problem) the integral surface is defined by one space 
tye which nowhere touches a characteristic curve, p and q being 
sveseribed along this curve. 

tor both kinds of initial condition it is assumed that the function 
“OV eypg) ts continuous at all pus ie a region R defined by x <x 
noe po for all values of x. 9, 2, p, g concerned and that it 


wUsfies a Lipset hitz condition 


nfo) — LN 2 prego] <= Miz. - | 
Po Pr |go~ ql} 


a es 


all bounded subrectangles r of R. 

fuitial Conditions of the First Kind. \f o(x) and 7(y) are defined in the 
pen tntervals (%/), Go), respectively, and have continuous first 
csrivatives, and if (7) is a point inside R such that o(£) — r(,), then the 
oven differential equation has at least one integral 2 > y(xv,") in R 
hich takes the value o(v) on y~ 4 and the value 7(y) on x == & 

iitial SU of the Second Kind. If we are given (x\1,2.p,9) 
Jonga pe C;. Le, we have y > (4), ete., in terms of a single para- 

eler A. and if Ci is the projection of this curve on the xy plane. then 
‘2 given equation has an integral which takes on the given values of 
g along the curve Cy. This integral exists at every point of the 
. non R. which is defined as the smallest rectangle completely enclosing 
we curve Cy. 

Vor proofs of these results the reader is referred to D. Bernstein, 
Existence Theorems in Partial Differential Equations.” Annals of 
Slathematies Studies, no. 23 (Princeton, Princeton, N.J., 1950). 

We shall now pass on to the problem of solving the general linear 
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hyperbolic equation of the second order. The method, due 1o Riemann, 
which we shall outline, represents the solution in a manner depending 
explicitly on the prescribed boundary conditions. Although this 
involves the solution of another boundary value problem for the 
Green’s function (to be defined below), this often presents no great 
difficulty. 

We shall assume that the equation has already been reduced to 
canonical form 


La) = fry) (1) 
where L denotes the linear operator 
ae ar 
ix oy = a t ae be (2) 


Now let w be another function with continuous derivatives of the first 
order. Then we may write 


” nes = oe ; id tg =) a (- Le 
x 0} ax dv dy \ ax 0} 
wa x - an a? 7 (awz) 
wh ¥ Zz > a (bw2 
so that whe = 2M == “ ae 7 (3) 


thee M the 0 erator hve by ihe delatign 
P' 'Yy 
ay Gar)  etbw) 


Doe ee es (4) 
and U = awz --2z is , = bwz + w a (5) 
ey ox 


The operator M defined by equation (4) is called the adjoint operator 

to the operator L, If M = L, we say that the operator L is self-adjoint. 
Now if Tis a closed curve enclosing an area Z, then it follows from 

equation (3) and a straightforward use of Green’s theorem! that 


( forte — zMw) dx dy = | (U dy — V dx) 
we AS ty 


= = |. {U cos (#,x) 


where # denotes the direction of the #msvard-drawn normal to the curve I’, 


Vos(n.v)} ds (6) 


1p, Franktin, “Methods of Advanced Caleulus”* (McGraw-Hill, New York, 1944). 
p. 201. 
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Suppose now that the values of = and ¢>'éy or =/@y are prescribed 
ma curve Cin the xy plane (cf. Fig. 20) and that we wish to find the 
ution of the equation (1) at the poiat P(2.;) agreeing with these 
sundary conditions. Through ? we draw 74 parallel to the v axis 
J cutting the curve C in the point 4 and PB parallel to the y axis and 
tung Cin B. We then take the curve I’ to be the closed circuit P4 BP, 
since dy = Oon PBand dy — 0 on Pf. we have immediately from 
dation (6) 


JovLe -2Mw)dvdy— | (Udy ~Vdey | dy Vdx 
‘ elk ht Sens 
‘sow, integrating by parts, we find 4% 
it | 
: | A P(E.n) 
| V dx == [zw]; j " 
wr | 
aw | 
1 ={ bw “ae dx | 
chat we obtain the formula 
. r ow | B Cc 
"poo few) -b Jefe" _ 5x) : 
= 
() 


ax 


Figure 20 
_ { (Udy -- V dx) +! | | QeLe — 2Miv) dy dy 
Pa ae 7 


ur the function w has been arbitrary. Suppose now that we choose 
~etron wy pss.) which has the properties 


Mir -= 0 

ow 
— — bye when + = 7 
ee . 3 
ow 
— s2 a(x when x = £ 
oy i 

weal when v == §& p== 4 


a lunetion is called a Green's function for the problem or sometimes 
enann-Green function. Since also Lz = f, we find that 
a oz 


few], -- | js dy — bdx)» I “ay dy ti ay dx 


- | | (rf)dxdy (7) 
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which enables us to find the value of z at the point P when @2z/dx is 
prescribed along the curve C. When @2/éy is prescribed, we make use 
of the following calculation 


arw =) azw) | 
mde > = i dy} 
[ew] e — [sw] 4 in sal T dp iy i 
to show that we can write equation (7) in the form 


(_ ow Or 


(e]p == [2], ~ | weta dy ~- b dx) | ay x oN dy dy, 


Lal @ 


[fo dedy (8) 


Finally, by adding equations (7) and (8), we obtain the symmetrical 
result 


ile = Mew), = [ela — | wrla dy — b dx) 


. HB 


lf (@z ez lf (er ae | 
5 I," a xe “5 hte a? 


| | (af)dxdy (9) 


By means of whichever of the formulas (7), (8), and (9) is appropriate 
we can obtain the solution of the given equation at any point in terms 
of the prescribed values of 2, p, and q along a given curve C. We 
shall find that this method of Riemann’s is of particular value in the 
discussion of the one-dimensional wave equation. A reader seeking a 
worked example is referred forward to that section (Sec, 3 of Chap. 5). 


PROBLEMS 
1. If L denotes the operator 
e& @ 


ae s ax ay 


and M is the adjoint operator defined by 


My = BR) : a Sw) 7 FTW) — aPw)  AOw) Dw 


ax? ax oy ae ex ey 


show that* 


| | GeLs — <Mwy dx dv -- | fUcos (4.x) = V cos (ayy ds 
i Aa 


' This equation is known as the generalized form of Green's theorem, 
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where Tis a closed curve enclosing an area % and 


ez & Riv) a et Sw) 


U=RvS-- : © Pow, 
. ex ex y ? 
v= Tien Sip 
ey ay 


WR, ~ 3S, = P,3S, + T, = Q, show that the operator L is self-adjoint. 


Determine the solution of the equation s -= f (x,3) which satisfies the boundary 
conditions z and q prescribed on a curve C. 


Obtain the solution, valid when x, » -- 0, xy > I, of the differentia: equation 


ez ! 


such that z = 0, p = 21/(x + ¥) on the hyperbola xy = f. 
+. Prove that, for the equation 
Bz 
éx ey 


be 
"4 
o 


the Green’s function is 


wharsdy) =Jo¥ = SO — >) 


where J,(z) denotes Bessel’s function of the first kind of order zero, 


on 


Prove that for the equation 
Pz 2 éz 


ox ey “x= ¥ Vox 


the Green's function is 


(x ~ y)i2xy = (F — lx — y) + 254} 
(© sa 


WIXI D = 


Hence find the solution of the differential equation which satisfies the 
conditions z = 0, @z/@x = 3x7 on y = x. 


= Separation of Variables 


A powerful method of finding solutions of second-order linear 
-"tlal differential equations is applicable in certain circumstances, 
when we assume a solution of the form 


z= Xx) YO) q) 
the partial differential equation 


Rr ~- Ss + Tt + Pp - Og —- Zz =F (2) 


: possible to write the equation (2) in the form 


1 eee 
Zl(DX = 5 (DY (3) 
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where f(D), g(D’) are quadratic functions of D -= é/éx and D’ = @/éy, 
respectively, we say that the equation (2) is separable in the variables 
x,y. The derivation of a solution of the equation is then immediate. 
For the left-hand side of (3) is a function of x alone, and the right-hand 
side is a function of » alone, and the two can be equal only if each is 
equal to a constant, 4 say. The problem of finding solutions of the 
form (1) of the partial differential equation (2) therefore reduces to 
solving the pair of second-order linear ordinary differential equations 


f(D)X -iX,  g(D)¥ = iY (4) 
The method is best illustrated by means of a particular example. 
Consider the one-dimensional diffusion equation 


ez ] ez 2 
ae ka ) 
If we write ce 
== X@OTIN 
we find that 
lax Lar 
X de kT dt 
so that the pair of ordinary equations corresponding to (4) ts 
PX 1. dT 
ae AX, we KaT 


so that if we are looking for a solution which tends to zero as f -><, 
we may lake 

X =~ A cos (nx — «), T = Bew*"* 
where we have written —n? for 2. Thus 

x) - ©, cos (nx ~ &,Je7?* 

where ¢, is a constant, is a solution of the partial differential (5) for 
all values of #. Hence expressions formed by summing over all values 
of 2 


% 
=x) = S c,cos(ax tee | (6) 


hoo 
are, formally at least, solutions of equation (5). It should be noted 
that the solutions (6) have the property that z ~ 0 as ¢ ~ 29 and that 


zlx,0) = “ c, cos (ax — ¢,) (7) 


ne 
The principle can readily be extended to a larger number of variables. 
For example, if we wish to find solutions of the form 


Fe XYQYOITOD (8) 
of the equation 

oo. 1 @z 

ae | kot y 
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we note that for such a solution equation (9) can be written as 
12x 1d?¥ 1 aT 
Xd Yd kT at 


so that we may take 


dT is ay ay : ai, 
Woon KT, Te I qe any 


provided that 
Po. p=? 


Hence we have solutions of equation (9) of the form 


AGI = SS thu 608 (Ee ~ #1) 008 (ny ~ ele H""" (10) 
Pe O te G 


PROBLEMS 


|. By separating the variables, show that the one-dimensional wave equation 


has solutions of the form 4 exp ( - inx © inct), where A and a are constants. 
Hence show that functions of the form 


‘ t 2 bret 2 PAX 
ray) = Sia, cos — - B, sin — \ sin — 
| @ a | a 
7 : 
where the 4,°s and B,’s are constants, satisfy the wave equation and the t 


boundary conditions 2(0,2) = 0, staf) — 0 for allt, 


2. By separating the variables, show that the equation U7 F -- Ohas solutions of 
the form Aexp(inx fay), where 4 and # are constants, Deduce that 
functions of the form 
= oe CRY 
Vix) > S Aor’ Sine x00 
: a a 
where the A,’s are constants, are plane harmoui¢c functions satisfying the 
conditions V(.x,0) = G, Vix,ay) ~ 0, Vixy) --Oasx — x. 


Show that if the two-dimensional harmonic equation ¥7V = 0 is transformed 
ty plane polar coordinates ¢ and #, defined by x =- r cos @, ¥ = sind it takes 
the form 

ey lav Lev 


a op a POR 


=0 


sad deduce that it has solutions of the form (4r" + Br “je -!"9, where 4, B, 

and # are constants, i 
Determine Jif it satisfies Vj ¥ Gin the regionO <r <a,0 «. 9 27 and 

sulisfies the conditions: 


ti) WV remains finite as r -- 0; 


iy Vow Ne, cos (n)} onr--a. 
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4. Show that in cylindrical coordinates p, 2, 6 Laplace's equation has solutions of 
the form Ripje "= -’"*, where R(p) is a solution of Bessel’s equation 
@R 1 dR | Pee th 
dep dp 7 
HWR=Oasz > x andis finite when p - 0, show that, in the usual notation 


for Bessel functions! the appropriate solutions are made up of terms of the 
form J,,(npyen =i", 


5. Show that in spherical polar coordinates r, , 6 Laplace's equation possesses 
solutions of the form 
| 


where 4, B, wt, and # are constants and «) satisfies the ordinary differential 
equation 


B 
tr™ - ai e%e0s Dye furs 


ao 1 gr 
C= 7) qe oe : lan -T- i 7 | = 0 


| “TF | 


10. The Method of Integral Transforms 


The use of the theory of integral transforms in the solution of partial 
differential equations may be simply explained by an example which 
possesses a fair degree of generality. Suppose we have to determine a 
function uw which depends on the independent variables x), va.” . Xn 
and whose behavior is determined by the linear partial differential 
equation 


e a . ‘ 
aX) - B(x) = (xy + Lu f(XNe oe Ny) (1) 
vi XY 


in which L is a /inear differential operator in the variables x2, . . «Xn 
and the range of variation of x, is <x, <p. If we let 
WEN, 2. Ny) = | U(X Xo». X,) K(ENy) dx, (2) 
dx 


then an integration by parts shows that 


Pd a 


( ie eu 
la, oe ~ B(x) Oe, + ctxu| K(§,x4) dx, 


; P(e a Lay 
= p(E,Xe, -. . Xn) + | u jon (aK) — ma + a dx, 
; en ou ‘ f - @ iW? 
where (8x2, 2. . = [« on K(E,x,) + u eae ae (ek)|| 
If therefore we choose the function A(£,x,) so that. 
= (aK) o (6K) + cK = iK (3) 


1M. Golomb and M. E. Shanks, “Elements of Ordinary Differential Equations” 
(McGraw-Hill, New York, 1950), p. 298. 
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‘here 2 is a constant, then multiplying equation (1) by K(é,x,) and 
ategrating with respect to x, from x to #, we find that the function 
.... 5X,), defined by equation (2), satisfies the equation 


(eS DRE Se a oh Atay. i. ea) (4) 


shere FlSve, 2 2. ot) = AEX... NL) ~ (EX... x,),/ being 
‘zefined by an equation of type (2). 
We say that # is the integral transform of u corresponding to the kernel 
iv). The effect of employing the integral transform defined by the 
-guations (2) and (3) is therefore to reduce the partial differential 
sjuation ([} in # independent variables 44, ..2..- . ,¥, to one in 
| independent variables v2, . . . ,.x, and a parameter . By the 
successive use of integral transforms of this :ype the given partial 
= fferential equation may eventually be reduced to an ordinary differ- 
-aittal equation, or even to an algebraic equation, which can be solved 
easily. We are, of course, left with the problem of solving integral 
.jvations of the type 


a) 


HEX Mn) = | WM Xy 2. - NRE Ny) dx 
BE: 
“we are to derive the expression for u(x,N2, . . . ,x,) when that for 
“EN, .. . .x,) has been determined. For certain kernels of frequent 


.e in mathematical physics it is possible to find a solution of this 
-duation in the form 
. a) 


WxpX, -- M)= | HEX... w MEd 8) 


, relation of this kind ts known as an inversion theorem, The inversion 
ceorems for the integral transforms most commonly used in mathe- 
aucal physics are tabulated in Table |. These theorems are not, of 
urse. true for a// functions u, for it is obvious that some u’s would 
ihe the relevant integrals divergent. Proofs of these theorems for 
.2 classes of functions most frequently encountered in mathematical 
sasicS have been formulated by Sneddon; those appropriate to 
der classes of functions have been given by Titchmarsh.* 
The procedure to be followed in applying the theory of integral 
-snsforms to the solution of partial differential equations therefore 
nsists Of four stages : 
u) The calculation of the function f(&x.,...,x,) by simple 
ration; 
The construction of the equation (4) for the transform a; 
.) The solution of this equation; 
4) The calculation of u from the expression for # by means of the 
-Dropriate inversion theorem. 


I, N. Sneddon, ‘‘Fourier Transforms” (McGraw-Hill, New York, 1951), 
-£.C, Titchmarsh, “The Theory of Fourier Integrais’ (Oxford, London, {937). 


128 ELEMENTS OF PARTIAL DIFFERENTIAL EQUATIONS 


Table |. Inversion Theorems for Integral Transforms 


Name of 


transform (2,8) KE) G9) H(S,x) 
a 1 ; 
Fourter (-2%,%) an ciel (e520) ——— gtx 
Vn \ 27 
SS Se = : “ j woe 
Fourier cosine, (0,%) | [fos (Ex), (0, «) / = cos (Ex) 
Ly om 


tae ‘ 
Fourier sine (0, =) AE sin (Ex). (0, %) ni sin (Ex) 
| 7 i 7 


1 
f Fe : . Te: 
ef RIS) > (y-—feyriz)!) — Oe y>e 


Laplace (0, <) = 
rin ot sh ee ey eer l ae 

Mellin © ,%) a Ly 

Hankel Y (Oey dex) > | (0, 2) 


To illustrate this procedure we shall consider: 
Example Il. Derive the solution of the equation: 


ev tay #ev 


7 wm 


ess =0 
er or @r 


for the region r 0, z > 0, satisfying the conditions: 
(i) V+0 asz—> xandasr> x” 
Gi) Ves f(r) onz=O0,r>0 

If we introduce the Hankel transform 


2 
P= | rV(r,2)Sql Er) dr 
v0 
then, integrating by parts and making use of (i), we find that 
peyey levy 


(a? te a [Moen ar = —2 Pp 


20 
because of the fact that J,(Sr) is a solution of Bessel’s differential equation 
af, leah 

dr? or dr 
Hence the equation satisfied by the Hankel transform V is 
ey 
dz 


where, as a result of the boundary conditions, we know that V+Oasz > o and 


Bf=0 


-~#2P =0 
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that F = f(£) on z = 0, /¢4) denoting the Hankel transform (of zero order} of 
‘r), The aprropriate solution of the equation for V is therefore 
V = fisye = 


From the inversion theorem for the Hankel transform (last rew of Table i) we 
Know that 


ving) ~ | SP sols de 
20 
so that the required solution is 
Vor,z} = | 


0 


ye" g(Sr) dE 


J? the form of f(r) is given explicitly, /(S) can be calculated so that Vir.z} can be 
‘ptained as the result of a single integration. 

The method of integral transforms can, of course, be applied to 
“near partial differential equations of order higher than the second, as 
5 shown by the following example: 


Example 12. Deterntine the solution of the equation 
az @z 
act a 


ing the conditions: 
> and its partial derivatives tend to zero as x -~ =; 
2 — f(x), az] ay = 0 ony =0. 


In this case we may take 


chat the equation determining the Fourier transform 2 is 
CZ 
ay 
~ 2 =F(8), dZ/dy = 0 when y = 0. Therefore 


+470 


Z = Fi) cos (29) 


ne inversion theorem for Fourier transforms (first row of Table 1} we have 
ts re itr fe 
2K) => =. ZEwe# ds 
~at finally 
1 f# . 
rOyy) = T= [ F(S) cos (Fy)e" 8 dé 
; V20 J Pe, 


.¢ F(5) is the Fourier transform of f (x). 
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PROBLEMS 


The temperature 9 in the semi-infinite red 0 < 
differential equation 


< * is determined by the 


: eo 
—=«K 
er 


and the Conditions 
@6=0 when t =0,x > 0 
(ii) @ = 8 = const. when x =Qand/ >0 


Making use of sine transform, show that 


8 x,f) = = 4% <= (1 — eds 


2 f® sin (Sx) 
a ie 
Tf in the last question the condition (i) is replaced by (é’) e0/@x = —s, a 
constant, when x = 0 and > 0, prove that 
2u f* cos 
Ax) = 


vo 
Show that the solution of the equation 

a 82 

éx ay? 
which tends to zero as 5° -- s¢ and.which satisfies the conditions 
Gi) z - fix) when y ~ 0, x > 0 
diz = 0 when y > 0, x +0 
may be written in the form 

Ll frtie 


oat bie 


Piet ae 


Evaluate this integral when f() is a constant k. 
The function V(r,9) satisfies the differential equation 
ev lav 1ey 


in the wedge-shaped region r > 0, [9| < and the boundary conditions 


V = f(r) when 9 = —«. Show that it can be expressed in the form 
Pept pret? cos (E9) _ page . 
8) = 35 Wess cos Gai Or rs 
where {O= | ; f (yr? dr 
Jo 


The variation of the function z over the xy plane and for f > 0 is determined 
by the equation 
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Sf, when t =O0,2 + flxpband @2'4 0, show that, at any subsequent time, 


! ot be a te cee = 
rr) + x | Fttacoster 6 2 Pye "ud dy 


where 


| fiat dx dy 


Il. Nonlinear Equations of the Second Order 
It is only in special cases that a partial differential equation 
FOV IP AGF Sot) O (1) 
of the second order can be integrated. The most important method of 
solution, due to Monge, is apy pli cable to a wide class of such equations 


but by no means to them all. Monge’s method consists in establishing 
one or two first integrals of the form 


y f(s) (2) 


where § and » are known functions of w. V2, p, nae and the function f 
is arbitrary, i.c., in finding relations of the type (2) such that equation (1) 
can be derived trom equation (2) and the relations 


My Uap ob tl ets fs Bape Eh Sp} 
Dy 2 Us oo MS ht oe P(E, & Eg ne E80} (4) 


obtained from it by partial differentiation. 

It should be noted at the outset that not every equation (1) has a first 
integral of the type (2). In fact by eliminating f'(4) from equations (3) 
and (4), we see that any second-order partial differential equation which 
possesses a first integral of the type (2) must be expressible in the form 


re Som Ty Ut ~s*) = Vy (5) 


where R,, S,, 7), Uy, and Fare functions of x, 3, 2, p, and q defined by 
the relations 


OE) a E,/) Vis a(E,4)) HE ;) 
Rapa Paps OO Ag Pg OO 
“aS Ey) BE) aE.) 
Ss Ble a ies u 6b 
" aq.y) 1 Ag=) px) PE PZ) (6p) 
» H8,y) HE) AEN) HE) ; 
a apg) er ert Hr) Or) (6c) 


The equation (5) therefore reduces to the form 
Ss Tye--¥; (7) 


if and only if the Jacobian £,, -- &,y, vanishes identically, An 
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equation of the tvpe (7) 1s nonlinear, since the coefficients R,. S\. 7. Y, 
are functions of pand gas well as of. x. y.and 2. It has a ccrtain formal 
resemblance to a linear equation, and for that reason is often referred 
to as a quasi-lincar equation; it is also called a uniform: nonlinear 
equation. An equation of the type (5) is, by contrast, known as a 
nonuniform equation. 

We shall assume that a first integral of the equation 


Rr-- Ss Tt -- Ut -8)-- ¥ (8) 
exists and that it is of the form (2). Our problem is. having postulated 
its existence, to establish a procedure for finding this first integral. 

For any function = of x and y we have the relations 
dp--rdx +s dy, dq -sdx - tay (9) 
so that eliminating ¢ and 7 from this pair of cquations and equation (8), 
we see that any solution of (8) must satisfy the relation 
Radpdy -- Tdgdx ~ Udpdg — Vdx dy = (Rade -- Sdx dy — Tdx® 
-- Udpdx -- Udg dy) (10) 
If we suppose that 
ENV G) —- Crs WAXY IPQ) = Ce 


are two integrals of the set of equations 


Rdpdy ~ Tdgdx -- Udpdg —¥V dx dy —0 ay 
Rade Td? Udpdx ~ Udy dy — Sdx dy (12) 
: dz». pdx —~gdy (13) 


then the equations 

di- 0, dy -0 (14) 
are equivalent to the set (11) to (13). Eliminating dz from equations 
(13) and (14), we get the pair 


_ Fe, 1 fen) . Hen) 
eT Tag) Beg IO a 
— 1 eed. ay) OR 
dq i Vc py ac.py| dx — oD dy (16) 


i 
where R,, 7,, U, are defined by the equations (6). Substituting for dp, 
dy from these equations, we sec that 

R 1 fas) 


dp dx -'- dqdy ~:~ a dx? v. dy? -! U, tag ) 


a(S.) ; G(E,;) a En) 


ed, 
aGa tte ae 


a ee 
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a relation which is equivalent to the eqiation 


Ry dy? + T, dx? U, dp dx -- U, dy dy -= S, dx dy (17) 
Similarly we can show that 
R, dp dy + T, dq dx + U, dp dq — V, dx dv 0 (18) 


Comparing equations (17) and (18) with (11) and (12), we see that 
RS A Uw 
= =a 19 
Re SE (19) 
so that the equation (8), which we have to solve, is equivalent to the 
2quation (5), which we know has a first integral of the form (2). The 
first integral (2) is therefore derived by making one of the functions 1 
obtained from a solution 7 == cy of the equations (11) to (13) a function 
of a second solution &. The procedure of determining a first integral 
of the equation (8) thus reduces to that of solving this set of equations. 
in many cases it is possible to derive solutions of these equations by 
mspection, but when this cannot be done, the following procedure may 
ye adopted. From equations (11) and (12) we obtain the single 
oquation 
Rdy? -- (S + AV) dx dy + T dx? + U dp dx + Udg dy + 2R dp dy 
+ AT dq dx + aU dp dq = 0 
where 2 is (for the moment) an undetermined multiplier, and it is readily 
shown that this equation can be written in the form 
(dy + AT dx + 2U dp)AR dy ~ Udx +iUdqg)=9 (20) 
srovided that 4 is chosen to be a root of the quadratic equation 
ART 4+- UV) ~ AUS + U? == 0 (21) 
Apart from the special case when S® = 4(RT — UV), this equation 
will have two distinct roots 2,, 2,, and the problem of solving equations 
[L) and (12) will reduce to the solution of the pairs 
Udy -- AT dx 4 2,U dp = 0, AgR Uy + Udx + AU dg > 0 (22) 
and 
Udy  AyT dx -- 4,U dp == 0, ARdy + Udx +i,U0dqg=90 (23) 
rom each of these pairs we shall derive two integrals of the form 
INV PQ) ~— Cy, WGY,P.Q) = Cc, and hence two first integrals 
th = f(S)s Aa = Lolo) 
vhich can often be solved to determine p and q as functions of x, p, 
ind =. When we substitute these values into the equation 


dz = pdx +qdy 
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it is found’ that this equation is integrable. The integral of this 
equation, involving two arbitrary functions, will then be the solution 
of the original equation. 


When it is possible to find only one first integral 7 = f(). we obtain 
the final integral by the use of Charpit’s method (Sec. 10 of Chap. 2). 


Example 13, Solve the equation 
r- 4sth ert —- Pe =2 


For this equation we have, in the above notation, R= 1,5 =4,T7=1,U =1, 
V = 2, so that equation (21) becomes 


32 + 44+1=0 
with roots 2, = —3, 42 = —l. Hence equations (22) become 
3dy — dx — dp = 0, dy —dx + dq=0 
leading to the first integral 
sy —x—p=fy-x+Q (24) 
where the function fis arbitrary. Similarly equations (23) reduce to 
dy —dx —dp=0, — dy — 3dx + dq =0 
and yield the first integral 
y-3v tg =gly —x —p) (25) 


the function g being arbitrary. 
Tt is not possible to solve equations (24) and (25) for p and g; so we combine the 
general integral (24) with any particular integral of (25), ¢.g., 


yro3xt+q=y (26) 
where ¢, is a constant. Solving equations (24) and (26), we find that 
gq=aq-73x-y, p=3y—x-fQxe+a) 
from which it follows that 
dz = (3y —x — f(2x + o)} dx + {q + 3x — y}dy (27) 
and hence that 
z= 3xy — x? = P) + FQQx +e) + ay — {28} 


where ¢, is an arbitrary constant. Equation (28) gives the complete integral. 
To obtain the general integral we replace ¢, by c, cz by G(c), where the function G 
is arbitrary, and the required integral is then obtained by eliminating c between the 
equations 

= 3Bxy — 30? +37) + FQx = 0) - cv — GO) 


= F(2x + 0) — y — Go) 
It was mentioned above that in a great many cases it is possible to 
derive solutions of equations (11) and (12) directly. *This is particularly 


' For a proof that this equation is always integrable see A. R. Forsyth, “A 
Treatise on Differential Equations” (Macmillan, New York, 1885), pp. 365-368. 
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so in the case of uniform equationsin which L° = 0. Forsuch equations 
the pair of equations (11) and (12) reduces to 

Rdpdy Tdgdx  Vadxdy ql’) 
and Rady - Sdxdy- Tdx?=0 (12) 
We shall illustrate the solution of thesc cquations by the particular 
example: 


Example 14. Solve the equation fr — 2pys pt - 0. 
tn this case the equations (11°) and (127) become 


Gdpdy prdgde 0 () 

(pdx -qgayP =0 (it) 

From equation (i} and equation (J3) we have dz -= 0, which gives the integral 

5 ¢ From equations (i) and (ii) we bave gdp ~ p dy, which has solution 
pf > Cg. We therefore have the first integral 
po 49f©) 

where the fimietion fis arbitrary. We can regard this as a linear equation of the 

first order and solve it by Lagrange’s method. The auxiliary equations are 


dx dy dz 


t =f) 0 
with integrals > er > xf(e,) ~~ ¢y leading to the general solution 
Fo xf) > g@) 


where the funetions fand g are arbitrary. 


PROBLEMS 
1. Solve the wave equation rt by Monge’s method. 
2. Show that if a function = satisfies the differential equation 
af 
Ay ax Oy ax 


it is of the form ffx -~ gv)}, where the functions f and y are arbitrary. 
3. Solve the equation 
' alqs — pt) - pe 
4... Solve the equation 
: py = (ps — qr) 
8. Solve the equation 
rp ~ 2pgs - tp? — pt - qs 
6. Find an integral of the equation 
2 oS 2 ae ages tl a Pee Ee pe ee 
involving three arbitrary constants, 
Verify the result and indicate the method of proceeding to the general 
solution, 
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MISCELLANEOUS PROBLEMS 


The equation = 3xyz_—a® = O defines z implicitly as a function of x and y. 
Prove that 


Pz 


The variables x, y, and 2 are related through the equations 
xe f(t; peg) tur z= ur + uf (uy — eee) — fd — gle) 


Show that, whatever the form of the functions f and y, 


Pz Pz ( #z y ez 
ax? Gy éx é@y} ox oy - 


In plane polar coordinates the equations of equilibrium of an elastic solid 
become 


eo, I Or,.4 . oO, — 99 =0 O74 1 66 : 275% 0 
er or ab r , Orr GH r 
Show that these equations possess a solution 
ae a eed BAe 2) 
: t Gr oer or \r eG} 


It can be shown that the compatibility conditions lead to Viy = 0; verify 
that y = (Ax + By)# is a solution of this equation, and caleulate the 
corresponding components of stress. 


In plane polar coordinates the Hencky-Mises condition is 
(a, — G9) + 472, = 4k? 
Show that the shearing stress 7,, satisfies the equation 
Ory 3 ery 1 Ory e 
or or @r rae ac 


2 
3 


Determine the solution of this equation of the form f(r) and satisfying the 
boundary conditions 7,3 = —A on r = 4,77 =k on r =O, 


Find the genera! solution of the equation 

xyS — xp —yg-7z=0 
and determine the solution of this equation which satisfies the conditions 
z =x" and p = O when y = x. 


Solve the equation 


(x — y)GPr — 2xys + 7) = 2xvlp — 9g) 
Find the general solution of the equation 
rs 4t = 8xy 
Find also the particular solution for which z = j° and p = 0 when x =0. 


Show that the linear equation 


S+ap+bg+ez+d=0 


10. 
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may be reduced to a first-order equation if 


ea 
= t+ab-¢20 
OV 
Use this method to find the solution of the equation 
So pet—g= 0 


Appell's first hypergeometric function of two variables is defined by the 
double power series 


ae Oe 
FOB i yxy) = > > Dna BI rym 


nny 
m=O v=) (min 


where («), = «(a + 1) +++ (a +r — 1), Show that this function is a solu- 
tion of the second-order linear partial differential equations 


xl = xe SC = asm yr = (aot B+ Daly — Byq ~ afz = 0 
vO = yee x — ys + fy — (e+ Bo + Dylg — Bxp — af’'z = 0 
Show also that Appell’s second hypergeometric function 


SSS mann myn 
MMO Mn 


are 1 nse D 


FeKBB iy Ixy) = 


is a solution of the second-order equations 
xl —x)r — xys + fy — (x + B + I)x}p — fyg — afz = 0 

YO = yt mops + fy — (eb BY + Dy}g — Bp ~ of’s = 0 

Express the equation 
div (« grad ) = 0 

where « and V are scalar point functions, in cylindrical coordinates p, ¢, 2. If 
«om y/p, where « is a constant, Use the method of separation of variables to 
obtain a solution of the above equation independent of z and periodic in ¢. 
Show that the equation 
ey 


72yy =m 
wy ar? 


has solutions of the form y = S(6,4)R(r,0, where r, 6, ¢ are spherical polar 
coordinates and 


1 @ 
sin @ 60 


; as) { es 
sin 6 4 Es a = 
(sin ao) sin? 6 Og2 Mee 1S =O 


e éR e 
1 (# paw Dp R 


Pe or r “oe 


x being a constant integer. Verify that the last equation is satisfied by the 

function 

fy ayn pak ig ab 

Roryt) =r (42) [fo -d gv =) 
} | r J 


1 
r or 


where the functions fand g are arbitrary. 
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14. 


15, 


16. 
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Schrédinger’s equation for the motion of an electron in a central field of 
potential V(r) is, in atomic units, 
Vip - 2 - Voryup 0 
where H’ is a constant. By transforming this equation to polar coordinates 
r, 4, ¢, show that it possesses solutions of the form 


ie ‘ RYSUS) 


where S(/,4) is defined in the same way as in the last problem and R is a 
selution of the ordinary differential equation 
BR. 
dr* 


Coordinates § and are defined in terms of x and y by the equations 


[We-- Vir) data -- IR 0 


x = a cosh § COs 4, y = asinh £ sin 
and z is unaltered. Show that, in these coordinates, Laplace’s equation 
Vv? = 0 takes the form 
ey ey 
a OF 
and deduce that it has sojutions of the form / (#5) (e~, where 7’ is a constant, 


= a@ (cosh? £— cos* ) 


fix)isa solution of the ordinary differential equation 


a. (G © 169 cos 2x)f — 0 
G is a constant of separation, and 32g = --a?;*, 
Show that if 
x= V5) cos, yous so RS — 4) 


Laplace’s equation assumes the form 
ev £ 
3, 45; 
Deduce that it has solutions of the form F,(S)F_,,(e> /”?, where F(x) is a 
solution of the ordinary differential equation 
PE dF ne) 
Da ar a er ee (Ls 
de dx \ 4y 


If f(S)and {Sy are the Fourier transforms of f(x)and g(x), respectively, prove 
that 


se) £6 


a \ 


J F=o 


© figye(sen ds = | ghofly — 0 du 


If the function z(x,y) is determined by the differential equation 


where /(£) is the Fourier transform of f(y). 
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Making use of the result obtained in the last problem, show that 
| flwe ty ude du 


TX 
17, The function ¥(x,¥) is defined by the equations 
(i) Viv = fly») -x<xe xy 20 
Oy 
(ii) z =0° <ys6 


Show that it can be expressed in the form 


pe px 


1 we 
= a an ee y) dy 
ale | Se: pee oS (yy) dy 
where 
| < a 
FW) = = | dx f f ewe cos (yy) dy 
eye 7D 


18, Show that the solution of the diffusion equation 
eg ap 
=sFeS Oxcx<a 1>0 
ex? ef 


which satisiies the conditions 


. 
w= =0 when x = 0 
ex 
Gi) @ = 4) ~ const. when x =a@ 


(ii) @=0 whens ~0,0- 


can be written in the form 
99 fori* . cosh (xi 5) dé 


Pat his cosh iat 2) 


Hence show that 


2 
Ay SCA Fe ayes (-4 
ea eT EP nttfa® pice iaieg 
7 Le Oe Og 
r= 
(9. The free symmetrical vibrations of a very large membrane are governed by the 
equation 
Ze es 0,450 
oF ae ESE E 


with z = f(r), @z/@r = g(r) when ¢ = 0. Show that, for 1 > 0, 


z(rt) = [ “=f®) cos (Set)J g(r) dé + : “He sin (Ect)J (Er) dé 
JG 0 


where f (5), &(§) are the zero-order Hankel transforms of f(r), g(r), respectively, 


0. The potential V(p,z) of a flat circular electrified disk of conducting material 
with center at the origin, unit radius, and axis along the z axis satisfies the 
differential equation 

ey i1av eV 
2 


— 0 
dep epee 
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(p 2° 0, 2 = 0) and the boundary conditions 


() V+0 asap - 7 
di) Vs My, -0 O<p 1 


a 
dit) Y 0, z=0 p=l 


Prove that 


Via) = | fide JolSp) dé 
0 
where the function / satisfies the relations 


| “f(Ddsp) d= Vo OS pad 
#0 


“Ef (DoEe)ds =0 pot 


Verily that f(g) = (2Vy sin $)/(78) is a solution of these equations, and hence 
evaluate V(p,z). 


Chapter 4 


LAPLACE’S EQUATION 


In the last chapter we saw how second-order linear partial differential 
equations could be grouped into three main types, elliptic, hyperbolic, 
and parabolic, The next three chapters will be devoted to the considera- 
tion in a little more detail of examples of equations of the three types 
drawn from mathematical physics. We shall begin by considering 
Laplace's equation, Y*y = 0, which is the elliptic equation occurring 
most frequently in physical problems. Because the function y, which 
occurs in Laplace’s equation, is frequently a potential function, this 
equation is often referred to as the porential equation. 


|, The Occurrence of Laplace’s Equation in Physics 


We saw in Sec. 3 of Chap. 3 that problems in electrostatics could be 
reduced to finding appropriate solutions of Laplace's equation V*y = 0. 
This is typical of a procedure which is adopted frequently in mathe- 
matical physics. We shall not give such a derivation for the most 
frequently occurring physical situations, but since in discussing Laplace’s 
equation it is useful to be able to illustrate the theory with reference to 
physical problems, we shall summarize here the main relations in some 
of the branches of physics in which the field equations can be reduced 
to Laplace’s equation. 


(a) Gravitation. (i) Both inside and outside the attracting matter 
the force of attraction F can be expressed in terms of a gravitational 
potential y by the equation 

F = grad y 

(ii) In empty space y satisfies Laplace’s equation V?y = 0. 

(iii) At any point at which the density of gravitating matter is p the 
potential y satisfies Poisson's equation V?y — ~-4z, 

(is) When there is matter distributed over a surface, the potential 
function y assumes different forms y;. y, on opposite sides of the 
surface, and on the surface these two functions satisfy the conditions 

By. By, 
an eae rea 
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where o is the surface density of the matter and # is the normal to the 
surface pointing from the region | ito the region 2. 
(v) There can be no singularities in ¢ except at isolated masses. 


(b) Irrotational Motiou of a Perfect Fluid. (i) The velocity q of a 
perfect fluid in irrotational motion can be expressed in terms of a 
velocity potential y by the equation 


q -grad y 


(ii) At all points of the fluid where there are no sources or sinks the 
function » satisfies Laplace's cquation V*y - 0. 

(iii) When the fluid is in contact with a rigid surface which is moving 
so that a typical point P of it has velocity U, then (q U)- mn - 0, 
where n is the direction of the normal at P. The condition satisfied by 
y is therefore that 


== -(U-n) 
at all points of the surface. 

(iv) If the fluid is at rest at infinity, » > 0, but if there is a uniform 
velocity Vin the = direction, this condition is replaced by the condition 
yo —V2asrn K. 

(v) The function ; has no singularities except at sources or sinks. 


(c) Electrostatics. (i) The electric vector E can be expressed in 
terms of an electrostatic potential y by the equation E =. —grad y. 

(ii) In empty space y: satisfies Laplace’s equation ¥?y ~ 0. 

(iii) In the presence of charges y satisfies Poisson’s equation V?y «= 
—4p, where p is the density of electric charge. 

(iv) The function y is constant on any conductor. 

(v) If is the outward-drawn normal to a conductor, then at each 
point of the conductor 


where o is the surface density of the electric charge on the conductor. 
The total charge on the conductor is therefore 
eee ek dS 
4n J Gn 
where the integral is taken over the surface of the conductor. 

(vi) With a finite system of charges the function y—~ 0 at infinity, 
but if there is a uniform field £y in the = direction at infinity, then 
yo ~~ Et as 2 Se 

(vii) There can be no singularities in y except at isolated charges, 
dipoles, etc. Near a charge g, 7 — g/r is finite, r being measured from 
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the charge. Similarly in the ncighborhood of a dipole of moment m 
a vacuum yp —- (m+ r)/r is finite. 


(d) Dielectrics. In the presence of dielectrics the electrostatic 
potential y defined as in c(i) above satisfies the conditions: 
(i} In the presence of charges div (« grad y) = —4zp, where « is 
the dielectric constant. 
(ii) If we have two media in contact, we have two forms 4, yy for 
‘he potential on opposite sides of the surface, but on the surface we have 
ay, y's 
By Pas Ky On. + Kg Oh: 
where wis the common normal. 
(iii) At the surface of a conductor ev) is replaced by the equation 


k= = —4r0 


(¢) Magnetostatics. (i) The magnetic vector H can be expressed in 
terms of a magnetostatic potential y by the equation H = ~grad y. 
(ii) If wis the magnetic permeability, y satisfies the equation 
div (#7 grad y) = 0 
which reduces to Laplace’s equation when yw is a constant. 
(iii) At a sudden change of medium 
Oy bys 
Hy == Yas ly = == Ug a 
Yi We 13, 2 On 
(iv) In the presence of a constant field 7, in the z direction at infinity 
we have y ~ — Hyz aso xe. 
iv) In the neighborhood of a magnet of moment m in a vacuum 
»~-(m-r)/r* is finite, r being measured from the center of the magnet. 


(f) Steady Currents. (i) The conduction current vector j may be 
derived from a potential function y through the formula 
j= —e grad y 
where o is the conductivity. 
(ii) The function y satisfies the equation 
div (o grad y') = 0 
which reduces in the case « = constant to Laplace's equation. 

ii) At the surface of an electrode at which a battery is providing 
charge at a definite potential the function y is constant. If the total 
current leaving the electrode is /, then 

Fp 


o— dS = -i 


J on 
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(iv) At the boundary between a conductor and an insulator or vacuum 
there is no normal flow of current, so that 


ay 
on 


(g) Surface Waves on a Fluid. The velocity potential y of two- 
dimensional wave motions of small amplitude in a perfect fluid under 
gravity satisfies the conditions: 

(i) Vy -- 0; 

(ii) @y/er — g(éy/ey) 0 on the mean free surface, 1 being 
measured to increase with depth: 

(iil) @y/én — 0 ona fixed boundary. 


(A) Steady Flow of Heat. 1n the case of steady flow in the theory of 
the conduction of heat the temperature y does not vary with the time. 
It satisfies the conditions: 

(i) div (x grad y) 0, where « is the thermal conductivity, or 
V?y -. 0 if « is a constant throughout the medium; 

(ii) éy/An ~- 0 if there is no flux of heat across the boundary; 

(iii) @y/@n -'- hg - yo) - O, where # is a constant, when there is 
radiation from the surface into a medium at constant temperature 


Vo. 
PROBLEMS 


1. Prove Gauss’ theorem that the outward flux of the force of attraction over 
any closed surface in a gravitational field of force is equal to ~47 times the 
mass enclosed by the surface. 

Deduce that (a) the potential cannot have a maximum or a minimum value 
at any point of space unoccupied by matter; (4) if the potential is constant 
over a closed surface containing no matter, it must be constant throughout the 
Interior, 

2. The function ¥, is defined inside a closed surface S; the function y, is defined 
outside S,and V*y, - 0. What other conditions must be satisfied by y, and 
yy in order that they should be the internal and external gravitational 
potentials of a distribution of matter inside S of density -V*y,/4z? 

Verify that the conditions ure satisfied by the potential of a uniform sphere 


3. Find the distri 


sphere ve Sree 92 os? 
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4. Find a distribution which gives rise to the potential 
{irlogR = R 4 


InlogR- StS ORF 4B RI 


ye 
where R?o x? 
§. Find the distribution of electric charge which gives rise to the potential 
ed i) x 20 
fax a PoP ft (ear FF: x -0 
and calculate the total charge present on the plane x - 0, 


6. Show that the velocity potential 


satisfies all the conditions associated with the rectilinear motion of a sphere of 
radius a moving through a perfect incompressible fluid which is moving 
irrotationally and is at rest at intinity, 


2. Elementary Solutions of Laplace’s Equation 
If we take the function y to be given by the equation 
q 4 

rs en Rn ae G-yvP+ 


where qg is a constant and (1", 
then since 


ys 


=’) are the coordinates of a fixed point, 


it follows that 


showing that the function (1) is a solution of Laplace’s equation 
except possibly at the point (x’,1’,<’), where it is not defined. 

From what we have said in (c) of Sec. 1 it follows that the function 
y' given by equation (1) is a possible form for the electrostatic potential 
corresponding to a space which, apart from the isolated point (x'.".2'), 
is empty of electric charge. To find the charge at this singular | point 
we make use of Gauss’ ‘theorem (Problem | of Sec. I). If S is any 
sphere with center (x’,)",c’), then it is easily shown that 


ee “dS at —4rg 


from which it follows, by Gauss’ theorem, that equation (1) gives the 
solution of Laplace’s equation corresponding to an electric charge -+g. 
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By a simple superposition procedure it follows immediately that 


a ee (2) 
sate 4 
is the solution of Laplace’s equation corresponding to # charges q; 
situated at points with position vectors r, 7 -- 1.2, 2... 4). 

In electrical problems we encounter the situation where two charges 
+gand —q are situated very close together, say at points’ andr’ | or’, 
where or >. (Antje. The solution of Laplace's equation corre- 
sponding to this distribution of charge is 

q q 
r-r) oo f-r—ao' 


y 
Now 
I 1 
fp—r—or, [r--r'| 
Ax =x) + an(y — ') +a — 2’) 
r—rfp 7 


a + O(a) 


so that if ¢ +0, g— ~% in such a way that ga — x, ie., an electric 

dipole is formed, it follows that the corresponding solution of 

Laplace’s equation is 

Kx -x’) + ay -- 9) + nls — 2’) 
r—rp 


(3) 


pon 


a result which may be written in other ways: If we introduce a vector 
m =~ a(/ena), then 


m-(r—r) 


(4) 
Also since 
> etc, 
it follows that (3) may be written in the form 
: | e @ a 1 
y==(m- grad’) PFI nllss ND By n a ror (5) 


In reality we usually have to deal with continuous distributions of 
charge rather than with point charges or dipoles. By analogy with 
equation (2) we should therefore expect that when a continuous distri- 
bution of charge fills a region V of space. the corresponding form of 
the function y of (c) of Sec. [ is given by the Stieltjes integral? 
ey 

errr 

For a discussion of the analytical properties of such Stieltjes potentials the 
reader is referred to G. C. Evans, Fundamental Points of Potential Theory, Rice 
inst. Paruph., 7 (4), 252-293 (October, (920). 


(6) 
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where g is the Stieltjes measure of the charge at the point r’, or if 
p denotes the charge density, by 
(nr) dz’ 
Wr) = [ ao (7) 
Jv fer! 

By a similar argument it can be shown that the solution corresponding 
to a surface S carrying an electric charge of density o is 
2 or’ ar’) dS" 
rr 


an) = 8) 


vs 


Example 1. /f p © 0 and y(r) is given hy equation (7), » here the volume V is 
hounded, prove that 
lim ry(r) = / 


rex 


where M= f ple’) dr“ 
naa 


Let r,, r; be the maximum and minimum values of the distance |r — r‘] from the 
point r to the integration points r’ of the bounded volume ¥. Then by a theorem 
of elementary calculus 
M 


'2 


M { pt’) de’ 


Jefr- 


% 
an equality which may be written in the form 


(7) M< ptr) < (7) 


Now as ¢ -- *, e/r; and rir, both tend to unity, so that 
lim re(r) = 


7=0 


PROBLEMS 


I, Prove that r cos 6 and r-* cos @ satisfy Laplace's equation, when +, 4, ¢ are 
spherical polar coordinates. 

An electric dipole of moment # is placed at the center of a uniform hollow 
conducting sphere of radius @ which is insulated and has a total charge e. 
Verify that V,, the potential inside the sphere, and Vo, the potential outside the 
sphere, are given by 


ee #cOSo wr € 
Vp = - + — cos 8, Vom 
"3a Pe ae cee: 


where r is measured from the center of the sphere and 4 is the angle between 
the radius vector and the positive direction of the dipole. 


2. Asurface S carries an electrical charge of density ¢. In the negative direction 
of the normal from each point P of S there is located a point ?, at a constant 
distance 4, thus forming a parallel surface S,, Assuming that corresponding 
points P and P, have the same normal and that corresponding elements of 
area carry numerically equal charges of opposite sign, show that the potential 
function of the system is 


Pe |p ae Teac: 
¥ = | posi - poe ial a(r’) dS” 
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Byletting# -O.p - © insuch a way that oh -- » everywhere uniformly on 
S, obtain the expression 


for the potential of an electrical double layer. 


3. A closed equipotential surface S contains matter which can be represented by 
a volume density «. By substituting ¢’ = |r — r|~! in Green's theorem! 


ay) 


| (¥ =o v)as = | crs yV2p') de 


prove that 
“s 


(ay) dS’ ple) de" 
[ ( ua a ar | ra 


én} fer] je—r] 


0 


“ 
Deduce that the matter contained within any closed equipotential surface $ 
can be thought of as spread over the surface S with surface density 
1 ey 
4a 2n 


at any point? 


4. By applying Green’s theorem in the above form to the region between an 
equipotential surface S and the infinite sphere with y = |r — |"? and y 
the potential of the whole distribution of matter, prove that the potential 
inside S due to the joint effects of Green’s equivalent layer and the original 
matter outside S is the constant potential of S, 


5. Show that 


irrespective of whether the point with position vector r is inside or outside the 
volume V or on the surface bounding it. 
6, Prove that the potential 
Poon pe 
(r’) de 
yr) = | ete’) > 
Jere 
and its first derivatives are continuous when the point P with position vector r 
lies inside or on the boundary of V. 
Show further that V2y = --4xp if Pe V and that V° 


OUP EV. 


3. Families of Equipotential Surfaces 
If the function y(x,y,z) is a solution of Laplace’s equation, the one- 
parameter system of surfaces 
vy, 
is called a family of equiporentia! surfaces. It is not true, however, 
that any one-parameter family of surfaces 
feayz) =e (a) 


1H. Lass, “Vector and Tensor Analysis” (McGraw-Hill, New York, 1950), p. 118, 
® This distribution is known as Green's equivalent laver. 
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sa family of equipotential surfaces. This will be so only if a certain 
condition is satisfied; we shall now derive the necessary condition. 

The surfaces (1) will be equipotential if the potential function y is 
constant whenever f(xi,z) is constant. There must therefore be a 
‘unctional relation of the type 


y= FY fleycy} (2) 


retween the functions y and f, Differentiating equation (2) partially 
vith respect to x, we obtain the result 


ay dF Of 
a Bs Q) 
ind hence the relation 
Oy CF (of 2 dF ef 
at df? (a df x* (4) 


rom which it follows that 
Vey Fp grad PP + FP Wes (5) 


Now, in free space, V*y: » = 0, so that the required necessary condition 
s that 


vy Ff) 
fa me 6 
(grad f°)" Ff) A 
fence the condition that the surfaces (1) form a family of equipotential 


urfaces in free space is that the quantity 
aa ee 
igrad fl? 
»a function of falone. 
If we denote this function by 7(f), then equation (6) may be written 


&: 


OE yg 
a a yy 
if z 7 
ae ay a JOINMEFOREASY ACCESS TOEBOOKS & NOTES 
om which it follows that . iu) 492-310-545-450-3 
dk dsiehncclt 
ma ve Ae lt Css Aspirants ebooks & Notes 
dj if https://m.facebook.com/groups/458184410965870 
here 4 is a constant, and hence that Css Aspirants Forum 
4 etn ag Rules of the group. 
ya fer yd df +B *No irrelevant text 7) slamic pic/videos 
e 3 *No Smiley No Pm otherwise Removed + Blocked 
here 4 and B are constants *Personal text w/o Mutual consent Consider harassment. 


Separate Group For Females with verfication 
: . The CSS Group does not hold any rights on shared the Books & Notes 

Example 2. Show that the surfaces Im not Responsible for Copyrights. 

: This book/notes downloaded from the internet. 

2 a) 2 

Aan ye oF eat 

uw forma family of equipotential surfaces, and find the general foray of the correspond- 
gy potential fiction. 
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In the notation of equation (1) 


so that 


Hence 


and 


so that Vj [grad f/? = 7(f), where 7(f) — 5/(2f). The gisen set of surfaces 
therefore forms a family of equipotential surfaces. 
Substituting $/(2f) for z(/) in equation (7), we find that 


y= Af-i= B 
from which it follows that the required potential function is 


y= AXP Po? 


where 4 and B are constants. 


PROBLEMS 
1. Show that the surfaces 


Gt = PP - Wa -— FP) tal se 


can form a family of equipotential surfaces, and find the general form of the 
corresponding potential function. 


2. Show that the family of right circular cones 


xe 2 


where cis a parameter, forms a set of equipotential surfaces, and show that the 
corresponding potential function is of the form A logtan }4 - B, where 4 and 
B are constants and 9 is the usual polar angle. 


3. Show that if the curves f(x.) — ¢ form a system of equipotential lines in free 
space for a two-dimensional system, the surfaces formed by their revolution 
about the x axis do not constitute a system of equipotential surfaces in free 
space unless 


ca ey 
ylapl ~ |Nex} Var? J 
is a constant or a function of ¢ only. 


Show that the cylinders x? -- 1°». 2ex for a possible set of equipotential 
surfaces in free space but that the spheres x* - 1? - 2° = 2¢x do nat. 


4. Show that the surfaces 
x — y% -- 2ex > a =0 
where a is fixed and c is a parameter specifying a particular surface of the 
family, form a set of equipotential surfaces. 
The cylinder of parameter c, completely surrounds that of parameter 
ey, and cy > @ > 0. The first is grounded, and the second carries a charge 
E per unit length. Prove that its potential is 
(ey > alc, — a) 


ttle A oR ee 
°8 (cq. — ac, -- a) 
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4. Boundary Value Problems 


In Sec, 1 of this chapter we have seen that in the discussion of certain 
physical problems the function ¥ whose analytical form we are seeking 
must, in addition to satisfying Laplace’s equation within a certain 
region of space V, also satisfy eertain conditions on the boundary S of 
this region. Any problem in which we are required to find such a 
function » is called a boundary value problem for Laplace's equation. 

There are two main types of boundary value problem for Laplace's 
equation, associated with the names of Dirichlet and Neumann. By 
the interior Dirichlet problem we mean the following problem: 

If f is a continuous function prescribed on the boundary S of some 
finite region V, determine a function y(v.y,2) such that V2y = 0 within 
Hand y == fon S, 

In a similar way the exterior Dirichlet problem is the name applied to 
the problem: 

If f is a continuous function prescribed on the boundary S of a 
finite simply connected region }’, determine a function y(x,j,2) which 
satisfies Vy 0 outside V and is such that y == fon S. 

For instance, the problem of finding the distribution of temperature 
within a body in the steady state when each point of its surface is kept 
ata prescribed steady temperature is an interior Dirichlet problem, 
‘hile that of determining the distribution of potential outside a body 
hose surface potential is prescribed is an exterior Dirichlet problem. 

The existenee of the solution of a Dirichlet problem under very 
ceneral conditions ean be established. Assuming the existence of the 
solution of an interior Dirichlet problem, it is a simple matter to prove 
cs uniqueness, Suppose that 7, and y', are both solutions of the interior 

irichlet problem in question. Then the function 


Pony 

cust be such that V2y =- 0 within and y == 0on S. Now by Prob. 1 
‘Sec. | of this chapter we know that the values of » within / cannot 
veeed its maximum on S or be less than its minimum on S, so that we 
iust have yO within Fhe, yy, = y. within V. It should also be 
served that the solution of a Dirichlet problem depends continuously 
1 the boundary function (cf. Example | below). 

On the other hand, the solution of the exterior Dirichlet problem is 
‘tt unique unless some restriction is placed on the behavior of y(v.y.2) 
-+ +» x, In the three-dimensional case it can be proved! that the 
lution of the exterior Dirichlet problem is unique provided that 


lwo) < £ 


” See Sec, 8. 
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where C is a constant. In the two-dimensional case we require the 
function y to be bounded at infinity. 

in cases where the region V is bounded the solution of the exterior 
Dirichlet problem can be deduced from that of a corresponding interior 
Dirichlet problem. Within the region ’ we choose a spherical surface 
C with center O and radius a. We next invert the space outside the 
region V with respect to the sphere C; i-e., we map a point P outside V 
into a point II inside the sphere C such that 


OP-OU = @ 


In this way the region exterior to the surface S is mapped into a region 


F 


Figure 21 


V* lying entirely within the sphere C (cf. Fig. 21). It can be easily 
shown that if 


ne a 
fA) = BaP) 


and if p*(H) is the solution of the interior Dirichlet problem 

V2y* = 0 within V*, yt = f *(I1 for He S* 

pas 

OP 
is the solution of the exterior Dirichlet problem 

Vy = 0 outside V, y=f(P)forPeS 


then WP) = = y*(ID 


Lebesgue has shown by a specific example that in three-dimensional 
regions whose boundaries contain certain types of singularities the 
Dirichlet problem may not possess a solution assuming prescribed 
values at all points of the boundary. Consider, for example, the 
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potential due to a charge Az on the segment 0 <2: 
It is readily proved by the methods of Sec. | that the requisite potential i is 


nT 


y(ysc) 


Joye 

which can be expressed in the form 
yolxrz) — 2 log (x? + 3°) 
where y(x.7,2) is continuous at the origin and takes the value [ there. 
The second term takes the value ¢ at each point of the surface whose 
equation is 
(2 =: y) a 7m 

which passes through the origin whatever value c has. In other words, 
any equipotential surface on which y -: 1 + ¢ passes through the 
origin, so that the potential at the origin is undefined. 

The second type of boundary value problem is associated with the 
name of Neumann, By the interior Neumann problem we mean the 
following problem: 

If fis a continuous function which is defined uniquely at each point 
of the boundary S$ of a finite region }’, determine a function y(x,1,2) 
such that V?y — 0 within V’ and its normal derivative dy/@ coincides 
with fat every point of S. 

In a similar way the exterior Neumann problem is the name given to the 
oroblem: 

If fis a continuous function prescribed at each point of the (smooth) 
soundary S of a bounded simply connected region V, find a function 

ix,V,2) Satisfying V?y = 0 outside V and dy/én = fon S. 

We can readily establish a necessary condition for the existence of the 
solution of the interior Neumann problem. Putting a = grad y in 
Wauss” theorem 


dS =- | divadr 
ak 


on 


e find that 


f ° ‘i Oy 
| Vy dr = | SP as 
Now on the boundary 
oF (P) PeS 
+ that | vtpdr = | fcpyas 


-tence if V8 = 0, we have 


[ (Pas = 0 () 
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showing that a necessary condition for the existence of a solution of the 
probl em is that the integral of f over the boundary S should vanish. 

Tt is possible to reduce the exterior Neumann problem to the interior 
Neumann problem just as in the case of the Dirichict problems (see 
Prob. 3 below). 

In the two-dimensional case it is possible to reduce the Neumann 
problem to the Dirichlet problem. Suppose that a solution y of the 
Neumann problem 


6) yee) within S 
“ Oy . 5 
(ii) i f(P) forPeC 


exists and is such that y and its partial derivatives with respect to x, + 
can be extended continuously to the boundary C of the plane region S. 
We can now construct a function 4 which, within S and on C, satisfies 
the Cauchy-Riemann equations! 


oy = ad oy _ od 
oe ae. “ay Say 


so that y -- id is an analytic function of the complex variable x + fy. 
The function ¢ is therefore defined uniquely apart from a constant term. 
Now it is well known that 

ad Gy 

as an 


so that if P, Q are two points on the boundary curve C, then 


2 8, 
4(O) - ap) |" Sas =f" fo) ds 


1 


Since, by an argument analogous to that leading to equation (1), 


WO) ds 0 


it follows that equation (2) defines ¢ on C as a continuous and single- 
valued function, and it 1s readily shown that if y is harmonic, then so 
also is dé. Hence knowing the ‘value of 6 on C, we can determine 
tain S. Using the Cauchy-Riemann equations then, apart from a 
term. we can determine the function y within S, 
Churchil? has analyzed a boundary value problem of a 
trom those of Dirichlet and Neumann, By the interior 
‘vent we Shall mean the problem: 


ve A. Math. and Phys., 33, 165 (1954). 
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If fis a continuous function prescribed on the aes) S of a finite 
zion V, determine a function y(x.¥,2) such that V?y — Owithin V and 


tks Desf 


every point of S. 
An exterior Churchill problem can be defined in a similar manner. 


PROBLEMS 


If vy, #, are solutions of the Dirichlet _ problem for some region V corresponding 
to prescribed boundary values f,, fo. respectively, and if | fA —f2|  < at all 
points of S, prove that [yy | < © at all points of V. 

Deduce that if a given sequence of functions which is harmonic within V 
and is continuous in V and on S converges uniformly on S, then this sequence 
converges uniformly within V. 


Prove that the solutions of a certain Neumann problem can differ from one 
another by a constant only. 


Prove, with the notation of this section, that if 


*(f1 (P)— 
Pr) ~ fPa5 
and if y*(IZ) is the solution of the interior Neumann problem 
nee dy* 
V2p* = 0 within V*, ae = f*0d) for le S* 
fF © 


then y(P) = y*(11) is the solution of the exterior Neumann problem 


Viv = 0 outside V, oa — f(P) for Pes 
‘a 


Prove that the solution y(r,9,¢) of the exterior Dirichlet problem for the unit 
sphere 
Vy = Or>1, x =fOdonr=t 


is given in terms of the solution r(y,f,6) of the interior Dirichlet problem 
Vea OF Sh, v= f(8d)onr=1 
by the formula 
1 ;1 
yir,0.e) = -r{-4¢ 
wir.) = rr (98 | 


Prove that the solution ¢(r,9,¢) of the interior Neumann problem for the unit 
sphere 


Oy 
wy =Or<i, sh =fegyonr <1 
r 


is given in terms of the solution ¢(r,0,4) of the last question by the formula 
fl 
df 
tr, 6,d) = vt P.8) +C¢ 
Jd 
where C is a constant. 
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6. Prove that the solution y(r,,¢) of the interior Churchill problem for the unit 


sphere 
Vy = 0 pees) 
oy 
3 (A ly = fd) onr- Lk > 
is given in terms of the function r(r.2,4) defined in Prob. 4 by the formula 
“1 
Wlrd) = | crt Ae) de 
ad 


5. Separation of Variables 
We shall now apply to Laplace's equation the method of separation of 
variables outlined in Sec. 9 of Chap. 3. 
In spherical polar coordinates r, 6, 6 Laplace’s equation takes the 
form 
By _ 2 bp 1 ey ; cot 4 dy on | Oy 0 () 
ae or or | Pam OP ad Pin? Od? 


and it was shown in Example 5 of Sec. 9, Chap. 3 that this equation is 
separable with solutions of the form 


B, |. ; i 

[Ar + ei A(cos Hex in? (2) 

where 4,, B,, mt are constants and O(1) satisfies Legendre’s associated 

equation 

a0) do {_. ne | : 

2). a : = ‘) = 

(be) due ait dit ee 2a) T— 2] oS (3) 
If we take m = 0, we see that equation (3) reduces to Legendre’s 

equation 


2(-) -) 
(= #) a ae Ada + 1)O 2 0 (4) 


du 
In the applications we wish to consider we assume that # is a positive 
integer. In that case it is readily shown! that this equation has two 
independent solutions given by the formulas 


ee : 
Piku) = aay de Gee» 1)" (5) 


b | S 2n ~ 45 ~- | 
aS (2s = lyn 5) Prowl) (6) 


x a 

On(1) = 4P,(W) log £ 

uu 

where p = (nm — 1) or 4a -~ 1 according as n is odd or even. The 
general solution of equation (4) is thus 


B= CPC) > Di Qn) C 


' For the proof of this and other results about Legendre functions see I, N. 
Sneddon, “The Special Functions of Mathematical Physics” (Oliver & Boyd, 


Edinburgh, 1956), chap. IIL. 


LAPLACE’S EQUATION 157 


where C, and D, are constants. [na great many physical problems, 
especially those connected with concentric spherical boundaries, we 
know on physical grounds that the function © remains finite along the 
polar axis 9--0, Now when # 0, 1, and it follows from 
squation (6) that Q,(/9) is infinite, so that if © is to remain finite on the 
polar axis, we must take the constant D, to be identically zero.' In 
these cases we therefore obtain solutions of Laplace's equation (1) of 
he form 


po > (Ar 2) P,{cos ) (8) 


In the general case in which m7.» 0 we find that when 0 <0 mr -7 A, 
2quation (3) possesses solutions of the type 


ny py 
Pm (uy = Qe — Din — OP, (4) 6 
a Me 
On (i) oe Ge yin LOA) Q,4) ey 
dan 
When yrs » OF(v) is infinite, so that in any physical problem in 


vhich it is ae that ©, i.e, y, does not become infinite on the polar 
ixis we take P?'(y) to be the solution of equation (3). In this way we 
ybtain solutions of Laplace’s equation (1) of the form 


yn S N gat os Brat YPe(cos Ye i (11) 


vy Ome 


vhich may be written as 


ad 


no mn 


. > (eh [or (cos 9) -- pa (A,,, cosimd «- B,,, sin md) P"(cos a] 


(12) 


We shall illustrate the above remarks by considering first a very 
‘lementary problem in the irrotational motion of a perfect fluid. 


Example 3.4 rigid sphere of radius a is placed ina stream of fluid whose velocity 
v the widisnarbed state is V, Determine the velocity of the fluid at any point of the 
‘isturbed streant 

We may take the polar axis Oz to be in the direction of the given velocity and take 
volar coordinates (7..¢) with origin at the center of the fixed sphere. 

From See, 1(4) we see that the velocity of the fluid is given by the vector 

grad y, where 


ti) vey 0 
il) a = 0 onr-=a@ 
ii) ym Vr cos 8 = —VrP,(cos 9) asro> & 


1 1t should be noted that this is not a/ways (rue, As an example of a problem 
1 which D,, =¢ 0 see Prob. | below, 
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The axially symmetrical function 


v= > ( 4,” + sn) P,, (cos 9) 


bel 
satisfies (1). Condition (ii) is satisfied if we take 


nda) (n+ 1) Be are = 0 


ie, if B, = nA, /(n + 1). Asr > &, this velocity potential has the asymptotic 
form 


& 
yr S A,r P,, (cos 9) 
Pa) 
sO that to satisfy (ili) we take A; = —V and all the other 4’s zero. Hence the 
required velocity potential is 


y= -v(r 


The components of the velocity are therefore 


A similar problem from electrostatics is: 

Example 4. 4 uniforn: insulated sphere of dielectric constant « and radius a 
carries on its surface a charge of density 7P,(cos 0). Prove that the interior of the 
Sphere contributes an amount 


1p 
to the electrostatic energy. 
The electrostatic potential y takes the value y, inside the sphere and yo outside, 
where by virtue of Sec. I(d) we have: 
(i) Vy, = 0, V2y, = 0 
(ii) yy is finite at r = 0: vy. + Oasr-> x; 
(iid) yy == Yo and K(Op,/ Or) —~ by4/@r = 47AP,(cos 8) on r = a. 


Conditions (i), (i), and the first of (iii) and the condition of axial symmetry are 
satisfied if we take 


f ys n nel 
hom A (5) P,,(cos 9). Yo = a( ‘) P. (cos 9) 


and the second of (iii) is satisfied if we choose A so that 


[= sine | Shed 
(a a 


Hence the required potential function is 


(: ) * Pilebs 8) 


«nin+l\a 


4nah 
Y= 
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The energy due to the interior of the sphere is Known from electrostatic theory to be 


c i By. c oa7aP 75 * $ 
— 4] ( ~ i) dS = Ge: es DPS Sr uF sin 4P, {cos 4) P,feos 1} dt 


and the result follows from the known integral’ 


fi 


5 2 
: DPOF de OT 


A similar procedure holds when Laplace's equation is expressed in 
evlindrical coordinates (p.4,2)._ In these coordinates Laplace's equation 
becomes 


Py Ley Lb pty | Py | 0 

dp | p@p pr ad? © G22 
and it was shown in Example 4 of Sec. 9 of Chap. 3 that this equation 
possesses solutions of the form 


3) 


R(pje "e (14) 
where R(p) is any solution of Bessel’s equation 
a’R {dR 
ee ae =0 (15) 
In the usual notation for Bessel functions the general solution of this 
equation is 
R= A,,,J,dmp) ~ B,,,¥,(mp) (16) 


where 4,,, and B,,,,areconstants. Thefunction Y,(#1p) becomes infinite 
as p- + O, so that if we are interested in problems in which it is obvious 
on physical grounds that » remains finite along the line p = 0, we must 

take B,,, = 0. In this way we obtain a solution of the type 
ye SN Aged anpye (17) 

a 

For problems in which there is symmetry about the = axis we may 
take n = 0 to obtain solutions of the form 


p= SA,Jlmpye (18) 


Hee 


In particular if we wish a solution which is symmetrical about Oz 
and tends to zero as p -» 0 and as z — «, we must take it in the form 


y — XA, (imple ”* (19) 


ms 
Example 5. Find the potential function ylp.2) in the region Ol p 1, 2 0 
suiifring fhe conditions 


ui) yO usr 
iii} wu O onp =i 
m) y - fp) ont = OforO<p~ I 


* Sneddon, op. ci., equation (15.7 
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The conditions (i) and (1) are satisfied if we take a function of the form 
ypc) ~ N A SoA pe 77 = (20) 


where 4, is a root of the equation 
igi) 0 


Now it is a well-known result of the theory of Bessel functions! that we can write 
flor S Adelie) 
> ra 
Alo pos 
(AGAOP Su 
Hence the desired solution is (20), with 4, given by the formula (21). 


where of (p) Fo Asp) dp (21) 


The method of separation of variables can also be applied to Laplace's 
equation in rectangular Cartesian coordinates (x,y,z). It is readily 
shown that the function 


exp (ax — ify + yr (22) 
is a Solution of ¥*y provided that 
pot + PR (23) 


The use of solutions of this kind is illustrated by: 


Example 6. Find the potential fanction yxy.) in the region 0 < 
0 « y <b, 0 ©. = < © satisfiing the conditions 


{i} y=O onx ~O x -ay=-Or=b,2=0 
(iy yp =fixay onz -GOdxcaOcpedb 


The conditions (i) are satisfied if we assume 


= _ fimx fay 
= S A,» Sin sin — sinh (,,7 
v= > D> Any sin MS sin sinh a2) 


where, because of equation (23), 


van = (% 3) (24) 
Now by the theory of Fourier series we can write 
nor 
fay) = oe > fg S00 = sin @ 
m=TR=1 
where fine | f(x,y) sin = sin Har dx dy (25) 
; ab fy Ig b 


Thus to satisfy (ii} we take 
Aan > fan COSCD YO 
to obtain the solution 


SS ninX | ty 
eX) = yy fn Sin — sin — sinh (,,,2) cosech Grywe) 
é yaa a b 


m=lael . 


where finn and ¥,,, are given by equations (25) and (24), respectively. 


1G. N. Watson, “A Treatise on the Theory of Bessel Functions’ 2d. ed. 
(Cambridge, London, 1944), p. 576. 


as 
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PROBLEMS 


If ¥ is a harmonic function which is zero on the cone # = x and takes the value 
Sa,ron the cone 6 ~ p, show that when x 4% 3, 


>. {Q,{cos »P,(cos %) — P, (cos 2)Q,(cos 9) 
iad tn 
i [O,(cos )P,{cos ) -- P,tcos 2) Q,,(cos ah 


v=o 


A small magnet of moment m lies at the center of a spherical hollow of 
radius @ in medium of uniform permeability Show that the magnetic 
field in this medium is the same as that produced by a magnet of moment 
3m/(_ + 2) lying at the center of the hollow, 

Determine the field in the hollow. 


A grounded nearly spherical conductor whose surface has the equation 


n 


+ ee (! : S Py (COS 9) 


is placed in a uniform electric field E which is parallel to the axis of symmetry 
of the conductor. Show that if the squares and products of the e's can be 
neglected, the potential is given by 


nee 


Heat flows in a semi-infinite rectangular plate, the end x = 0 being kept 
at temperature /y and the long edges v = 0 and y = @ at zero temperature. 
Prove that the temperature at a point (x,¥) is 


465 S | . (2m Vay F 
sin e (ade Dimxiie 
7 hot Qt ~~ | a 
m=O : , 
rae erie : yes 
‘is a function of r and @ satisfying the equation 
ey tay Ley 
ap Or POP 
within the region of the plane bounded by r = a,r = 6,9 = 0,0 = $x, Ns 


value along the boundary r = a is Oda = 9), and its iu along the other 
boundaries is zero. Prove that 


PN 


v 


oo (r[byien® — (bjryir? sin (4a ~ 239 
rol (afby? (bla? Qn» 18 


ue 


8 


Problems with Axial Symmetry 


The determination of a potential function » for a system which has 


dal symmetry can often be considerably simplified by making use of 
e fact that it is sometimes a simple matter to write down the form of y 
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for points on the axis of symmetry. It is best in such cases 10 use 
spherical polar coordinates r, 4, 6 and to take the axis of symmetry to 
be the polar axis 4-0. Suppose that we wish to determine the 
potential function (7,46) corresponding to a given distribution of 
sources (such as masses, charges, etc.) and that we have becn able to 
calculate its value y(z,0,0) at a point on the axis of symmetry. [f we 
expand y(=,0,0) in the Laurent series 


(2.0.0) = > (4,2" + (1) 
then it is readily shown that the eae potential function is 
(rb) = > (Avr =.) P, (cos 4) Q) 
for : 
G) Vy 0; 
(ii) y4r,9,) takes the value (1) on the axis of symmetry, since there 


P,(cos 9) = [,r 2 2% 
(iii) 47,0.) is symmetrical about Oz as required. 

The simplest example of the use of this method is the determination 
of the potential due to a uniform circular wire of radius a charged with 
electricity of line density ¢. At a point on the axis of the wire it is 
readily scen that 


Qrea 


rola 
so that y(2,0,0) = ‘ & Ds, sates’ 
Sw ( ase 
where we have used the notation (@), = ala To (ae a 1). 


Hence at a general point we have 


cs (1). 2a 
[ane S (2)e (qyr or P,, (cos 4) 


P,, (cos 1) ropa 


The solution of a direct problem of this kind presents little difficulty. 
Where the method is most useful is in the combination with that of 
Sec. 5, as in the following example: 

Example 7. 4 uniform cirealar wire of radius u charged with electricity of line 
density ¢ surrounds grounded conceutvie spherical conductor of radius ¢. Determine 
the electrical charge density at any poiut on the conductor. 
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By the last result and the method of Sec. 5 we see that we take for the forms of the 
potential function 


yy = 2ne > I -1y" a () aly (iy B., | Pyfcosf) €or a 


Yg - 2ne ba fer " peel (a wey | Pascos fy roca 


naw 
The boundary conditions 
an) y, - 0 onr-¢ 
ay, 


— onr- a 
or 


(ii) v= Vy 


yield the equations 7 
( 1 Oe (s) 4a (E \" B, -0 


i a 


20-1 
2Ndy — Qn a nb, (£ ) Qn: DC, 


from which it follows that 
an 
A,=0, B= cr Be (6 ) 


Hence whene: f° @, 


«hy, [en aed | 
’ 2re ntein rf 
yy = Ine 3 (OUT |g ~ gaan Peeleos 
a o, 
The surface density on the spherical conductor is given by the formula 
heey a) 
we \ Or} 
is (e4 2H 
2 2 
so that f= 5 Ds 1" ut (n - nS P.,,(cos 9) 
a-0 
PROBLEMS 


1. Prove that the potential of a circular disk of radius @ carrying a charge of 
surface density ¢ at a point (z,0,0) on its axis 4 = 0 is 


2aof(z? + a*)! -- =] 


Deduce its value at a general point in space. 


hw 


A grounded conducting sphere of radius @ has its center on the axis of a 
charged circular ring, any radius vector ¢ from this center to the ring making an 
angle « with the axis. Show that the force pulling the sphere into the ring is 


Q 


= aa yard 
> (n+ 1) P,,, (cos «)P,{cos 9) (2) 


n=O 
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3. A grounded conducting sphere of radius a is placed with its center at a point 
on the axis of a circular coil of radius 4 at a distance ¢ from the center of the 
coil, the coil carries a charge e uniformly distributed, Prose that if a is 
smail, the force of attraction between the sphere and the coil is 


° 2(.2 : 
ac PBS \ ja 
SO EE al ei S| 
if Pg } i 
where f? =f? ce? 
4. A dielectric sphere is surrounded by a thin circular wire of large radius f 
carrying a charge EF. Prove that the potential within the sphere is 


fen + i . 20 
EY cy! His 2 (7) Py Acos 8) 
5 mr 1 2H we) WIV) Nb 


7. Kelvin’s Inversion Theorem 


It is a well-known result in the elementary theory of electrostatics 
that the solution of certain problems may be derived from that of 
simpler problems by means of a transformation of three-dimensional 
space known as inversion in a sphere. The points P, 1! with position 
vectors r, p, respectively, are said to be inverse in a sphere S of center 
with position yector ¢ and radius 
a if the points P, IT, C are col- 
linear and if @ is the mean propor- 
tional between the distances CP, 


Wy Cll. We must therefore have 
) ¥ 
ke = 2 =0 


\ h “Yr > rp 


0 Ae pares | 


P 


Figure 22 and © 22rp. 


This transformation has the property that it carries planes or spheres 
into planes or spheres and carries a sphere S’ into itself if and only if 
S’ is orthogonal to S. 

We now consider the effect of such a transformation on a harmonic 
function. If we write p == (§.4,0), 6 == (7,2), so that 


Sry 


(1) 


Cand 


then by the well-known rule? for the transformation of the Laplacian 
operator it follows that 
: rye (@ by 6 yeoy\) 6 fa | 
VE ie Ee (axl ala x) ~ alae) 2) 


1p. M. Morse and H. Feshbach, “Methods of Theoretical Physics” (McGraw- 
Hill, New York, 1953), pt. 1, p. EIS. 


LAPLACE’S EQUATION 165 


Now as a result of direct differentiations it is readily shown that 


é E on) ae C ie ay e (‘) 
éx\P avi or 6x? e r Ox? 
so that since 1/r is a harmonic function, the toad side of equation 
(2) reduces to 
a ae Oy) ja 
2 ° 32 =) (Sy) 
ON oy oz r 
Hence we have Kelvin’s inversion theorem that if y(€.7,¢) is a harmonic 
function of &, 9, €in a domain R, then 


(3) 


a (= ay ) a (2) 
= 


2 y? : : 
2° ye? Pr 


is a harmonic es of x,y, z in the domain R’ into which R is 
carried by the transformation (1). 

By the principle of superposition of solutions of a linear partial 
differential equation it follows from equation (3) that the functions 


a) (Far, “f sG Yo (= dh (4 


r vo 
are also solutions of Laplace’s equation for any function f(A) such that 
the second of integrals (4) exists. 

Kelvin’s inversion method has been adopted by Weiss! to yield 
solutions of potential problems which are neat and readily adaptable to 
numerical computation. For instance, suppose that y,(r) denotes the 
potential of an electric field having no singularities within r = @ and 
that a grounded conducting sphere S of radius a is then introduced into 
the field with its center at the origin. To describe the disturbed field 
we must find a function y satisfying 


a) (rn) ~ yp (0) for large values of r 
ai) y=0 onr=a 
(ili) Vp =O forr >a 
By the above argument it is readily shown that the required function is 
given by the equation 
a 

ve) = vole) — Sy (Fr () 

The charge induced on the conducting a is 


7 1 { (2) 
Gaga) 


eI (E) 4s eran 


fp, 


Weiss, P, lee 
Ciba: iss, Proc. Cambridge Phil. Soc., 40, 259 (1944): Phil. Mag., (7) 38, 200 


* 
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where y,(0) denotes the value of y(r) at the origin. Since yp(r) is 
regular and harmonic within the sphere S, it follows from Gauss’ 
theorem that the first term on the right-hand side of this equation 
vanishes, and we have 


Q= - ay{0) (6) 


If the conducting sphere is not grounded but insulated, the solution is 
a j@r\ a 
ye) = pot) — Sy (SF) ~ 2 a0) @ 
Fr oe dae FP 
In the corresponding hydrodynamical problem we have to determine 
a function » satisfying the conditions 


@ ¥() ~ y(t) for large values of r 
Gi) = 0 onr=a 


(iii) V?y = 0 forr >a 


These conditions are satisfied by the function 


¥) = yo) += vo (2 lee 2 [a a ai (8) 


Condition (ii) follows from the fact that if py satisfies Laplace’s 
equation, then so do the functions (3) and (4). To verify that condition 
(i) is satisfied we expand y,(r) into a Taylor series near the origin. 
We then find that as r + x, 


ct 
v4) ~ yale) = va) [2 = [2 ah} + OFF) 


showing that y(r) ~ yo(r) as r > ©. To prove that condition (ii) 
is satisfied we note that 


(2) = (22) ~ [Sv (4)-Se-gad vo] 


2(*[4 (ary) 2B 
a FE Yo (S) as (r+ grad vo)| at: 


| ade 


by 
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The results obtained by means of Kelvin’s inversion theorem may be 
given a quasi- physical interpretation through the language of the 
method of i images well known in the elementary theory of electrostatics. 
The “image system” of the problem whose solution is given by equation 
(5) is the distribution of electric charge which leads to a potential 


PROBLEMS 


1. A grounded conducting sphere of radius @ is placed at the origin in an electric 
field whose electrostatic potential in the undisturbed state is PQich) a 
homogeneous function of degree # in x, +, 2. Show that the electrostatic 
potential is now given by the equation 


F, ai, 
r (! want) Valen) 


Hence determine the electrostatic potential of the field surrounding a 
grounded conducting sphere placed in a uniform electric field of strength £. 


to 


A point charge g is placed at a point with position vector f outside a grounded 
conducting sphere of radius a. Find the electrostatic potential of the field, 
and show that the image system consists of a charge —ga/f situated at the 
inverse point @e/f*, 
3. If the velocity potential of the undisturbed flow of a perfect fluid V,,(x,1,2) is a 

homogeneous function of x, 1, z of degree n, show that the velocity potential 0 

the disturbed flow due to the insertion of a sphere of radius @ at the origin is 
if Hn genet 


: ai Vlxy52) 


| eo ar 


Deduce the velocity potential corresponding to the flow of a perfect flui 
round a sphere placed in a uniform stream. 

4. A sphere of radius a is placed at the origin in the fluid flow produced by a 
point source of strength a situated at the point with position vector f (f > a). 
Determine the velocity potential and show that the image system consists of a 
source ma/f at the point f’ = af/f? and a uniform sink of line density t/a 
extending from the origin to the point f” 


8. The Theory of Green’s Function for Laplace’s Equation 


We return now to the consideration of the interior Dirichlet problem 
“ormulated in Sec. 4. Suppose, in the first instance, that the values of 

and @y/dn are known at every point of the boundary S of a finite 
region F and that Vy == 0 within P. We can then determine y by a 
sumple application of Green's theorem in the form (Lass, foe. cit.) 


[ety — y Vy) dr = [ (ye yp 2) dS qa) 


shere © denotes the boundary of the region 22. 
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If we are interested in determining the solution y(r) of our problem 
at a point P with position vector r, then we surround P by a sphere C 
which has its center at P and has radius « (cf. Fig. 23) and take % to be 
the region which is exterior to C and interior to S$. Putting 

Ae oil 
PO FF 
and noting that 
Vy = Vy = 0 
within 2, we see that 
] 
is a er ~~ 4 
4 


ee 


ey) | as’ 


: 1 
a a (me ) 5 jr — 1 
ae oyl \ 
roan =0 @ 


where the normals n are in the 
directions shown in Fig. 23. Now, 
on the surface of the sphere C, 


1 1 ta) 1 1 
Figure 23 Fore tp od A 
igure dS’ = & sin 4 do dé 
and yr’) = yr) be sin 9 cos 65 = sin sind SE = cos 0 03 
oy (ey), 
an = (s) + Of) 
so that [ ( ae aS’ = 4ny(t) ~ Ofe 
P ihe wr on i = aryl Fi (e) 
and / oa ea 
Je lr’ — 4] & mee 


Substituting these results into equation (2) and letting ¢ tend to zero, 
we find that 


yO) 


1 éy(r’) ‘ be Vig 
4a ‘; tr =3 én er) on |r — rfl a G) 


so that the value of y at an interior point of the region V can be deter- 
mined in terms of the values of y and @y/é on the boundary S. 
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A similar result holds in the case uf the exterior Dirichlet problem. 
i this case we take the region © occurring in equation (1) to be the 
gion bounded by S, a small sphere C surrounding P. P and \’ a sphere 
ith center the origin and large radius R (cf. Fig. 24). Taking the 
rections of the normals to be as indicated in Fig. 24 and proceeding 
above, we find, in this instance, that 


aye) 


: ‘ae 
day(r) Ole) [ Igy oe 


ea 
| {Ley yl ds’ 0 


vy lROn Re 


‘tling ¢--Qand R—- x, we see thar the solution (3) is valid in the 
se of the exterior Dirichlet prob- 
n provided that Ry and R 
vén remain finite as R—- x. 
lis explains the remark made in 
ce. 4, 
Equation (3) would seem at first 
ht to indicate that to obtain a 
ution of Dirichlet’s problem we 
2d to know not only the value 
the function y but also the 
ue of @y/@7, That this is not 
fact so can be shown by the 
roduction of the concept of a 


een’s function. We define a Figure 24 
cen’s function Gort’) by the 
sation 1 
ee’) — Heer) | 
Ger) = Her’) aa (4) 


ere the function H{r,1) satisfies the relations 


, ge e 2 ~~ 
(a5 + av ga) Her) =0 () 
: 1 
1 H(r,r’) Poe =0 ons (6) 
an since, just as in the derivation of equation (3), we can show that 
: ae Oy(r’) @Grr)\ og, 
yin) rr’) ae r) | dS (7) 


allows that if we have found a function G(r,r’) satisfying equations 
(5), and (6), then the solution of the Dirichlet problem is given by 
relation 


lf ., @Gar) 


dS‘ (8) 


170 ELEMENTS OF PARTIAL DIFFERENTIAL EQUATIONS 


The solution of the Dirichlet problem is thus reduced to the deter- 
mination of the Green’s function Gir’). 

It is readily shown (Prob. | below) that the Green’s function Garr’) 
has the property of symmetry 


G(r ts) = Giry.t,) (9) 


ie, if P, and P, are two points within a finite region bounded by a 
surface 5. then the value at P, of the Green's function for the point P, 
and the surface S is equal to the value at P, of the Green's function for 
the point P, and the surface S. 

The physical interpretation of 
the Green's function is obvious. 
If S is a grounded electrical 
conductor and if a unit charge is 
situated at the point with radius 
vector r, then 


—~ x=0 


G(r’) = 7 “+ Arye’) 


is the value at the point r’ of the 
potential due to the charge at r and 
the induced charge on S. The 
first term on the right of this equa- 
tion is the potential of the unit 
charge, and the second is the 
ve potential of the induced charge. 
Figure 25 By the definition of H(r,r’) the total 

potential G(r,r’) vanishes on S. 

We shall conclude this section by deriving the Green's function 
appropriate to two important cases of Dirichlet’s problem. 

(a) Dirichlets Problem for a Semi-infinite Space. If we take the 
semi-infinite space to be x 2 0, then we have to determine a function y 
such that Vy = Oin x 0, y = fiy.z) on. x = 0, and » >Oas r-> 0, 
The corresponding conditions on the Green’s function G(r,r’) are that 
equations (4) and (5) should be satisfied and that G should vanish on 
the plane x = 0. 

Suppose that I], with position vector p, is the image in the plane 
x =- 0 of the point P with position vector r (cf. Fig. 25). If we take 


Q(r) 


1 
ress 


then it is obvious that equation (5) is satisfied. Since PQ = MQ 
whenever Q lies on x = 0, it follows that equation (6) is also satisfied. 


Aer’) = (10) 


ee cet ne RH 
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The required Green's function is therefore given by the equation 
y_  | 1 
Grr’) “oF ay (11) 
where, if r == (x,y,2), p = (—X.r,2). 
The solution of the Dirichlet problem follows immediately from 
equation (8). Since 
G(r’) é | 
Vee YP a (pm VP ee? 


an ~~ Ox! 


| 
Viet xP SO my P ae >i 
it follows that on the plane x’ = 0 
eG(rr’) 2x 


nO GPP Ey 
Substituting this result and y(r’) == f(y’,2’) into equation (8), we find 
that the solution of this Dirichlet problem is given by the formula 


oy XL Of? fvse) ay" de’ 
WAP) = a7 i- [ f= —-yP +6 24% 
(b) Dirichlet's Problem for a Sphere. We shall consider the interior 
Dirichlet problem for a sphere, i.e., the determination of a function 
y(r,9.6) satisfying the conditions 
Vey == 0 rela (13) 
y a= f (9.5) onr=a (14) 
The corresponding conditions on the Green’s function G(r.r’) are that 
equations (4) and (5) should be satisfied and that G should vanish on 
the surface of the sphere r = a. 
Suppose that H, with position vector p, is the inverse point with 
respect to the sphere r = a of the point P with position vector r (ef. 
Fig. 26). Then if we take 


H(ry’) = 


(12) 


a q 


pF] 


Ge 
rigr-r 
re 


(15) 


it is obvious that equation (5) is satisfied, and it is a well-known 

proposition of elementary geometry that if Q lies on the surface of the 

sphere, PQ =(7/a) 1Q, so that equation(6)is also satisfied. The Green’s 

function appropriate to this problem is therefore given by the equation 
1 alr 

Gi’) = se 

(rr) Ir --r| (16) 


oe —r 
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6G 1 eR OR 
noe a ORS [R ar ar’ 
7 at 2a? 
where R® = ¢? — fr’? — 2ry’ cos O, Rese = 2 — 7 bos 8 
Pr r 
(17) 
and cos O ~= cos 9 cos # ~ sin #sin 9 cos (6 -- 4’) (18) 
0G r(a — Pr) 
Thus a a 
” a @R 
and when ?’ = a, 
eG aG 2. pe 
=tS i Ei r a (19) 
én Or ar? + a? — 2ar cos O)** 


Hence if y = (9,4) on r = a, it follows from equations (8) and (19) 


(ar,0,P) 


Figure 26 


that the solution of the interior Dirichlet problem for a sphere is given 
by the equation 
a(a® — r*) ie Lf (8.6) sin 9° do” 
(10,6) = dd : 7 
41,9,0) 4a do |, (a@ + r® — Jar cos O)** 
where cos © is defined by equation (18). 
Making use of the result of Prob. 4 of Sec. 4, we see that the solution 
of the corresponding exterior Dirichlet probfem is 
a(r? — a?) [7 (7 "(9'.6') sin 9° a’ 
( df ae | wie, ) = (2 
4a vo Jo (a? + r? — 2ar cos Oy” 
The integral on the right-hand side of the solution (20) of the interior 
Dirichlet problem is called Poisson's integral. It is interesting to note 
that Poisson’s solution of this problem can also be obtained by means 


of the method of separation of variables outlined in Sec. 5. The 
function 


(1,9,8) = S (<) 


n=O mad 


(20) 


v9.4) = 


Me 


(A,,,, Cos ad — B,,,, sin md) P* (cos | (23) 
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is a solution of Laplace’s equation which is finite at the origin. If 
this function is to provide a solution of our interior Dirichict problem 
then the constants 4,,,,, 8,,,. must be chosen so that 
£4) = SS Ann cos id — B,,, sin md)P?(cos 9) 
peolm=6 
It is known from the theory of Legendre functions that we must then 
take 

yaa a ee Te ee errr 
Aine “| | | LO — YP, Acos 0) sin 0 di’ db 

Tt lea 


Qn te 
Grea) ae SOB P (cos 1) sin 6’ cos (d’) di’ dd’ 


fits es 
i dn (nt mt Se 


WN Lope pe 
Bees) | (0,8) Pxtcos 4’) sin 9" sin (md’) a0" deb 


B, - 
Qn (n+ am)! 


Substituting these expressions into equation (22) and interchanging the 
orders of summation and or we find that 
Uyf,d) - i. P08 )g sin 9° db’ de’ (23) 


here 


te 


> Hol yi ay P, (cos 6)P,(c0s 6’) 
no 
5s (CL pi feos ty Prinnc by 808 : | 
2> a 7 mt! (cos 9) P*"(cos 4’) cos m(d -~- 6’) 


mod 


From the well-known relations 
bn =ht 
(lL ~» 2heos O = hy? 


Dh" P,(cos O) 


> Qu 
n=0 


P (cos @) = P,(cos N)P,(cos 6") ~ 2 2m 7 wy Paleos 5) 


< P™(cos 9’) cos m(d -~ ¢') 


here © is defined by equation (18), we see that 
ata? — 7?) 7 
= = 24 
& (@ — 2ar cos G + PPP ay) 


substituting from equation (24) into equation (23), we obtain Poisson’s 


- ution (21). 
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PROBLEMS 


1. Suppose that P; and Py are two points with position vectors r,; and re, 
respectively, which lie in the interior of a finite region V bounded by a surface 
S. By applying Green’s theorem in the form (1) to the region bounded by S 
and two spheres of small radii surrounding P, and P, and taking y(e) = 
GOT), = Gor’), prove that 

GUE) = Glea,t) 

2. If the function p(x,y,z) is harmonic in the half space x = 0, and if on x = 0, 
y = f inside a closed curve C and y = 0 outside C, prove that 27y(x,y,z) is 
equal to the solid angle subtended by C at the point with coordinates (x,),2). 


3. If w(x,y,2) is such that V?y = 0 for x > 0, y = fG) on x = 0, and y ~ 0 as 
r-> oc, prove that 


y(eyyz) = 


ee (yy? 

4. The function y(r) is harmonic within a sphere S and is continuous on the 
boundary. Prove that the value of y at the center of the sphere is equal to the 
arithmetic mean of its values on the surface of the sphere. 


5, Use Green’s theorem to show that, in a usual notation, if at all points of space 


V's = —4ap 
where p is a function of position, and if ¢ and r grad ¢ tend to zero at infinity, 
then 
fp dV 
ry 


9. The Relation of Dirichlet’s Problem to the Calculus of 
Variations 


The interior Dirichlet problem is closely related to a problem in the 
calculus of variations. {1 is a well-known result in the calculus of 
variations? that the function (x,y,z), which makes the volume integral 


[ FUG): PYa¥nps) Ar ce 
ok 


an extremum with respect to twice-differentiable functions which 
assume prescribed values at all points of the boundary surface S of }. 
must satisfy the Euler-Lagrange differential equation 
eae ee) _@ baa Se) 
ap dx ep, ee dz \dy, 
It follows from this result that the function, among all the functions 
which have continuous second derivatives in V and on S and take or. 
the prescribed values fon S, which makes the integral 


iy) = I cera yp)? dr ( 


IR. Weinstock, “Calculus of Variations’ (McGraw-Hill, New York, 1952 
pp- 132-135, 


(2) 


Os 
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an extremum is the solution of the Dirichlet problem 
Vey = O within Fy, ype fons (4) 


The Dirichlet variational problem, that of minimizing the integral (3) 
subject to the conditions stated, and the interior Dirichlet problem 
are therefore equivalent problems. If a solution exists, then thev have 
the same solution. 

Since / is always positive, the integrals Ay) formed for admissible 
Functions y are a set of positive numbers which has a lower bound, from 
which Riemann deduced the existence of a function making the integral 
a minimum? It was pointed out by Weierstrass that Riemann’s 
argument was unsound, and he gave an example for which no solution 
existed, but Hilbert showed later that provided certain limiting con- 
ditions on § and on f are satisfied, Dirichlet’s variational problem 
always possesses a solution. The value of the method lies in the fact 
that in certain cases “direct methods,” i.e., methods which do not 
reduce the variational problem to one in differential equations, may 
ne a solution of the variational problem more easily than the 

classical methods could produce a solution of the interior Dirichlet 
nroblem. The variational method is also of great value in providing 
approximate solutions, especially in certain physical problems in which 
the minimum value of / is the object of most interest; e.g., in electro- 
siatic problems, / is closely related to the capacity of the system. 


10. “Mixed” Boundary Value Problems 


[In the problems of Dirichlet, Neumann, and Churchill the function 
yor tts normal derivative @y-/@7 or a linear combination of them is 
prescribed over the entire surface S bounding the region V in which 
vey 0. In “mixed” boundary value problems conditions of 
different types are satisfied at various regions of S.A typical problem 
of this kind is illustrated in Fig. 27. In this problem we have to deter- 
mine a function y which satishes 


(i) Vy = 0 within V 
(ii) ya=f on, 
vee ey + 
(iit) oe on Sy 


where S, 

prescribed. 
As an example of a boundary value problem of this type consider the 

classical. problem of an electrified disk.2 If, in polar coordinates 


~ S, the boundary of V, and the functions fand g are 


' This is known as Dirichlet’s principle. 
* G. Green, “Mathematical Papers” (Cambridge, London, 1871), p. 172. 
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(¢,4.2), y(p.d.2) is the potential due to a perfectly conducting uniform 
thin circular disk of unit radius which is kept at a prescribed potential, 
then the boundary value problem to be solved is 


Fy ; Le = @y Ley 


ae pop OF apt - 

w= gpd) onz=0,0<p<l (2) 
oye ee re 

re = onc 0, p> 1 (3) 


In equation (2) the function g(p) is prescribed. This equation expresses 
the fact that the potential is prescribed on the surface of the disk, while 
the equation (3) is equivalent to assuming that there is no surface 
density of charge outside the disk. The problem is to determine y or, 
more usually, to find the surface of the disk. It is also assumed 
that yp + 0 as VPP 2? = ow, 

¥=f — Suppose that 


g(p.d) = Gp) cos ld — 2) (4) 


Then we may write y = ‘F(»,z) cos 
n(d — ©}, where 


ae pap pt Oe 
(5) 
avug and 
3a ie z 
u G(p) on z= 0,0 pm 1 
(6, 
a or af 
igure 27 =0 onz=O.p>t (7 


az 
The form (4) is more general than it appears, since it is possible tc 
derive a solution for functions of type g(p.¢) by a Fourier superpositior 
of functions of type (4). 

To derive a solution of equation (5) we note that 


eZ (pr) 


is a solution of the equation. By the superposition principle it follow: 
that 


P(p.2) = [sr (We (pt) dt (8 


is also a solution for any arbitrary f{#) such that the integral on the 
right exists. Substituting from equation (8) into equations (6) and (7) 
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we see that the function f (4) is determined by the pair of dual integral 
equations 

( LOA Apt) dt = Gp) O- ped (9) 
reat 


| float 0 p> I (10) 
atl 
Using the fact that 

oy j op 7 

(SE) (GE) dro 


we see that the total surface density « on the two faces of the disk is 
s(p) cos n(¢ ~~ €), where 


sp) = 50 | POLLo0 at a) 


A general solution of the dual integral equations (9) and (10) has been 
given by Titchmarsh.' It is found that 


a 2 _. fiveiG(y) dy 
of [1,40 [oe 


pou du fl. : ; 
- [| SS [oowonr's soya] a2) 


Substituting from equation (12) into equation (11), we then get the 
expression for s(p). 

Solutions of the dual integral equations (9) and (10) in various special 
cases had been given prior to Titchmarsh’s analysis by Weber [n = 0, 
Gip) constant], Gallop [a= 0, G(p) = J,(cp)], Basset [a = 1, G(p) 

Jicp)]. MacDonald [1 arbitrary, G(p) = /,(cp)], and King [x integral, 
G(p) arbitrary], In all the cases considered the analysis was difficult 
and long, but the surprising thing was that the final results were simple. 
This suggested to Copson? that we might give a simpler derivation of 
‘he solution by starting with a more suitable form of potential function. 
Copson took, instead of the form (8), the form 


[’ p?" o(p' bp’ dé’ dp’ 


v0 V0 r 


y= (13) 


‘shere r is the distance of a general point (p,¢,2) from a point (p’,¢’,0) 
an the disk. To give the correct boundary conditions on z = 0 we 


P. C. Titchmarsh, “Introduction to the Theory of Fourier Integrals” (Oxford, 
Nes York, 1937), p. 334, The form of solution given here is due to I. W. Busbridge, 
"100, London Math. Soc., 44, 115 (1938). 

° E. T. Copson, Proc, Edinburgh Math, Soc., (iit) 8, 14 (1947). 
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must have o(p’,d‘) = s(p’) cos n(d’ -- ©), where s(p’) is chosen so that 
cos n(d) -- dd’ 
2p Ipp' cost’ — d) 
= Gp) cos nd - ©) (14) 


sj a5. 
S(p')p" dp’ | 
Je v6 


when 0 ~« I. 
Now it is ean y shown (cf. Prob. | below) that the inner integral has 
the value 


4 cos n(d - ‘) i rindi) = re dt 
(pp’)" Ve? AG 
so that equation (14) becomes 


afr , 2 lt 
Pp LI see eae a Goa —P) 


mt ap 
=| 0 «| oR 


Inverting the order of integration, we find that 


(fe 22 fl ‘fan 
vice |! dt | = wl de” <1 (15) 
YOY pe — Pet Ap” fp 
To solve equation (15) we let 
Ss ‘ime ?| 
Sip) = f Lae O<p<l (16) 
. Vp > —p 
and obtain 
. (PSO) dt 
1p'Gtp) = | a O<p <I (17) 
Jo Vp — 2 


if G(p), G'(p) are continuous, it follows by a trivial transformation of 
the well-known solution of Abel's integral equation! (cf. Prob. 2 below) 
that 
lod Pramas 
SA )yee ee a 
(p) 2ap? dpls + e P 
It only remains to derive the expression for s(p) from this expression 
for S(p). Tf Sp) and its first derivative are continuous in any closed 
interval [y,1] for any positive value of 9 << 1, then, by an application 
of the solution of Abel's integral equation (cf. Prob. 3 below), we have 
2 td iS) dt 
s(p) = == =p 


aif Ox pl (19) 
“dps, \P— PP p 4 


(18) 


which solves the problem. 


1M. Bocher, “An Introduction to the Study of Integral Equations” (Cambridge, 
London, 1929), p. 8. 
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Hence we have: 

Copson’s Theorem. [f the potential on the surface of the circular disk 
r= 0,0 <p <1 is Gp) cos n(d — €), where € is a constant, n is zero 
or a positive integer, and G(p) is continuously differentiable inO <p <1, 
then if S(p), defined by (18), is continuously differentiable in [y,1} for 
any posi:ive yn <1, the surface density of electric charge on the surface 
of the disk is s(p) cos n(d — €), where s(p) is defined by equation (19). 

Examyle 8. Find the surface density of charge on a disk raised to unit potential 
with no external field. 

Here 1 = 0, and G(p) = 1. 

(a) Lual Integral Equation Method, From equation (12) we find that 


so that, by equation (11), 
lope 


s(p) = ‘sin fJo(pt) dt 


Jo 
From the known value of this integral! we see that 


1 


S(p) = FVT— @ 


(6) Copson’s Method. From equation (18) we have 


s 1d fe tat 1 
OOS Rg ean m 


so that, from equation (19), we obtain the solution 


1 df tdt 1 
es ? 


s(p) ine 


= 


7p dp 


wp 

Mixed boundary value problems occur in the theory of elasticity in 
connection with “punching” and “crack” problems. For a discussion 
of these problems the reader is referred to I. N. Sneddon, ‘Fourier 
Transforms” (McGraw-Hill, New York, 1951), Secs. 47, 48, 52, 54, 55, 
where the dual integral equation approach is used, and to N. I. 
Muskhelishvili, Se ae ai Groningen, 
1953), Chap. 13, where an approach ra Similar to Copson’s method 
is used. 


PROBLEMS 
1. If ais zero or a positive integer and if both a and 4 are positive, prove that 
eine dfs 4 re r™ dt 


[ Val = & — Dab cos $ ~ (aby 0 Vie — AYE 


where both square roots are taken to be positive. 


1 Watson, “A Treatise on the Theory of Bessel Functions,” p. 405. 
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2. If f(x) and f(x) are continuous in the closed interval [0,a], show that the 
solution? of the integral equation 


2a fi Ma 


3. If f(x) and f(x) are continuous inc < x < a, prove that the solution? of the 
integral equation 


(7 gidt 
fy = I VP = c « 
is 
2a (* fod 
8) = “Fdx i, VP 


4. A disk of unit radius is grounded in a uniform external field of strength E 
parallel to its surface. Prove that the surface density of electric charge is 
given by the equation 

2Ep cos 
a(p) = PVToe 


5. Show that in Gallop’s case 1 = 0, G(p) = Jy(cp) the problem of the electrified 
disk has a solution of the form 


c 1 [° 100s ¢ee) 
a(p) = 3 Tolee) t 3 [ @— pe 


1. The Two-dimensional Laplace Equation 


In some problems of potential theory the physical conditions are 
identical in all planes parallel to a given plane, say the plane z = 0. 
In that case the potential function y does not depend on z, so that 
@y/8z and @?y/@z* vanish identically, and Laplace's equation reduces to 
the form 


ay ay 
aa +379 d) 
If we introduce the operator 
5 oa  @ 
Vi= ga + a (2) 


! In the solution of Probs. 2 and 3 use is made of the fact that the solution of 
Abel's integral equation 
(* u(é) dé 
po= [ 


a 


<1 


sin(za) d [7 _fidde 
aw dx Jy (x — D* 


ux) = 


Cf. Bocher, op. cit., p. 8. 
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we may write this equation simply as 
Viy 0 (3) 


We shall refer to equation (3) as the nvo-dimensional Laplace equation, 

The theory of the two-dimensional Laplace equation is of particular 
interest because of its connection with the theory of functions of a 
complex variable. We shall give a brief account of this relationship 
in the next section. In the remainder of this section we shall indicate 
how methods similar to those employed in the case of the three-dimen- 
sional equation yield information about the solutions of equation (3). 

ae is a well-known result of elementary calculus! that if P(x.) and 

(x,y) are functions defined inside and on the boundary C of the closed 
area K, then 


, (eo aP) 
| (= a dS = | (Pdx = Ody) (4) 
If, in this result, we substitute 
; Oy: _ By 
o ay Oe 


OY iS Say = Oy 


where dy:/n denotes the derivative af yin the direction of the outward 
normal to C, we find that 


‘i ay 
| Viy) dS =. | ds 5 
Ie! W) | én (5) 
Hence if the function y(v,)) is harmonic within a region K and is 
continuous with its first derivatives on the boundary C, then 


dy 
Je On 


This result is sometimes known as the theorem of the vanishing flux. 

lt is immediately obvious from equation (5) that the converse of this 
theorem is also true; i.e., if y(x,v) is a function which is continuous 
together with its partial derivatives of the first and second orders 
throughout the interior of & and if 


ds =0 (6) 


Joon 


where C’ is the boundary of any arbitrary region K’ contained in K, then 
y is harmonic in K. 


UR, P, Gillespie, “Integration™ (Oliver & Boyd, Edinburgh, 1939). p. 54. 


182 ELEMENTS OF PARTIAL DIFFERENTIAL EQUATIONS 


‘Similarly it follows from equation (5) that if Viv = —47p throughout 
K, then 
( ov ' : 
|.g,6= ~4" t. alx,y) dS (7) 


Laplace’s equation in two dimensions when written in plane polar 
coordinates r, 9 assumes the form 


cy AB (aR) 1 By 


‘wal al Bae 9 
so that if y is a function of » alone, 
df dy) 
aa) ° 
from which it readily follows that 
y=Alogr+B 
where A and & are constants. If we write 
1 
y = 2¢log- (8) 
: 


with ga constant, then Viy = 0 except possibly at the origin, where y is 
not defined. This solution has the property that if C is any circle with 
center at the origin, the flux of y through that circle is —4zq. It 
therefore corresponds to a uniform line density g along the 2 axis which 
appears as a point singularity in the two-dimensional theory. 

in a manner similar to that employed in the three-dimensional case 
(Sec. 2) we could construct potential functions of the type 


yr) = i, gir’) log FF ds (9) 
where r == (x,y), etc. Because of this form of y a two-dimensional 
potential function is referred to as a logarithmic potential. It is 
readily shown that if C has a continuously turning tangent and if 
ax'.y’) is bounded and integrable, y(x,y), defined by (9), is continuous 
for all finite points of the plane including passage through the curve C. 
If gix'y°) is continuous on C, which itself has continuous curvature, 
then, in the notation of Fig. 28, 


[2s | = —2nq(A) (10) 


ey | a | [2 1 ae 
& "On oth. op RST Ze ee 
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Similarly the potential of a doublet distribution on a line C is given 
by an expression of the form 
r a I 


y | Har’) 5 log F ez ds’ 


_ | ‘ cos (n,p) ds’ pagans 
ee P 


If the tangent to the curve C turns continuously and if « is continuous 


on C, then 
Yo ¥y = QrH(A), Yo~ Pye 2y(A) (12) 


We shall now make use of these results to show how the interior 
Dirichlet problem 


V?y-- 0 within V, y==fonc (13) 2 


may be reduced to a problem in the theory 
of integral equations. Jf we assume that 


cos (np) ds’ a 


yxy) = i ms’) 


where the function « is unknown, then it 
follows from equations (12) that 


yy YA) — H(A) c 
so that from cree xO Figure 28 


ce [OO ( me ds’ — mus) 


Sf) = 
If we write 
: \ ; 
LS) os), [cos no) = K(s5') 
© A P Al 
then the problem reduces to that of solving the nonhomogeneous integral 
equation of the second kind 


1s) + gs) = | eds"K(5,5") do’ 


for the unknown function 

For a full discussion of the applications of the theory of integral 
equations to Dirichlet’s problem the reader is referred to Chap. 7 of 
Muskhelishvili's “Singular Integral Equations” cited above. 


PROBLEMS 


I. Prove that if y is continuous within and on the circumference of a circle and is 
harmonic in the interior, then the value of # at the center is equal to the mean 
value On the boundary. 
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2. Prove that if y is harmonic inside a region S and is continuous on the boundary 
C, then # takes on its largest and its smallest value on C. Furthermore that 
if y is not a constant, then it cannot have an absolute maximum or minimum 
inside S, 


3, Show that if a, and 6, are constants, 


an 
Hr) = gay - y (5) (a, cosn® © b, sin n 9) 
a! 


Z 


nel 
is a solution of Viy = 0 in the interior of the sphere r - a. 
If yp =f (9) when r = a, determine the constants and show that 
2 Lp? for Y’) di’ 
Wr0) ~ a --r fi yd 


Qe | @ — 2ar cos (4 ~- A rt 


4. Tf Viy ~ 0 for x » Oand y = f(y) on x =. 0, show by using the method of 
Fourier transforms that 
L ope 


| ; F(s)e7|ix— iu de 


wry) = _ 
where F(§) is the Fourier transform of (3). 
Deduce that 
ree as fiyyay' 
Wx,y) = | 2 ye 


5. Reduce the solution of the exterior Dirichlet problem to that of an integral 
equation. 


6. By taking 
i" 1 
yr) = | 4s’) log —— ds’ 
Te fr-r'| 
show that the solution of the interior Neumann problem 
tee oy 
2y = 0 ins —_—-=- : 
vey inside S, on fon 


reduces to that of the integral equation 


gis) + | K6s’,s)g(s’) ds’ = g(s) 


“t 


Ss ee Pe. 
where gs) =", K(ss) = - E log F ! : | 
a 7 = Ad 


12. Relation of the Logarithmic Potential to the Theory of 
Functions 


There is a close connection between the theory of two-dimensional 
harmonic functions and the theory of analytic functions of a complex 
variable. The class of analytic functions of a complex variable 
z= x + /y consists of the complex functions of z which possess a 
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derivative at each point. It can be shown! that if d and y» are the 
real and imaginary parts of an analytic function of the complex variable 
X + fy, then ¢ and y must satisfy the Cauchy-Riemann equations 
ad ay 6d By: as 
ax oy , ay ~ ax : 
Now it can be proved that the derivative of an analytic function is 
itself analytic, so that the functions ¢ and y will have continuous 
partial derivatives of all orders and, in particular, Schwartz's theorem 
2 2, 2), 2a 
ad _ ab ey 7 ey (2) 
ex ey ey 6x ox dy ey ex 
will hold. Combining the results (1) and (2), we then find that 
Vid = Vip = 0 (3) 


ie., the real and imaginary parts of an analytic function are harmonic 
functions. The functions 4, y so defined are called conjugate functions. 
The converse result is also true: /f the harmonic functions é and y 
satisfy the Cauchy- Riemann equations, then & — ty is an analytic function 
of 2 == N + ly. 
If either d(x,y) or p(x) is given, it is possible to determine the 
analytic function w = ¢ — ty, for, by equations (1), 


dw Qh ey 


Pa a bX) — ibalx.y) 
where ¢, -~ 66/0x, dy = 04/6y. Putting » = 0, we have the identity 
Ap 
Se = #500) ~ idl=.0) (4) 


from which w may be derived by a simple integration. If y is given, 
then, in a similar notation, 
dw 


qe LEO) ~ Fl.) ©) 


Example 9, Prove thar the function 


go -= x 


iv a harmonic function, and find the corresponding analytic function & ~ hy. 
For this function 
a Ra Od 2xy 
aa yp > ay ~~ Qa YP 


Bes fc 
std a further pair of differentiations shows that Vie ~ 0. Putting; = 0, x — zin 


! See, for instance, L. ¥. Ahlfors, “Complex Analysis’ (MeGraw-Hill, New York, 
1953), pp. 38-40. 
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these equations, we find that 4,(2.0) = 1 - = 7, 6.(2,0) = 0, so that 
dy 1 
eins pee 
dz = 


from which it follows that 


i 
Weezs = 


The conjugate function y is therefore given by the equation 


In the notation of vector analysis the Cauchy-Riemann equations (1) 
can be written in the form 


grad ¢ ~ (grad y) * k (6) 


where k =. (0,0,1) is the unit vector in the z direction, from which 
we conclude that the sets of curves 
¢ = constant and y == constant inter- 
sect orthogonally. Also if s is a unit 
vector in any direction and nis a unit 
vector perpendicular to s measured anti- 
clockwise from s (cf. Fig. 29), we get 
the general results 
a ay a ay 

pened? as On” on StCOS () 

We consider now the application of these results to the motion of an 
incompressible fluid in two dimensions. _ If (w,t’) denote the components 
of velocity at a point (x,y) in the fluid, then if the fluid is incompressible, 


eu ev . 

ax (8) 
and 

ee Gu, 

ax oy = & (9) 


where € denotes the vorticity. If, therefore, a fluid is incompressible, 
it follows from equation (8) that there exists a function y such that 


Gy oy 
BY eae PAS ee 0 
u ay pa (10) 
and, from equation (9), 
oo: Viy (11) 


If, in addition, the motion is irrotational, then 
Viy = 0 (12) 
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On the other hand if the fluid is incompressible, 


ae 
ax Op 
so that there exists a function é such that 
_ _ 9 
u= ax > re "oy 
and 
ou er . 
a ay 22 Vid 
If, in addition, the fluid is incompressible, then 
Vid = 0 


187 


(13) 


(14) 


Hence for the irrotational motion of an incompressible fluid both y and 
& exist and satisfy Laplace’s equation. The function y is called the 
stream function and ¢ the relocity potential. From the equations (10) 


and (11) we have immediately that 


Gh Oy ad by 
ex ay oy ox 
so that the Cauchy-Riemann conditions are satisfied and 
wodbt lp 
is an analytic function of the complex variable z = x + iy. 
function i is called the complex potential of the motion. Since 
dw ad oy 
eee 2 de 
dz 6x 6x 
it follows that 
dw 
Baer 
showing that 
i dw| 


is the magnitude of the resultant velocity at a point in the fluid. 
The stream function y is constant along a streamline. 


(15) 
The 


(16) 


(17) 


If the motion is steady, the pressure p at a point in the fluid may 
be derived from Bernoulli’s theorem which states that along a streamline 


1 


+igaV 


P 
p 


is a constant whose value depends on the particular streamline chosen; 


¥ denotes the potential energy in the field. 
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It is sometimes convenient to use relations of the kind 


r= f(y) 
instead of w= f(z). It is readily shown that 
1a | 
q | die} 


Example 10. Show thar the relation 
Ww u{z : “| 


(18) 


gites the motion of a fluid round a cylinder of radius a with its origin fixed at the 


origin in a streant whose velocity in the direction Ox is U. 
Separating the complex function 


b+ iv u(x iy 


into its real and imaginary parts we find that 


¢ us(1 apes 3) F y- 


The components of velocity are therefore given by the equations 


/ Ba te 
u- u(t oy) , 


9, 


It follows therefore that y = 0 on the circle with equation x7 + y* -- a@® 


and that at 


a great distance from the origin w - U, ¢ 0. The given complex potential 


therefore satisfies the stated conditions. 


Two-dimensional problems — in 


electrostatics can be tac 
similar way. In this case 
the electrostatic potential 


led in a 
¢ denotes 
, so that 


B the lines in the xy plane with equa- 


tions 4 == constants are th 
tential surfaces. The lines 


@ equipo- 
y == con- 


stant cut these lines orthogonally, 
and so they must correspond to the 


‘A lines of force. A potentia 


I function 


¢ derived in this way could 
problem of the distribution 


solve the 
of electric 


force in a condenser formed by two 


~=0 d=c conductors, one of which 
Figure 30 tion d = 0, and the other 


as equa- 
of which 


has equation ¢ = c. The charge 
distribution in such a problem can be calculated easily. If o is the 


charge density at a point, then 
_ leéd_ Ley 
47 Gn 4x as 


o= 
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by the second of equations (7). Hence the total charge between 4 and 
B per unit length perpendicular to the xy plane is 
on ia 
q= | ods = 7 (vn — va) (19) 
A 4a 
a result which is of great use in the calculation of capacities. 
For instance, if the normal sections of two infinite conducting 


cylinders are given by the closed curves ¢ == c, and ¢ = cs, where 
 -+ iv = f(x -» iy), then the capacity per unit length of the cylinders is 


| i 
> lp (20 
4n(cy — 2) p sad (20) 


where the integral is taken round the curve ¢ == ¢, in the positive sense. 


ay 


P(xy) 


Va 


Figure 3] 


Example U1, Au infinite conducting evlinder C of sniall radius a is placed parallel 
to an infinite plane conducting sheet and at a distance ¢ from it, Show that the 
equation 


z ¢ 


¢ + tp = log 


zee 
(e real) gives approximately the equipotentials and lines of force tf the plate is grounded 
and the cylinder is at potential —log (2c¢/a). 
Show that the capacity of this system per unit length ts [2 log Qefa)y? 
If 
@ ~ iy = log 


z+¢ 
then writing 2 — ¢ = ryets, 2 - ¢ = 1%, we see that 
r ; 
d<log++ yp = iO, ~ 6) 
Po 


Sow on the plane x = 0, 7) = ry, so that ¢ = 0 while on the cylinder if a <c, 
vy 2e, and ry = a, so that 


te 
$= — log 
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As we go round C in the positive sense, #7, changes by an amount — 2, while the 
total change in % is zero, We therefore have 


> dy 2s 


Substituting these results in equation (20), we get the answer stated for the capacity 
of the system. 


The main advantage of the method of conjugate functions is that 
the theory of conformal representation can sometimes be employed to 
reduce one problem to a simpler one whose solution is known. Toshow 
how this may be effected we consider the transformation 


fo f(2) (21) 


in which the function f(z) is an analytic function of 2, which maps 
the z plane on to the % plane.! Since dé == f’(z) dz, it follows that 
any small element of area 44 in the 2 plane in the neighborhood of 
the point z «= a becomes an element of area f'(a)?.AA in the neighbor- 
hocd of the point = f(«) turned through an angle arg f’(@). It can 
also be shown that if two curves C,, C2 in the z plane intersect at an 
angle x, then the images I',, I’, of these curves in the ¢ plane intersect 
at the same angle, the sense of rotation as well as the magnitude of « 
being preserved. For this reason the transformation (21) is said to be a 
conformal transformation. 

The importance of conformal transformations in potential theory 
arises from the fact that if € -- in = f(x ~ iy) is a conformal mapping 
which takes a function d(x,1) into a function (£7), then 


it follows that 


ad ar 
6 Oy? 


so that the function ‘P(é,;,) is harmonic in the €y plane. Furthermore 
any curve in the xr plane along which the function é(v.1) is constant is 
mapped into a curve in the £y plane along which the function O( 2,7) is 
constant. 
If there is a charge g at the point ¢ in the = plane, then the complex 
potential is 
ss —2q log (= — c) 


‘ Ibid, pp. 69-81. 
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In the transformed problem the complex potential 
az 


a? = 74) 


“= 2g log (E —y) - 2 
where Q is analytic at the point {== y= f(c). In the transformed 
problem there is an equal charge ¢ at the point ¢ = » into which the 
point z = ¢ is transformed. 
In any two-dimensional electrostatic problem the potential function 
for prescribed boundaries and distribution of charges in the = plane is 
equivalent to the potential function for the transformed boundaries and 


W -= —29 log 


2 plane Figure 32 g plane 


cuarges in the ¢ plane. If the solution of the problem in the ¢ plane 
is known, then by transforming back to the z plane we can derive the 
solution of the original problem, We shall illustrate the procedure by 
means of an example. 

Example 12. Midway between the grounded conducting planes 6 = X1/(2n) there 
is placed at a distance a from the origin a point charge gq. Show that the lines of force 
have polar equations 

Pr me GBR ox Bka"y” sin (nb) 
where k is a paraneter. 

If we make the transformation 


fo rt x prgind 
then the boundaries 6 = 7/(2n)go into the imaginary axis § = 0 in the ¢ plane, and 


‘he point Pla,0) goes into the point I(a”,0), Now the solution corresponding to a 
puint charge g opposite a grounded conducting plane £ = 0 is readily seen to be 
1 @ 


W(Q) = 2q log = 


Cae 
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Transforming to the original variables. we therefore have the complex potential 


an 2 


2 a 
ws 2y log ————— 
) ty los So 


Tf we write = ore’, then 
ot 4 git FSH eRe 
2 a fa’e sin (nb) Re i 
ct = ~ 2a" cos (it) 
sin (nb) 
where tan © 5 on 
re ms @ 
Thus y - —2g, so that the tines of force » — constant have equations of the 
form 


Pe g®— 2ka"r” sin (9) 
where & is a parameter. 

For a complete account of the theory of conformal mappings the 
reader is referred to “Conformal Representation,” by Z. Nehari 
(McGraw-Hill, New York, 1952). In the application of the theory to 
the solution of particular problems it will be found useful to consult 
H. Kober’s “Dictionary of Conformal Representations” (Dover, 
New York, 1952). 


PROBLEMS 


1. Prove that the function 


¢ = sin x cosh y + 2 cos x sinh y 4xy 


is a harmonic function, and find the corresponding analytic function ¢ » i. 


2. If the two-dimensionat motion of a fluid consists of outward radia! flow froma 
point such that the rate of emission per volume per unit time is 2772, we say 
that the point is a simple source of strength mz, Show that the complex 
potential of such a source at a point (a,4) is given by 


Ww 


= —mlog(z — 7) 
where? a ~ tb. 

3. Show that the relation 7 

p= log —* —F 


gives the motion in the quadrant of a circle due to equal sources and sinks at 
the ends of its bounding radii, 


4.) Suppose that the irrotational two-dimensional flow of incompressible inviscid 
fluid in the plane is described by a complex potential f(z). If there are no 
rigid boundaries and if the singularities of f(z) are all at a distance greater than 
a from the origin, show that when a rigid circular cytinder z = @ is introduced 
into the field of flow, the complex potential becomes 


w=po-s(2 


1 This is Mitne-Thomson’s circle theorem. See L. M. Miine-Thomson, Proc. 
Cambridge Phil. Soc., 36 (1940). 
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5. Prove Blasius’ theorem that if, in a steady two-dimensional irrotational 
motion given by the complex potential w = f(z), the hydrodynamical pressures 
on the contour of a fixed cylinder are represented by a force (X,Y) and a 
couple NV about the origin, then 


idw\? 
ok ae ay (a) dz 


otk 


‘dw 
and N= —4pR [= (= ze) 


where the integrations are round any contour which surrounds the cylinder. 
6. Show that the transformation 
z= ailkw +1 — ey 
determines the potential and stream functions for a conductor at potential 
¢ = 0, of which the boundary is given by the freedom equations 
x = a(8 — sin 6), y = al — cos 4) 


Show that at points where y is large and negative the field is uniform and of 
strength (aky. 


7, The motion of a sheet of liquid in the infinite strip of the z plane between the 
lines p = O and » — a is due to a unit source and a unit sink at the points 
(0,a/3) and (0,2a/3), respectively. Prove that the motion of the liquid can be 
determined by the transformation 

2(cosh wz/a) — 1 


ba 2(cosh wz/a) + 1 


and find the pressure at any point on the x axis, 


13. Green’s Function for the Two-dimensional Equation 


The theory of the Green’s function for the two-dimensional Laplace 
equation may be developed along lines similar to those of Sec. 8. If 
we put 

dy’ oy" 
P. I= 
ars o= "5. 


in equation (4) of Sec, 11, we find that 


Oy ey! dy dy" fay’ 
i pViy' ds + i (fF 2; 7) dS ) yds) 
If we interchange y and y’ and subtract the two equations, we find that 
r on 2 = fay’ , Oy) 
|, (yViy’ ~ y'Viy) ds = [ (vse v5, =.) ds (2) 


Suppose that P with coordinates (x,}-) is a point in the interior of the 
region S in which the function y is assumed to be harmonic, Draw a 
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circle P with center P and small radius « (cf. Fig. 33), and apply the 
result (2) to the region A bounded by the curves C and V with 


= log : 

OG ea 

eae ar 

Since both » and y’ are harmonic, it follows that if s is measured in the 
directions shown in Fig. 33, 


i 1 apt 


i Ve eee are . Hed 
({. # [ kage wv) on log ror| log - orien ids -0 GQ) 


Proceeding as in the three-dimensional case, we can show that 


ds‘ Qry(vy) 7 O(e) 


| yp log : 
Jr dn |r —r'| 
and that 
( | dy 
a) -r'| oat he 
where M is an upper bound of @y/ér. 
Inserting these results into equation 
(3), we find that 


< --2nMe loge 


i i 1 @y(x'y’ 
Figure 33 =e ais ee al ds’ (4) 


analogous to equation (3) of Sec. 8. 
If we now introduce a Green’s function G(x,y;x',y"), defined by the 
equations 


COapsaty') = wosyax'y) + log (5) 
where the function w(x,y;x’,y’) satisfies the relations 
ee .. 
(so2 + ga) weve’) = 0 6) 
wOp’y’) = log |r — r']|on C (7) 


then just as in the three-dimensional case the solution of the Dirichlet 
problem 


Viv = 0 within S, yp = f(x,y) on C (8) 
is given by the expression 
1 fo, éGouysx', ; 
ve = — ef poy) SOZEW as ©) 
47 70 


where n is the outward-drawn normal to the oe. curve C. 
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We consider two special cases: 

(a) Dirichle’'s Problem for a Half Plane. Suppose that we wish to 
solve the boundary value problem Vie = 0 for x 20, y = f(y) on 
x= 0, and y-> 0 as x-> co. If P is the point wy (x > 0), TT is 
(~x,y), and Q is (x',y’), then 
ol 
°2 OP 
(cf. Fig. 25) satisfies both equation (6) and equation (7), since IQ = PQ 
on x= 0, The required Green's function is therefore 


EXP e O~y¥P 


Gaye uy) = 


Gouyix'y’) = 4 logs, + = 10 
Gaye y) oa YP eo yP (10) 
Now on C 
8G ($3) - 2x 
én OX} yy = CY PP 
so that substituting in equation (9), we find that 
oo Cy) dy" 
wy 2 [> LO an 


XJ-oxt + (py — yy) 


This is in agreement with what we found in Prob. 3 of Sec. 8 and Prob. 4 
of Sec. 11. 

(b) Dirichlet’s Problem for a Circle. In this instance we wish to find 
a solution of the boundary value problem 


Vip = Or <a, y= f{(@ onr=a 


We take P to be the point (7,9), Q to be (r’,6"), and IT to be the inverse 
point to P and therefore to have coordinates (a*/r, 9) (cf. Fig. 26). 
We see that 

r-ilQ 


“PQ 

is harmonic within the circle except at the point Q, where it has the 
right kind of singularity. Further, G vanishes on the circle r’ = a. 
We therefore have 


G(r,8;7',0') = 4 log 


Gr, 057,09) = log a 


@ + Pr? la — rr’ cos (8 — 9) 
r? 4p? — 2rr’ cos (8° — 9) 


Now on C 
6G (26) _ (2 — ry 
én * yea Ae — ar cos (6 — 6) + PF) 
so that 
pt (" f@) de’ 
vr,8) = 2a Je a — 2arcos(@ 9) +P (12) 


in agreement with what we found previously in Prob. 3 of Sec. II. 
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Equation (12) is known as Poisson's integral solution of the two-dimen- 
sional problem. 

We shall conclude this section with a theorem about the two-dimen- 
sional Dirichlet problem which has no counterpart in three-dimensional 
space. It concerns the relation between conformal mapping and 
Green’s function. Suppose that the function 


= fl) 


maps the region S in the xp sie on the unit circle in the wv plane in 
such a way that f(a) = 0. Then the function f must be of the form 


f= @— ge 
where g is regular and f(z) = 1 on C. Hence 
log f(z) = log (2 — a) ~ g(z) 
vanishes on C, is harmonic in S, and has a singularity like log r, so that 
log | f()| = —Gi.y sae) 


On the other hand, log! f(z)| is determined by G(x,)3u,c), and 
therefore so is Rg(z), and hence g(z) is determined within a constant. 
The problem of the conformal mapping of a region S in the xy plane on 
the unit circle in the uv plane is equivalent to that of finding the Green’s 
function of S, i.e., to solving an arbitrary Dirichlet problem for the 
region S. 


PROBLEMS 


1. Use Poisson’s integral formula to show that if the function y is harmonic in a 
circle S$ and continuous on the closure of S, the value of y at the center of S 
is equal to the arithmetic mean of its value on the circumference of S. 
2. If the function yx.) is harmonic within a circle of radius a with center the 
origin, prove that 
1 f xdx 


vy) + v0.0) = ROT dex 2 


where C denotes the circle | ~| = a in the complex x plane. 
Deduce that every harmonic function (x,y) ts analytic in «and y. 


3. If the function (x,y) is harmonic in the interior of a region S and if 4 is an 
interior point of S at which the value of y is equal to the least upper bound of 
its values in S$ and on its boundary, prove that y is a constant. 

4. Prove that if (x,y) (7 = 1, 2, . . .) is a sequence of functions each of which is 
harmonic in the interior of a finite region S and continuous in S and on its 
boundary and if this sequence converges uniformly on the boundary of 5, then 
it also converges uniformly in the interior of S to a limit function which is 
harmonic in the interior of S.+ 

5. Prove that if a series of nonnegative functions ¥,(x,}), harmonic in the interior 
of S, converges at some interior point of S, then this series converges to a 
harmonic function at every point of S. 


+ This is known as Harnack’s first theorem. 
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Show also that the convergence is uniform in every closed bounded region 
of S.t 


Prove that if a nonconstant function y(x,1) is harmonic in the whole plane, it 
cannot be bounded from above or from below (Lioutille’s theorend. 


MISCELLANEOUS PROBLEMS 
1, Prove that if ¥, is a homogeneous function of x, y, z of degree n and 
pris x? + ye + 2 
Vr" VY) = mm + Ine Lr 2V, PVE, 
Deduce Kelvin’s theorem that if 4, is a harmonic function, so also is 
r Qn-1 Vas 
Prove that if V, is a homogeneous function of x, y, z of degree n which 
satisfies Laplace’s equation, then 
artetsyy 
@x?P ay4 az* 
is a homogeneous function of degree a — p—q—s satisfying Laplace’s equation. 
3. Prove that if V,(x,y,z) is a homogeneous rational integral function of degree 
n, the function 
re rt 
= oot} te) yz 
| 3Gn — I) 24Qn — Qn — 3) j aluy2) 


where Va a tte 


is a harmonic function. 


4. A number of point charges e, are placed in positions having rectangular 
coordinates (§,,2,,C,). Show that inside any sphere around O in which there 
are no charges the electrostatic potential is given by 


oo 
HxY2) = SY r*S, 

nO 
where Sa = 


» Py pare sani Pull) 


Ct MEY ob Sez 
Par 
Show that if ¢ is a symmetrical function of x?, y*, and z*, then S, = 0 for 
nw 1,2, and 3. 

Find expressions for the potential near O, correct to terms in r4, for: 
(a) six equal charges e at the six points (+a, sa {0,+4,0); (0,0, +4); 
(b) eight equal charges ~e at the eight points (+6, +b). 

Show that to the order considered the electric eae are the same if 
8a® = 81> 355, [P, = 434? — 1) and Py = $35n4 — 3022 + 3) may be 
assumed.] 


ra(P pyre zy e, = Rt mt DL = 


A mass is at a point whose displacement from the origin is a. Show that 
its potential at a sufficiently great distance r from the origin is 


l~(arw)+ a vi - Ga ves |e 


where V is the vector Operator with components 4 


x, efey, eféz. 
+ This is known as Harnack’s second theorem, 
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Eight masses m are placed at the points + 
distances from the origin the potential is 
— Sy Layanl* 
re 


£1, Show that at large 


{5(x# + yt + zt) — 3r4) + smaller terms 


Deduce, or otherwise prove, that near the origin 


Sym 14y 
Ve == - se {S(xt 4 yp? 4 z4) — 34} + smaller terms 


6. Show that the gravitational potential produced by a given distribution of 
matter at a distant point P is given approximately by 

ym (AS B+ C37) 

Re 2R3 


where im js its mass, A, B, and C are its principal moments of inertia at its 
mass center G, / is the moment of inertia about GP, and R is the distance GP. 
Relative to polar coordinates with G as pole, the surfaces of equal density 

arer = a + e(a)S,(6,6) where (a) is a small quantity whose square is negligible 
and S, is a surface harmonic of second order; the boundary of the matter is 
the surface of equal density given by a = 6. Show that the second term in the 
expression for V reduces to 

ew id d a 

RB de oa) Fi (ate) da | | S2P,(c0s 9’) sin 6 d8 dé 
where 9’ is the angle between r and R. 


7. If the electrostatic potential of a system is given by 


2 


AG? + y® = 299-32 z tant 2 
x 


show that the lines of force lie on the surfaces 
x2 5 yh + 2% = BOy® + 52728 


8. The density at any point of a thin spherical shell of total mass M varies 
inversely as the distance of the point from a point C inside the shell at a 
distance ¢ from its center O. Denoting OP by r and the angle POC by 8, 
prove that the potential at an external point P is 


M ee () P,,{cos 6) 


+ La | 
n=O 


v/ 


Prove that this result can be written in the form 


M fe dx 
Wve [ xi(x? -- 2xr cos @ - yi 


and express the potential at a point inside the shell in a similar form. 


9. Asmall magnet is placed at the center of a spherical shell of iron of radii a and 
band permeability 7. Show that the field of force outside the shell is reduced 
by the presence of the iron in the ratio 


{2-17 (1 a 


Uo a By 


10. 


il 


12. 


14, 
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A nearly spherical grounded conductor has an equation 
= afl © ©P,(cos ] 


where ¢ is small. Show that if a point charge is placed at # == 0, fF -- ¢ *- a, 
the total induced charge is 


Pe Ne 
-= f : ‘(£) | 
c ce} 
A grounded nearly spherical conductor whose surface has the equation 


{ x | 

= aH un Pky 8): 

r ay LP, (cas 9) 
ee 3 


is placed in a uniform electric field E which ts parallel to the axis of symmetry 
of the conductor. Show that if the squares and products of the «’s can be 
neglected, the potential is given by 


E { ‘ 2); rl 
Ea [fc Beale, ~ Gy Putcos 9 


a fon ned \ fayet 
13D (Ferg aeY remo]. 0 


a4 


A spherical conductor of internal radius 4 which is uncharged and insulated 
surrounds a spherical conductor of radius a@, the distance between their 
centers being ¢, which is small. The charge on the inner conductor is E£. 
Show that the surface density at a point P on the inner conductor is 


Efi — 3ecos fj 
4an\e Ba} 
where # is the angle that the radius through P makes with the line of centers 
and terms in c? are neglected. 
A point charge ¢ is placed at a point Q distant ¢ from the center O of two 


hollew concentric uninsulated spheres of radii a, 6 (6 = ¢ >- a). Show that 
the charge induced in the inner sphere is 


Ifa thin plane conducting disk bounded by two concentric circles of radii 
a, 6 is placed between the spheres touching them along great circles in a plane 
perpendicular to OQ, show that if @ ~ c, the charge induced on the inner 


sphere is approximately 
j é 
res (: 2 s) 


A grounded conducting sphere of radius a is placed with its center at the origin 
of coordinates in a field whose potential is 
Ea 
b= S AyP,(cos 9) 

a 

n=l 
Determine the charge distribution induced on the sphere, and show that the 
total induced charge is zero. 
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Prove also that there is a force acting on the sphere in the direction 4 -< 0 
of amount 


a 
af 


tn - DAA, 3?! 


ae 


Deduce the force on the sphere if the initial field has intensity components 


2x) Ey Ez 
E, --e(1 2), Epes Eso 
a! a a 


at the point (x,s,2) referred to rectangular Cartesian axes, E being a constant. 

15. That portion of a sphere of radius ¢ lying between 6 - 2 and 4 - 7 ~ x is 
uniformly electrified with a surface density o. Show that the potential at an 
external point is 


a@ \ 


fa. 2 1 : : oe (: ait F Li 
4aac le COS % +: ee ee (cos 4) — Py, 4 (cos x)] | ‘an (COS yi 
t 


16. V(r,9,9) is the potential of an electrostatic field in free space due to a given 
charge distribution. If there are no charges within r < a and if the volume 
r« ais then filled with a homogeneous dielectric of dielectric constant « 
prove that the potential functions inside and outside the sphere become 


fl 


2 a1 
Ve = —— veri) —§ — | rrveigydt orca 
I ue TP Jo 
ae «e-ln e--t uf! be : 
al V(rf,d) — ——-+~ ViuOd) - ae "F(t Od) dt r>a@ 
ka @ i& > ade 


where # -= «ifx + I)anda = ar. 


17. A sphere of dielectric consists of a spherical core and n ~ | concentric layers, 
the radii of the boundaries being a,, a), .. . ,@,. The dielectric constants in 
the # regions are ky, ks, . . . , &,, Where each is constant throughout the 

corresponding region. Write down the equations which determine the 

potential at any point when the sphere is placed in a uniform field of electric 
force. 
Deduce that when a sphere of radius @ in which the dielectric constant k(r) 

is a differentiable function of the distance r from the center is placed in a 

uniform field, the potential at any point may be expressed in the form 


Ar) = ABU} cos 8 


where 6 is the angle between the radius through the point and the direction of 
the field and Atr), Bir) satisfy the differential equations 


dA 1dB 0 dkA) 2 d{kB) | 


dr Pdr ae de ae 


together with certain boundary conditions which should be stated, 


18, A solid sphere of radius a is composed of magnetizable material for which the 
permeability at the center is 4 and at the surface is unity. When the sphere is 
placed in a uniform field # in the direction 6 = 0, the scalar potential inside 
the sphere is of the form (4r -- Br*) cos 4. where 4 and B are constants. 
Find the permeability at distance r (<a). 


19, 


21. 


22, 
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Show that at a point on the diameter of symmetry the magnetic induction is 
of magnitude 12aH/S(a — r). 
Show that the potential at eaternal points due to a laver of attracting matter 
distributed over the surface of radius a with surface density S,, is 
Ana 
(Peon ae 
where S$, is a surface spherical harmonic of degree n, 


Show that a distribution of matter of surface density kz* over the hollow 
sphere r — a produces a potential 


4n kat 4x kah(227 — 
aie 1s 
in the surrounding space. 


A uniform hollow conducting sphere of radius @ and conductivity ¢ and small 
thickness ¢ has two spherical terminals of radius r and infinite conductivity 
with their centers at opposite ends of a diameter of the sphere. The terminals 
are maintained at a constant potential difference V. Show that the current 
which passes is 


1) 


Current flows through a medium of uniform conductivity ¢ between two 
nearly concentric splieres of radii b, a (b > a) whose centers are a small 
distance sa apart. The potential difference between the electrodes is Vp. 
Prove that the current density at the outer electrode is 


oVoa | 3ah*e cos 6} 

(b ab | bt @ | 
where ? is the angle between the line of centers and the radius vector to the 
point where the current density is specified. 
A uniform infinite metal sheet of conductisity 7, contains a spherical inclusion 
of radius ¢ and conductivity ¢,, The current enters the medium by two small 
electrodes of radius 4, whose centers are On a diameter of the sphere at equal 
distances b .» a from the center of the sphere and on opposite sides of it. 
Show that the equivalent resistance is 

* fo \An+3 
refi A 


> Qn - »(§) An| + 00) 


5, — Sg 


2(n lay + Qn + Day 


ry 


ine, |b 
where Ay = 


A nonconducting plane Jamina bounded by two concentric circles of radii 
a, and ay (a, ° dy) is charged with electricity to a uniform surface density 7 
electrostatic units and made to rotate in its own plane with constant angular 
velocity @ about its center. A soft iron sphere of radius 6 (6 << a\) and 
permeability sis placed with its center at the center of the lamina. Find the 
magnetic intensity # at the center of the sphere, and show that at a great 
distance from the sphere the field of the sphere is the same as that of a dipole 
of moment 

2rowoba, 


cle ~ 


— ayn — 1) 
2) 
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A sphere of radius a is fixed in a perfect incompressible fluid which is flowing 
past it in such a manner that at a great distance from the sphere the velocity is 
constant. A colored particle of fluid is started upstream at a point which lies 
on the axis of the system, and its motion is observed. If, while the particle is 
upstream, its distance changes from 2, to 2, (measured from center) in time T, 
show that the maximum value of the velocity of slip on the sphere ts 


37 
IF {Z| — 2 


\ Bal, ~ Za) 
aw) > alzy~ 24) 
A uniform solid sphere of radius @ and mass M is surrounded by perfect 
incompressible fluid of uniform density p; the fluid is enclosed by a spherical 
shell of radius 6 concentric with the solid sphere. The system is set into 
motion by an impulse applied to the shell, the initial velocity of which is V. 
Prove that the initial velocity U of the solid sphere is given by 
{ 2npaXi2a? ~ Hy), 2npatb 


0 3 aA Ba 


A sphere of radius a moves with velocity U in a liquid of which the only 
boundary is an infinite rigid plane. If the liquid is at rest at a great distance 
from the sphere, show that its kinetic energy when the sphere is moving 
normal to the boundary is 


al Bs 
nu? {— = ari 

(3 8d?) 
where d is the distance of the center of the sphere from the plane and terms of 
order a'/d" are neglected. 


A plane annulus of matter is bounded by concentric circles of radii a and 
bib > a) and is of constant surface density 7. Show that its gravitational 
potential at a point on its axis at a distance z from its center is 


salt 


- yb — (a = 2%} 


Obtain an expression for the potential at a point distant r (-a) from the 
center. Show that the direction of the attraction at a point in the plane of the 
disk distant r (-- a) from the center is in the plane of the disk, and obtain an 
expression for its magnitude in the form of an infinite series. 

The potential near the origin of a distribution of matter on a circular plate is 
given by the series 
S Aye"P,(cos 8) 
=D 


Show that the surface density at a point of the plate is 


i O35 4 ee ees | 
7 a gS Ag? a Ast | 
Show that if r = a? +: x? — 2ax cos &, 
ee eat 
ja? x — 2axcos Hi! ex Ar, r 


and hence expand the expression in ascending powers of I/x. 


30, 


31. 
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34, 


LAPLACE’S EQUATION 203 

A line charge of density 4/x* is set along the x ais extending from xf to 
x = «, A grounded conducting sphere of radius a@( {) is placed with its 
center at the origin. Show that the surface density at any point (¢,4} on the 
sphere is 


k NO 1a@ 
cee al 2. P.icos 8) 
4na ar Ba ES 
am 


A sphere of soft iron of radius @ and of uniform permeability » is placed with 
its center at a point on the asis distant 4 from the center of a circular coil of 
radius c carrying a current 4, If @-: 6? c?, show that the field at the 
center of the coil is 


Salt " > (@ ~ 1A, ( ye 4 
je 8 @ 


H— Iya — I)! bret 
eo b 
where An > op rear 


The functions #(r) and ,(r) are determined by the conditions: 
(i) ».(r) is harmonic and regular outside the sphere S, ¢ ~<a, and 
y(t) ~ oll) as r -- ~, where y,(r) is harmonic; 
Gi) ,(r) is harmonic and regular inside Ss: 
(iti) yr) - ytdr), and p¢ ey,/ vary > pol 
where #, and #2 are positive constants. 
Proye that 


vedt) = volt) ~~ 2k) 8 vo F) af 


rp 
yd) ~ Ikyg(t) - kl — 2k) | yg(Ae-O-Y di 
20 


where & - Holey i fa) so that 0-2 k 


A magnetic sphere of radius @ and permeability 1 is placed at the origin in a 
vacuum in which the undisturbed magnetic field has potential V,(x,¥,2), a 
homogencous function of degree # in x, 4, and 2. Show that the potential 
of the disturbed field is given by 

Qn = 1 


———— F,Ax,3,2 pla 
He Me 


ry — Deer : 
[ aya Vlene) or >a 


gs 


A magnetic dipole of moment sz is situated in a vacuum at a point with 
position vector f outside a sphere of radius @ and permeability . Show 
that the magnetic potential in the interior of the sphere is 


AHN) dh 


2 m(r-f) #- |] fimet¢r - f) 
vod |r -€fP te - IP |, ve —4P 


and determine the potential at an external point. 

The irrotational steady flow of a perfect fluid is symmetrical about the ~ axis. 
If @ = (* - 2*)}, show that the components of fluid velocity in the directions 
of x and &, respectively, can be expressed in the form 


204 


35, 


36. 


37. 


ELEMENTS OF PARTIAL DIFFERENTIAL EQUATIONS 


where the function (called Stokes” stream fiction) satisfies the partia 
differential equation 
@ gl ey 
Ox ( 


© @x 


Show that the stream function 


U ers 
yw. —O8 ~ sin? go 
2r 
where (r,0) are spherical polar coordinates, determines an irrotational flow 
outside a rigid spherical boundary r -- a, the velocity at a large distance being 
uniform and of magnitude U, and that 
SUF 
“ pum 2 p2) cin? 
¥ te (@ r?} sin? 6 
determines a flow inside the same boundary. Find the vorticity in the interior 
flow. 
Show by considering the continuity of velocity and pressure at r = @ thai 
the two flows can coexist in the same liquid without a rigid boundary at r = @ 


Prove that the equation satisfied by the stream function in cylindrica 
coordinates (x,%), with the x axis as axis of symmetry, is transformed by the 
conformal transformation 


2=x+id = f(0, G+ iy 


afl ay 2/1 ay 
als) Rar be ) =0 
85 \ 6) of oul a Cy} 


3U6*%(cosh £ ~ sinh? £ log tanh 4£) sin? 
a Py, ab 6 


edee. gee 
a a 


into 


Show that 


y= 


where X | i® = ecosh(s — i) 


satisfies all the conditions required of a stream function which describes the 
flow when a prolate spheroid of semiaxes a ~ ¢ cosh £4, 6 = sinh £9 moves 
with constant velocity U in the direction of its axis of symmetry through 
unbounded liquid otherwise at rest. 


If a conducting medium has the form of a circular sheet of radius 6 and small 
thickness f, and if the electrodes are coplanar circles of small radii @ with thei 
centers at the ends of a diameter, prove that the resistance between the 
electrodes is approximately 


Two sources each of strength #7 exist at the points z = =e (c real), together 
with a sink —2m at z ~ 0. Determine the complex potential of the fluid 
motion on the assumption that it is two-dimensional, and prove that the 
streamlines are the curves 
G8 + PY = kot — 

where / is a real parameter. 

Show also that the fluid speed at any point P is 2mc*/ryrors, where ry, ry, and 
¥3 are the distances of P from the sources and the sink. 


YP — 4xy) 


38. 
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Four equal circular perfectly conducting electrodes of small radius are placed 
with their centers at the corners of a square of side @ in an infinite sheet of metal 
of thickness and uniform conductivity One pair of opposite corners is at 
one potential, and the other pair at a different potential: show that the 
resistance between the pairs is 


log = 
Qrot “FO. 3 


Show that the streamline that touches a side at the middle point leaves the 
electrode at an angle tan! } with the side. 


A line source is in the presence of an infinite plane on which is fixed a semi- 
circular cylindrical boss of radius a, the line source being parallel to the axis of 
the boss. If the source is at a distance ¢ (>a) from the plane and the axis of 
the boss, find the velocity potential of the fluid motion. Show that the radius 
to the point on the boss at which the pressure is a minimum makes an angle 6 
with the radius to the source, where 


tan @ 


A long circular cytinder of radius @ is fixed with its axis parallel to. and at a 
distance c from, an infinite plane wall. The space outside the cylinder is 
filled with liquid, and there is a circulation « about the cylinder. Prove that 
the resultant of fluid pressure on the cylinder is a force toward the wall of 
magnitude 
Kp 
4ny 


A cylinder whose normal section is the ellipse xa? - \*/b* = 1 moves in an 
infinite fluid at infinity, Find the appropriate » functions when; (a) the 
cylinder is rotating about its axis with a constant angular velocity m; (6) it is 
moving with a constant velocity of translation perpendicular to its axis; 
(c) the cylinder rotates with constant angular velocity about a line parallel to 
the axis and passing through the point (x), ty). 

If at any moment the axis of rotation is transferred from the axis of the 
cylinder to the paralfef line through (xo,¥_) without altering the angular 
velocity, show that the increase of the kinetic energy of the fluid is 


dapw*(a?xi ~- b7y3) 


per unit length of axis. 


A uniform stream of incompressible perfect liquid is disturbed by an infinite 
strip placed broadside on to the stream; the stream is in the direction Oy, and 
the strip occupies the region py = 0, |x| <a. By using the transformation 
@ = 2% — @®, or otherwise, find the w function for the disturbed motion. 


Prove (a) that the velocity at a point on the axis Oy ts 


ane 
a) 


where Vis the velocity of the undisturbed stream, and () that the equation of a 
streamline is 


where 4 is a constant. 
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Show that the transformation: © — } maps the part of the = plane to the 
right of the parabola x on the part of the ¢ plane to the right of the 
line £ ue 

Hence, or otherwise, show that the complex potential 


w Gb roy oe 


is compatible with the parabola as boundary and represents a flow which is 
uniformly in the --x direction, as x - ~~ %, in the presence of the parabolic 
obstacle. 


Show that the transformation # ~ sin (vz/2a), where > = x ity wm we ity 
transforms the region S in the z plane, defined by a ‘a, yo Q, into 
the upper half of the w plane. State which portions of the « axis correspond to 
each of the three lines bounding S. 
Show also that the transformation w -- log {@ - Di 1)} transforms the 
upper half of the z plane into the infinite strip 0 <r = 7 of the plane, 
Deduce, or show otherwise, that the imaginary part of 


Vo sin (72/2 1 
" [seeeee i 


satisfies Laplace’s equation in the region S and is equal to zero on the infinite 
boundaries and to V, on the finite boundary of S. 


Show that the conformal representations 7 - ¢ and — cosh w2/ can be 
used to map an infinite strip of width 4 in the = plane and a semi-infinite 
strip of the same width in the z plane, respectively, onto the upper half of a 
# plane. 

Find the velocity potential in a semi-infinite strip bounded by x -- 0,4 — 0, 
vf due to the existence of a source at the origin from which a volume a1 
of liquid flows into the region per unit time. 


Two semi-infinite conducting plates y = 0, x « 0 and y — a, x <0 are at 
potentials O and V, respectively. Show that the electrostatic field in their 
neighberhood is given by the complex potential function w, whose real part is 
the electrostatic potential , where 


Quz 2aiw 2r 
- -— exp 
a V, Ve 


Soe Bit 
Prove that the line of force passing between the extreme edges of the plates has 
the form of a cycloid. 


Show that the domain outside the circle |Z] - @ in the Z plane is transformed 
into the domain outside a circular arc of equal radius in the z plane by the 
conformal relation 


2. 
= aerte 


Z — iae’* ) 
Ae 


where the circular are subtends an angle 4x at its center, Show also that 2/7 
tends to sin x at infinity. 

A cylinder whose section is the above circular arc is placed in a stream of 
fluid in which the velocity at a great distance from the c\linder is V. This 
velocity is perpendicular to the generators and makes a positive angle jf with 
the radius from the center to the middle point of the arc. If in addition there 


48. 
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is a circulation & round the cylinder in the positive sense, show that the 
complex potential « can be derived from 


= Vsiny (Ze ) og z 


Zz 2a 
by eliminating Z between this cquation and the above relation. 

Prove that the velocity at the upper edge is finite when, and only when, 
ko» QmaV (sing sin (22 - jy. 


In the conformal transformation 


aand ¢ are real and positive, and ¢, z are connected with ry, 7, 9 by the relations 


 ioooe * Ss (2) eft, eg ery ei8 
4 a Pa! Pa 6 ro 


where fj, r2 are the distances of the point = from the points ¢ and 
<4 <7, Show that the transformation transforms the region outside 
the figure formed by two minor ares (8 = $7) of orthogonal circles through 
the points z -= ~ ¢, which are symmetrical to the line joining these points, into 
the region outside the circle € - a. 

Hence show that if a conducting cylinder whose normal section is formed 
by these arcs is freely charged with electricity, the density at any point of the 
arcs is proportional to 


Pear eas ar 


where 2, are real numbers such that z, <° z,.;, maps conformally the interior 
of a polygon of # sides with exterior angles z,, in the ¢ plane (¢ = £ + inj) 
onto the upper half of the = plane. What emendations are necessary if a 
vertex of the polygon corresponds to the point at infinity on the real axis in the 
z plane? 

Find the transformation which maps conformally the interior of the semi- 
infinite strip bounded by £ = 0, y =, y = —x onto the upper half of the 
2 plane, 


In the plane of two-dimensional motion, liquid flows from a vessel whose sides 
are defined by 


poet mx =0, yore ~ mx = 0 


where #2 -- tan (x/2). If the internal angle of the vessel is z/#, obtain an 
equation giving implicitly the complex potential of the liquid motion. 


“luid is introduced to the half space z < 0 through a circular aperture r < @ 
of the rigid plane z -- 0, State the conditions to be satisfied by the velocity 
potential in these circumstances, and show that it may be expressed i in the form 


ay ie sin (Sa) , 
0 


r) dz 
where 7 isa constant, Hence determine the components of the velocity at any 
point in the fluid. 
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52. Two axially symmetrical functions 74(p,z), ¥2(p,2) satisfy the conditions 
(i) Wy, = Oz <0; Vv, = 0, 7 2 0 


. o Oy 
Gi) way, and aikiel =a forz=O,p <1 
6z ez 


(iii) yy > 0 as p24 22 + « 


> ayy ‘ _ se 

{iy) rs 0 forz = O,p > 1 

{v) Hey asz-> 
Show that 


Pd ea 
y= [ &A(E)e* (Ep) dé, woe K+ Uz + i EB(e" 2 (Sp) dé 
Jo 0 


where « is a constant and 


[ S[A(S) — BUS) (Sp) dé = « pl 
J0 
| PLAG) + BEM Ee) de =U p <1 
i) 


p 


oo 
| FA(E)\J (Sp) dé = 0 pol 
i) 


Verify that these conditions are satisfied by choosing 


HS asle 4G, yy 880, UAE) 


2g mgt 28 


and that 


[2] 2 [=] aye 
G2 | p=o 87 Jono weed ee + 1) 


Chapter 5 


THE WAVE EQUATION 


In this chapter we shall consider the wave equation 


which is a typical hyperbolic equation. This equation is sometimes 
written in the form 
Cy = 0 


where []* denotes the operator 
e et A -d® 
ox? | oy | az 8 ar 
If we assume a solution of the wave equation of the form 


y= Pp zer" 


then the function ’ must satisfy the equation 
(v2 = A == 0 


which is called the space form of the wave equation or Helmheltz’s 
equation, 


|. The Occurrence of the Wave Equation in Physics 


We shall begin this chapter by listing several kinds of situations in 
physics which can be discussed by means of the theory of the wave 
equation. 

(a) Transverse Vibrations of a String. Vf a string of uniform linear 
density p is stretched to a uniform tension 7, and if, in the equilibrium 
position, the string coincides with the x axis, then when the string is 
disturbed slightly from its equilibrium position, the transverse dis- 
olacement 3(x,/) satisfies the one-dimensional wave equation 


ay 1 ep 
ae? 6? 
209 


ql) 
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where c= T/p. At any point x == @ of the string which is fixed 
¥(a,f) = 0 for all values of ?. 
(6) Longitudinal Vibrations in a Bar. \f a uniform bar of elastic 
material of uniform cross section whose axis coincides with Ox is 
stressed in such a way that each point of a typical cross section of the 
bar takes the same displacement £(x,/), then 
ee 1 BE 
ax? a? 
where c? == E/p, E being the Young's modulus and p the density of the 
material of the bar. The stress at any point in the bar is 


(2) 


o= ES (3) 


For instance, suppose that the velocity of the end x = 0 of the bar 
0 <x < ais prescribed to be r(7), say, and that the other end x = a is 
free from stress. Suppose further that at that time ¢ = 0 the bar is at 
rest. Then the longitudinal displacement of sections of the bar are 
determined by the partial differential equation (2) and the boundary and 
initial conditions 


Gi) ==) forx=0 


Gi) = =0 forx=a 


ag 
(ii) = =0  atr= 0 for 0 < 


<a 


(c) Longitudinal Sound Wares. If plane waves of sound are being 
propagated in a horn whose cross section for the section with abscissa 
X is A(x) in such a way that every point of that section has the same 
longitudinal displacement £(x,r), then € satisfies the partial differential 
equation 


ale 1 Be 
ax \A ax Ce oF 4) 


which reduces to the one-dimensional wave equation (2) in the case in 
which the cross section is uniform. In equation (4) 


(49) 


e= (7) 5) 


where the suffix 0 denotes that we take the value of dp/dp in the equili- 
brium state. The change in pressure in the gas from the equilibrium 
value py is given by the formula 


P —Po= —Cp5 i (6) 
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where po is the density of the gas in the equilibrium state. For instance, 
if we are considering the motion of the gas when a sound wave passes 
along a tube which ts free at each of the ends x = 0, x = a, then we 
must determine solutions of equation (4) which are such that 

o& 

= = 0 atx = Oandaty=a 

ex 

(d) Electric Signals in Cables. We have already remarked (in Sec. 2 
of Chap. 3) that if the resistance per unit length R, and the leakage 
parameter G are both zero, the voltage V(x,f) and the current 2(x,) 
both satisfy the one-dimensional wave equation, with wave velocity ¢ 
defined by the equation 

1 
es 7 
LC M 
where L is the inductance and C the capacity per unit length. 

(e) Transverse Vibrations of a Membrane. Mf a thin elastic membrane 
of uniform areal density o is stretched to a uniform tension 7, and if, 
in the equilibrium position, the membrane coincides with the xy plane, 
then the small transverse vibrations of the membrane are governed by 
the wave equation 

1 ez 
ViZ 355 8 

eC 6 8) 
where z(x,y,0) is the transverse displacement (assumed small) at time ¢ 
of the point (x3) of the membrane. The wave velocity ¢ is defined by 
the equation 
T 


oa 


2 


¢ (9) 
Jf the membrane is held fixed at its boundary I’, then we must have z = 0 
on I’ for all values of #. 

(f) Sound Waves in Space. Suppose that because of the passage of a 
sound wave the gas at the point (x,),z) at time f has velocity v = (u,v,w) 
and that the pressure and density there and then are p, p, respectively; 
then if po, po are the corresponding values in the equilibrium state, we 
may write 


p = pl + 5), P= Po + pos (10) 
where s is called the condensation of the gas and ¢? is given by equation 
15). If we substitute these expressions in the equations of motion 


a) 


shere == 
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and restrict ourselves to small oscillations of the gas, we find that 
ey 
Poa, = -C pg grad s (12) 


Similarly, the continuity equation 
D, 


'P ey 
~~ 7 pdivy=0 
pe PY 
is equivalent, in this approximation, to the equation 
és ; 
oF, + podivv = 0 (13) 


If the motion of the gas is irrotational, then there exists a scalar function 
¢ with the property that 

v= —grad¢ (14) 
Substituting from equation (14) into equation (12), we find that for 
small oscillations 


grad (¢ or cs} =0 (15) 


Similarly, equation (13) is equivalent to 
és 


nk (16) 


Eliminating s between equations (15) and (16), we find that ¢ satisfies 
the wave equation 


1 &¢ 
Vdé => 1 
$ eC er a7) 
(g) Electromagnetic Waves. If we write 
é 
H = curl A, ie cee ee 
c Ot be 


then Maxwell’s equations 


div E = 4zp, divH = 


a . 
af) eee cnH =47 . 1 2E 
c or Cc ¢ ot 
are satisfied identically provided that A and ¢ satisfy the equations 
1A 4c, 1 &¢ 
PA coe ag RS a 
_ eee co” e ce at? ve 


Therefore in the absence of charges or currents ¢ and the components of 
A satisfy the wave equation. 
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(h) Elastic Waves in Solids. If (u,v,w) denote the components of the 
displacement vector v at the point (x,y,z), then the components of the 
stress tensor are given by the equations 
ov re ow) 5 (= eu a) 
éy =) MUNG? dy’ Gz) 

(dw dv du Ow av | ) 


, {ou 
(Fe09.) = A (= 4 


Citar) = (SE + ae 4 oe 7 


where 4 and » are Lamé’s constants, The equations of motion are 


da, | Orn, 7 Ors y= Ou ; 
ox oy az OP Prag ee 


where F == (X,Y,Z) is the body force at (x,y,z). If we write 
F = grad ® + curl b 


then it is easily shown that the displacement vector can be taken in the 
form 


v= grad ¢ + curl 
provided that 4 and satisfy the equations 


Cig) @ 
Fodvg=0, Sh aya 


oF 
where the wave velocities ¢), ¢2 are given by 
A+2, ge nik 
= SS at 
Pp 


Hence, in the absence of body forces, ¢ and the components of each 
satisfies a wave equation. 


PROBLEMS 


1. Prove that the total energy of a string which is fixed at the points x = O,x = / 
and is executing small transverse vibrations is 


Show that if 
y =f(x — et) O<x«<l 
then the energy of the wave is equally divided between potential energy and 
kinetic energy. 
2, Show that 
y = A(p)eivt=ae) 
is a solution of the wave equation for arbitrary forms of the function 4 which 
depends only on p. 
Interpret these solutions physically. 
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A string of length /; - /, is stretched to a tension pc? between two points O 
and A. A point mass m is attached to the string at a point distant /, from O. 
Write down the conditions to be satisfied by the function describing the 
transverse displacement of such a string, and, making use of the result of the 
last problem, show that the periods of possible oscillations of the system are 
given by w(/, + 4)/e¢, where ¢ is any positive root of the equation 


2E1. 2e1, 2k 
cot ak cote ke a pte 
Ath hook p(y + by) 
A uniform stretched string of great length lies along the axis Ox from x = —/ 
tox = 4-0; theend atx — --/is attached toa fixed point, and a particle of 


mass nz is attached to the string at x = 0. A train of transverse waves in 
which the displacement is 


jf ox 
y = acoso (7 +4) 
. c! 


travels along the string from x = + % and is reflected. Show that stationary 
waves are set up in each part of the string and that in particular the dis- 
placement for —/ < x < Ois 


cos 8 (2x 
@ sin x S19 


ly 


z= 


aa “| cos (at — p) 


Cc 


where « = ol/e and 
om 
tap B = — — cots 
cp 


A uniform straight tube of length 2/ and cross-sectional area 4 is closed at one 
end and open at the otherend. A quantity of gas is imprisoned by a piston of 
mass M free to slide along the tube, and the piston 1s in equilibrium when at 
the middle of the tube, The density of the enclosed gas is then o, while the 
density of the atmosphere is p. Show that the frequencies p of the oscillations 
of the piston about its position of equilibrium are given by 


Mp pl 
A 


C 


iu 
= co Cot oa c’p tan 
c 


where ¢, ¢’ are the velocities of propagation of sound in the enclosed gas and 
the atmosphere, respectively, 


A particle P of mass mt rests on a smooth horizontal table, It is attached to a 
point 4 by a uniform heavy string of mass Ti/c? and to a point B by a light 
inextensible string. The points 4 and B are on the table; in the equilibrium 
position 4P = /, BP = a, and the tension of the strings is 7. Prove that the 
normal frequencies p of the transverse vibrations of the heavy string are 
solutions of the equation 

Peo em 
¢ aT 
A uniform inelastic string of length / and line density p lies on @ smooth 
horizontal plane. One end is attached to a fixed point 4 on the plane, and the 
other end is attached to a mass M which can slide freely along a horizontal 
line at a distance / from 4 and perpendicular to the mean position of the string. 
The string is subject to a tension pc. Show that if the system performs small 
vibrations with period 27/p, the equation to determine p is 


P cot 
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Deduce that for large values of the integer the values Of p arc approximately 


: (1 7 “5 ) 


2. Elementary Solutions of the One-dimensional Wave Equation 


We saw in Sec. | of Chap. 3 that a general solution of the wave 
equation 
a W) 
ee er 
is 
y= f(x et) + g(x — et) Q) 
where the functions f and g are arbitrary. In this section we shall 
show how this solution may be used to describe the motion of a string, 
In the first instance we shall assume that the string is of infinite 
extent and that at time ¢ == 0 the displacement and the velocity of the 
string are both prescribed so that 


ay 

y= 9, = = r(x) at? -=0 3) 

Our problem then is to solve equation (1) subject to the initial con- 
ditions (3). Substituting from (3) into (2), we obtain the relations 

a) = FO) +g), ex) == of "O) — 8’) (4) 


Integrating the second of these relations, we have 


I tt 
fO)—ge) =~] eas 


where b is arbitrary. From this equation and the first of the equations 
(4) we obtain the formulas 


1 eo 
fO= a) +f pds 


] fz 
gs) = tna) == | a8) a 


Substituting these expressions in equation (2), we obtain the solution 
nf out. 


[ 
y= hole te) Hae enh tae fad 6) 


eet 
The solution (5) is known as @’Alembert’s solution of the one-dimensional 
wave equation. If the string is released from rest, r= 0, so that 
equation (5) becomes 
y= Hola + ct) +x ~c)} (6) 
showing that the subsequent displacement of the string is produced by 
iso pulses of “shape” y = 4x), each moving with velocity c, one to 
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the right and the other to the left. Such a motion is illustrated by 
Fig. 34, in which the initial displacement is 


o MEO Bcd 
7A0 een |x| “la 
lo No >a 


The motion may be represented by a series of graphs corresponding to 
various values of ¢ as in this figure. Another method of representing 


~a Q a 


Figure 34 


the motion graphically is to construct a surface from these profiles, as 
shown in Fig. 35. 


We shall now consider the motion of a semi-infinite string x 
at the point x == 0. The conditions (3) are now replaced by 


=> O fixed 


y= a(x), a == 1(X) X= Oatt=0 (7a) 
oy 
v=, 3, O i> Oatxr=0 (7b) 


The solution (5) is no longer applicable, since (x — ef) would not have 
a meaning if ¢ > x/e. Suppose, however, we consider an infinite 
string subject to the initial conditions 


ys ¥O), 


ar Mx) att = 
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TAX) ify >> 0 
where Y(x) == - 
ee) Gan) ifx- 0 
r(x) ifx = 0 
and V(x) = - 
oo t(-x) ifx <0 
Then its displacement is given by 
2s : OF tata : 
yes Br + ct) = Hx ~- ct} ral Hae (8) 


| 
; 
j 
i 
i 
Vet 
Figure 35 
so that when x = 0 
a beer 
yHsOen + Yo} + | Made O) 
Ce a 
ar ‘ eae eae 
and a oe AETY (ety oF (cn +L {Met) + VW6—-er)} 


It is obvious from the definitions of Y and V that both these functions 
are identically zero for all values of ¢ and that therefore the function (9) 
satisfies the condition (76) as well as the differential equation (1). It is 
easily verified that it also satisfies the condition (7a). In particular, 
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if the string is released from rest so that r, and consequently V, is 
identically zero, we find that the appropriate solution is 


(Alix cf) + a(x et) a cet 
ee 
| Ei@e tet) fet - x] Xe 


The graphical representation of such a solution is shown in Fig. 36. It 
may be obtained directly from the analytical form of the solution or, 
more easily, from the graphical solution for an infinite string subject to 
an initial displacement Y(x). 

A similar procedure is applicable in the case of a finite string of 


Figure 36 


length / occupying the space 0 << x </ The initial conditions may 
then be written in the form 


re /at rs. 0 


ey 
ver a(x), SAGs 
HQ”) ar (x) 
a= 0 fe Oatys Oand y= / 
or 
and by a method similar to the one above it is readily shown that the 
solution of the wave equation (1) satisfying these conditions is the 
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expression (8), where now the function (x) is defined by the relations 


Y ; if O<x</ 
¥(x) = [rk 
al —x) if -J/<x7 <0 
Yo +2r)= ies in —l<xv<landr= +1, +2,... 


In other words, Y¥(x) is an odd periodic function of period 2/, The 
relation between »(x) and Y(x) is shown graphically in Fig. 37. F(x) is 
defined in terms of r(x) in a precisely similar fashion. 

Tt is well known from the theory of Fourier series! that such an odd 


An ix) 


Figure 37 
periodic function has a Fourier sine expansion of the form 
Y¥(x) = > Non sin (10) 
where the coefficients 7,, are given by the formula 
2) ow (mré 
“in = 5 |, o(é)sin ("*) de (4) 
Similarly V(x) = ms Um SIN (= (12) 
m=1 
al ae 
where te = ; | r(é) sin (7) dé (13) 
20 \ f 


Substituting the results 


LY — ct) + Ya —ct} = Sa Ny SIN (" a) cos (™) 


m=0 
Lifes le< ‘mimx\ . { mret 
seg MOM 3D sin ("sin (™) 


1R. V. Churchill, “Fourier Series and Boundary Value Problems,” (McGraw- 
Hill, New York, 1941), p. 75. 
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which foliow from these expressions, into the solution (8), we find that 
the solution of the present problem ts 


co 


ide > if ecai (2m) cas (me) Ep / y Bs ea (=) de mel) 


/ mC <~ Mm 
(14) 


where 7,, and v,, are defined by equations (1) and (13), respectively. 


m=t 


Example 1. The points of trisection of a string are pulled aside through a distance € 
on opposite sides of the position of equilibritn, and the string is released from rest. 
Derive an expression for the displacement of the string at any subsequent time and 
Show that the niid-point of the string always remains at rest. 

In this case we may take / = 3a and 


Ex 


= Ocx@ 
a 
3a — 24 
7{x) = (Bae 23) 
a 
73” bead) 2a < 
a 


and e(x): 0. Thus the Fourier coefficients are 


2e i/* mx [te NX (" _ max , | 
Ym = i? il, x sin 3g + I (3a — 2x) sin dx -: I, (x — 3a)sin 3a 
18 7 
= Zell s> (—1)") sin Gar) 
and zr, 0 


so that the displacement is given by the expression 


18e ~(-1)" nm, niex neret 
y" 2 Re 3 3a a 3a 
which is equivalent to 
% SI . 2am, 2amx 2uact 
D abe a3 > B sin 3 sin 3a cos 30 


The displacement of the mid-point of the string is obtained by putting x = 3a/2 in 
this expression. Since sin (2a7x/3a) would then equal sin a7, and this is zero 
for all integral values of #, we see that the displacement of the mid-point of the 
string is always zero. 


PROBLEMS 


1. A uniform string of line density p is stretched to tension pc? and executes 4 
small transverse vibration in a plane through the undisturbed line of the string. 
The ends x = 0, / of the string are fixed. The string is at rest, with the point 
x = 6 drawn aside through a small distance « and released at time t = 0. 
Show that at any subsequent time ¢ the transverse displacement ¥ is given by 
the Fourier expansion 


PS as (*) oi (=) ; (=) 
y PHT 8) NT ae aaa ee 
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2. If the string is released from rest in the position 


yee axl Say 


show that its motion is described by the equation 


32e x 1 sin (27 VX On + Neer 
3 Gn + 1 i fi 


y= 


3. If the string is released from rest in the position » = f(x), show that the total 
energy of the string is 


2 , {sax | 
where ky = 7 | feosin (> ) dx 


The mid-point of a string is pulled aside through a small distance and then 
released. Show that in the subsequent motion the fundamental mode con- 
tributes 8/x* of the total energy. 


3. The Riemann-Volterra Solution of the One-dimensional Wave 
Equation 


In Chap. 4 we saw that for Laplace’s equation Viy = 0 it is not 
possible to give independent prescribed values to both y and dy/dn along 
a boundary curve, since if either y or éy/én is prescribed, that alone 
is sufficient to determine the potential function y uniquely. In the 
last section we saw that the corresponding situation for the one-dimes- 
sional wave equation 

Oy = ay 

dx? Oy? 

is quite different; ie., that y and dy/dy can be prescribed independently 

along the line y = 0. We noted previously (Sec. 8 of Chap. 3) that if 

we are given the values of (x,y,z,p,g) along a strip C, then the equation 
ez éz az 

ay ay ( We 5) @) 

has an integral which takes on the given values of z, p, g along the 

curve I’ which is the projection of C on the xy plane, and a simple 

change of variable reduces equation (1) to the type (2). In this section 

we shall use the method of Riemann-Volterra outlined in Sec. 8 of Chap. 

3 to determine the solution of the Cauchy problem 


yet (di) 


Oy Oy 
ae we (3) 
Ow 
v=f&y. z= eeey) on C (4) 


where T is a curve with equation u(x,y) = 0. 
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Suppose that we wish to find the value y(,7) of the wave function py 
al a point P with coordinates (¢,7). Then it is readily shown that the 
characteristics of the equation (3) through the point P have equations 


xt+ypmbay (9) 
and x—y=F—yH (6) 


and we may assume that the second of these lines intersects the curve C 
in the point A and that the first intersects C in the point B (cf. Fig. 38). 
If we let 


Cia e 
Lee ee 
ox® ay? 7 
then, since this operator is self-adjoint, it follows from the generalized 
hy 
P 
A 
! we B c 
= 
i) 
Figure 38 


form of Green’s theorem (Prob. I of Sec. 8 of Chap. 3) that 
| { (wly — plw) dx dy = 4 [Ucos (a,x) + Vcos(ny)] ds (8) 
Dard pee 


= 


é oy aw 
where U=y5 an Pe (9) 
oy ow 
Bs Spek gases 
w ay yp 3 (10) 


C is the closed path ABPA, and © is the area enclosed by it. From the 
discussion of Sec. 8, Chap. 3 we see that the Green’s function w must 
satisfy the conditions 


(0) Lw = 
ii) aie i AP and BP 
(ii an on 


(iii) w= at the point P 
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These conditions are satisfied if we take we: 1. Using this and the 
fact that Ly -= 0, we see that equation (8) reduces to 


( [ 35 r ie [ £08 (11,5) cos (n, »)| ds = al 


On the characteristic PA, which has equation (6), we have 


-| 1 “: E 
COS (17,x) ae cos (”,y) = ee dso 4/2 dx == ~-9/2 dy 
so that 
a oy ay oy 
a Cie cos (n,x) a cos (ny) ds i (= dx a dy) = yy — pp 
P(o.7) 
—— 
Oo A(E~m,0) BiE+,0) 
Figure 39 
Similarly we have 
1 1 = Fo 
cos (1,x) = ee cos (1,)') = Va’ ds == —~-V2dx = V2dy 


along the characteristic PB, so that the value of the integral along the 
line BP is yy ~~ vp. Substituting these values in the equation (11), 
we get 


; le (ep oy 
ipo Mpg a d ry) ds 2 
ye = Apa bv) — 5 i} iG Be Say cos(ny)) ds (12) 
as the solution of our Cauchy problem. 
For instance, if we are given that 
ay 
y= f(x), 7 == g(x) ony =0 (13) 
then if P is the point (&,%), it follows that 4 is (¢ — 9, 0) and B is 
(€ + 9, 0) (ef. Fig. 39). We have 


pa FE) vam f(E +4) 


i, oy Oy 
Me ( a cos(x,n) — a cosiy\)) ds = — a B(x) dx 
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If we substitute these expressions into cyuation (12), we obtain 
dAlembert’s solution (ef. equation (5) of See. 2). 

It follows from the Riemann-Volterra solution (12) that if an initial 
disturbance, either a displacement or a velocity, is Enea near 
the point (xp.¥y), it can influence only that infinite sector of the half 
plane + > yy formed by the two lines of gradient -{ passing through 


Sx 


influence ae 


Ay 


Figure 40 


the point. This sector is called the initial domain of influence of (x9,)'p) 
(cf. Fig. 40), Ina similar way we can construct the domain of influence 
of another point (x;,1;)., and a simple diagram, ¢.g., Fig. 40, shows that 
all domains of influence intersect for» ~ 0. Ina similar way we define 


rd 
Domain a 


PPPs « 


Figure 41 


Ya 


domain of dependence of a point (v,,12) as the set of all points with 

- 0 whose domain of influence includes the point (X21) (cf. Fig. 41). 
It is easily seen that the domain of dependence of a point is the triangle 
cut off from the upper half of the xy plane by the two downward-drawn 
lines through (v2,),) of gradient --1. These lines if produced upward 
would bound the domain of influence of the point (x2.1,). Since we 
do not, in general, consider points with r < 0, i.e., events in the past, 


THE WAVE EQUATION 225 


it follows that it is possible to have nonintersecting domains of depen- 
dence. Consider two points (x,y) and (x‘,+) whose time coordinates 
are equal. If their domains of dependence do not intersect, then the 
displacements at the points will be incoherent: they will be caused by 
initial displacements and velocities which are completely independent 
of one another. 


PROBLEMS 


gr) 


ele 


y~ fQ). 
at a point which is moving with constant velocity 2c(? <1) starting at 
x = Oat » = 0, show that this implies that 


ey 


— pe 
ay =f) — 3s) 


and show that 


4c = oy (3 


where 6 = (§ + WK ~ A), a = 0) — D/L — 7). 


y(n) ] = 4d ~ as (P= ie a) “Fel sg) ['s gly) dy 


2, Using the results of the last problem show that the wave function corresponding 
to a traveling source of sound of frequency p is 


fpr = xfOl_  ipte sol) 


at [xm se - [1-2 


Interpret the result physically. 


3. A function » satisfies the nonhomogeneous wave equation 


Py & oe 
Ox8 
and the initial conditions 
ey 
y= =0 when y =0 
ey 


Show that 
I 
yy) = 5 if f (ac) du dv 
Pas F 


where T is the triangle cut out from the upper half of the wz plane by the two 
characteristics through the point (x,y). 


4, If y.is determined by the differential equation 


px) 
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show by the Riemann-Volterra method? that 
Siftxe a) flix - ary 


{poy 


ee 
fae ar ie nie = 


ay 


prt deltbiady & 
= ahs | ra = 


oro ay ,E 


4. Vibrating Membranes: Application of the Calculus of 
Variations 


We saw in subdivision (¢) of Sec. | that the transverse vibrations of a 
thin membrane S bounded by the curve I’ in the xy plane could be 
described by a function z(x,y,/ satisfying the wave equation 


2 1 @z 
Vic= 2R dd) 
the boundary condition 
pea 0 on [ for all ¢ (2) 
and the initial conditions 
a : 
2=foy, Fae) 1=0 (yes (3) 


The two main techniques for the direct solution of this boundary 
value problem are the theory of integral transforms and the method of 
separation of variables. The first of these methods is particularly 
useful when the membrane is of infinite extent, and the second is 
useful when the boundary curve [ has a simple form. 

We shall illustrate the use of the theory of integral transforms to 
problems of this kind by: 


Example 2. A thin membrane of great extent is released fram rest in the position 
ao fay) Determine the displacement at any subsequent time. 

Here we have to solve equation (1) subject to the conditions 

ww, a0 (a) 
z- fly, ae 

att = O forall (x,y) of the plane. To solve this initial value problem we multiply 
both sides of equation (1) by exp{i(Sx + 410} and integrate over the entire xy 
plane. Then using the results 


tn pe fay Bez 


laa = an de dy 


1 
n 


ne pe. 


a i 


where ZEN) = 5 


1 Cf. Prob. 4, Sec. 8, Chap. 3. 


s(x net? — 1) dx dy 
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is the two-dimensional Fourier transform of Z(x,1.7), we see that equation (1) is 
equivalent to 


PAZ oe es Ae 
“a ~ 2 A)Z 0 (5) 
and the conditions (4) are equivalent to the pair 
dZ 
Z = F(5,N), anand # 
FCS) 7 0 tO (6) 


Solving (5) subject to (6), we find that 
Z = FlEn) cos [te +i. 4 


By a double application of Fourier’s inversion theorem (see p. 128) we have therefore 
] Fae 3 [ wo 


FE) cos Ce(S2 92 )bre We Fw) dE dy (1 


Ze 


5) 
“J my OO 


so that the problem is reduced to two double integrations, the evaluation of F(é,7) 
and the evaluation of (7) (ef. Prob. t and 2 below). 


The use of the method of separation of variables will be illustrated 
in two cases, when I is a rectangle and when it is a circle. 
When T° is the rectangle formed by the lines x = 0, x = a, y = 0, 
y == 6, it is natural to assume solutions of equation (1) of the form 
zee X(x)¥(y ex thet 
We then find, on substituting into equation (1), that 


yoy 
ytypth=0 


showing that the ordinary differential equations for X, Y are 
X"+44X =0, Y" +kY =0 


where ki + kp ke (8) 
We therefore get solutions of the form 
tas Anne Liye om Ray te ket) (9) 


Since z must vanish when x = 0, x = a, y == 0, y == 6, we must take 
solutions of the form 


_ [minx 
z= >A asin (= 
m a! 


MR 


where m, 7 are integers and N 

(10) 

For instance, if 
z= f(x), = = 0 at t=: 0 


then the appropriate solution is 
2cxyot) = >. Ama sin (=) sin (") £08 (Kp) any) 


Mm, 
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where k,,,, is given by equation (10) and the coefficients 4,,,, are chosen 
so that 


fay) = > Ay, Sin (==) sin (=) O<xn<a40K) <b 


De 


ie, Aun = at [re39 sin (2 *) sin (2) dxdy (1) 


The complete solution is therefore given by equations (10), (11), and 
(12). The frequencies of possible oscillations are given by equation 
(10). These quantities are known as the eigenralues of k. It is only 
when & takes one of that set of values that the problem has a solution 
of the form (9). 

When the boundary curve T is a circle of radius a, it is best to trans- 
form to plane polar coordinates r, 6, in which case equation (1) assumes 
the form 


(13) 


and the curve can be taken asr = a. If we assume a solution of this 
equation of the form ; 
-= RRAjO(De=*" 


we find that the functions R, @ must be such that 


alee, 1dR ae 1g 


aor dr “Oa 


showing that the ordinary differential equations for R, 0 are 


PO, 
oa nPO = 0 (14) 
a 1dR ae 
; ete cn ES ah pe = 
and Ge tp ge + (Oe) R= 0 (15) 
The solutions of (14) are of the form 
O =e in 


If the displacement 2(7,9,7) is to have the obvious physical property 
that <7, 6 + 22, 1) = 2(r,9,9, then we must choose #7 to be an integer. 
Furthermore, since for physical reasons we are interested only in 
solutions which remain finite at r = 0, we must take the solution of (15) 
to be of the form 

R=J,(kr) 


where J,,(x) denotes the Bessel function of the first kind of order im and 


Mi 
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argument x.f In this way we build up solutions of the equation (13) of 
the form 
2 =e 5 Aga Iafkryernt i (16) 
mk 


If z vanishes on the circle r = a, then the numbers & must be chosen so 
that 


J,(ka) = (17) 

and we finally get solutions of the type 
222 SF Ajndm(Kmnt) exp {im + ik,,,ct} (18) 
where 4,,, are constants andk,,,, K,,2, . . . are the positive roots of the 


transcendental equation (17). In the symmetrical case in which z is a 
function of r and ¢ alone the corresponding solution is 


27,0) = 3 Ando(knre=i' (19) 


where k,, ky, . . . are the positive zeros of the function Jy(ka). 
For instance, if we are given that 


z=f(r), are att=0 


then the solution of the problem is 
2 = 3 Ando(kur) cos (ky C1) (20) 


where the constants A, are chosen so that 
FY = SATA?) 


From the theory of Bessel functions’ we see that this implies that 


Pa 


a aaa 


f (WJ (knr) ar (21) 


The complete solution of our problem is therefore given by the equations 
(20) and (21). 

Solutions of problems of these kinds relating to vibrating membranes 
with rectangular and circular boundaries can also be derived by means 
of the theory of “finite” transforms. For details of the derivation of 
these solutions the reader is referred to Sec. 19.5 and 19.6 of Sneddon’s 
“Fourier Transforms” (McGraw-Hill, New York, 1951). 

These methods are appropriate only when the boundary curve T has 


t Cf. IN. Sneddon, “The Special Functions of Physics and Chemistry” (Oliver 
& Boyd, Edinburgh, 1956), p. 103. 

'G. N. Watson, “A Treatise on the Theory of Bessel Functions,” 2d. ed. 
«Cambridge, London, 1944), chap. XVIII. 
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asimple form. When I is a more complicated boundary, approximate 
values of the possible frequencies of the system can be found by making 
use of certain results in the calculus of variations. According to the 
calculus of variations,' if the solution of equation (1) in the case in which 
I is fixed is of the form f (x,y) e**?,then the nth eigenvalue 4, is 
the minimum of the integral 


=T i i (2) e (2)} dx dy (22) 


with respect to those sufficiently regular functions ¢ which vanish on [ 
and satisfy the normalization condition 


7 | | 2d dv=1 (23) 
J 
and the 1 — | orthogonality relations 


[ | é¢,, dx dy =0 (24) 
J 


where ¢,, is the minimizing function which makes J equal to 4,,. 
This provides us with a method of determining approximate solutions 
to our problem? If 


2 = palxyretnt (25) 
is an approximate solution of the problem stated in equations (1) and (2), 
then if ®,,...,@, are # functions which are continuously differ- 


entiable in S and which vanish on [, an approximate solution is 
a 
Ply) =X CPO (xy) (26) 
tk 


where the coefficients C!” are the solutions of the linear algebraic 


equations 
aa 


GK, -Ti)GP=0 i= 1,2,...,9 (27) 
j= 
with 04, = 85> | | 0,0, dx dy (28) 
a 
> pp . f ffe2: 2; A ab, OD,) F 5 
Ba =P I lax dx ~ dy dv} oa ee) 
and the first » approximate eigenvalues k,,k,, ... ,&, are given by 


!R. Weinstock, “Calculus of Variations’ (McGraw-Hill, New York, £952), 
pp. 164-167. 
2 Thid., pp. 188-191, 
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the # positive roots of the determinantal equation 


oyk? — Py oyok® — Tyo oars ok? — Pr, | 
| ogy? — On Ggak® ~ Too aay Go,k® —- Te, | 
=f} (30) 
yk? —Tyy  Onek® —Tyyp 2 Oank® — Pan 


In addition the coefficients must be chosen to satisfy the normalization 
condition 
n 
oS CMCMs,, = 1 Ql) 
ijol 
If the boundary curve I of the membrane S has equation u(x,)) = 
a simple choice of the approximate functions ®, (i= 1,2, . . . ee is 
to take 
®, = u(X,y), @, = xu(x,y), @; == yu(x,y) 
Dy = xu(x,y), O; = xpu(x,y), OD, = yu(x,y), ete. 


The variational approach to eigenvalue problems is useful not only in 
the derivation of approximate solutions but also in the establishing of 
quite general theorems about the eigenvalues of a system. For details 
of such theorems the reader is referred to Chap. 9 of the book by 
Weinstock mentioned above and also to Chap. 6 of Vol. I of “Methoden 
der mathematischen Physik” (Springer, Berlin, 1924), by R. Courant 
and D. Hilbert. 


Example 3. Find approximate values for the first three eigenvalues of a square 
membrane of side 2 

Suppose we take the membrane to be bounded by the lines x = =1, y= 41; 
then we may assume 
P(e ty = 37), By = x) — °K — 97), 3 = CL — 2° — 9) 
and we find that 


25 25 

o a yy = Ogg = oy O12 = Fon = 6; 0 
un 535 22 33 1575 L 23 ‘at 

‘ 256 4 . 3328 a ‘i 

Tusa: Pa = Vos = 1575” 12 = Tag = Ty, = 0 


In this case the determinantal equation (30) reduces to 
(kh? — Ske — 13P = 
so that the first three approximate eigenvalues of the square are 
ky = 435 = 2.236, ky = ky = \ 73 ~ 3.606 


From equation (10) we sce that the exact results are 


5 ,5 
mr2 4, tt 5 


ky 25 = 2.221, 
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PROBLEMS 
1, Show that the solution of Example 2 can be put in the form 
1 fe fe a “(2,p) de dpb 
HYD = 5 [ f ~ wees AL 
one Jo Ja FV OP — (x — xP —(y- fr 


2. A very large membrane which is in its equilibrium position lies in the shape 
ce f(r) (PF = x? = yp). Show that its subsequent displacement is given by 
the equation 


Art) = |“ Efis)e0s (esH dlr) ds 
20 


where re) oe | rf (r)J (Er) dr 
Jo 


3. A square membrane whose edges are fixed receives a blow in such a way that 
a concentric and similarly situated square area one-sixteenth of the area of the 
membrane acquires a transverse velocity v without sensible displacement, the 
remainder being undisturbed. Find a series for the displacement of the 
membrane at any subsequent time. 


4. Amembrane of uniform density ¢ per unit area is stretched ona circular frame 
of radius a to uniform stress sc. 
When ¢ = 0, the membrane is released from rest in the position 
xX == e(a? — r?), where eis small, and r is the distance from the center. Show 
that the displacement of the center at time 1 is 


(§, ) 

cos (E,,¢¢/a 

8ea" > = 
4a1 Sub (En) 


where &, is the nth positive zero of the Bessel function Jy. 
5. Using the approximations 


show that the first three approximate values of the constant & in the solution 
frye, describing the transverse vibrations of a circular membrane of unit 
radius, are 


K, = v6, Ke Ky SMI 


5. Three-dimensional Problems 


In this section we shall consider some of the simple solutions of 
the three-dimensional wave equation 
1 &y 
-a5 w) 
c? Ot 


72 


It is a simple matter to show that this equation has solutions of the form 


exp {i(/x + my + nz + ket)} (2) 
provided that 
Re=P tm 4 GB) 
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Example 4. A gas is contaiued in a cubical box of side a. Show that if c is the 
velocity of sound in the gas, the periods of free oscillations are 
2, 
2a 


CVn ne eB 
where My, Hy, Nz are integers. 

In this ue we are looking for solutions of the wave equation ({) valid in the 
space 0 < (x,1.z) < @ and such that @y/é = 0 on the boundaries of the cube. 


The forint ‘of will therefore be 


A Nyx) {Heit} \ j ign 2 
ple S Abia cos/ 17. ) cos ( Z *) cos ( Pid 
. a amar) a} La a. 


net 
8 [ot ~ AZ sal a ral 


where #1. 73, Ng are integers. It follows immediately that the periods of the free 
oscillations of the gas are 


2a 
CNA nb BB 
In spherical polar coordinates r, 6, ¢ the wave equation (1) assumes 
the form 


ay  2oy , aid ' | Fy 1 ay 
ee sca mg (80 SE + rib og ae 
If we let 
wry § 6) = Lr) Pe (cos Ae =ind= iket (6) 


where ‘'(r) is a function of r and P?' (cos 9) is the associated Legendre 
function, then on substituting from equation (5) into equation (4) we 
find that ‘’(r) satisfies the ordinary differential equation 


ay" ne 
d bs 2 2d¥ an : Dy 4 0 6) 
dr? vr dr r 
Now, putting 
W = 17? R(r) 
we see that equation (6) reduces to 
@R 1dR (jg th 
dP or dr | if Pr po 9 a) 
from which it follows that ifn - } is neither zero nor an integer, 
Rr) = AS, (kr) + BIg (Kr) (8) 


where 4 and Bare constants and J,(z) denotes the Bessel function of the 
first kind of order + and argument z. If on physical grounds we require 
the solution (5) to have the symmetry properties 


wr, I> 78) = 8), 9, 6 + 27) = (7,99) 


then we must take 1 and 7 to be integers. 
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Hence the function 
YI) = IT, (kr) P? (cos Ae int At (9) 


is a solution of the wave equation (4). The functions J .,,,..,{kr), which 
occur in the solution (9), are called spherical Bessel functions.' They 
are related in a simple fashion to the trigonometric functions, for 
it can be shown that if 7 is half of an odd integer 


49\3 
J,(x) = (=) Lf.Cx) sin x — g,(x) cos x] 


(2\3 4 ‘ : 
Fo) = (=) (DP Egua) sin x filo 608 2] 
where /,(x) and g,(x) are polynomials in x~!, e.g., in the case n = 4, 
At) = 1, gi) =0 and for n= 2, f(x) = lx and g(x) = 1. It 
follows from these facts that 


wr) = ¥ ests (10) 
v(r,9) = : sn) — cos (K| cos 6 eet (11) 


are particular solutions of the wave equation (1).? 

The solution (10) is a particular case of a more general solution which 
can be derived directly from equation (1). If the solution of the wave 
equation is assumed to have spherical symmetry, i.e., if y is a function 
only of r and 1, then it must satisfy the equation 


ey 2 ew - 1 ay 


af for oe (42) 
If we put y = ¢/r, we find that 
m6 1 3 
or char 
so that go = f(r — ct) + g(r + ct) 


where the functions fand g are arbitrary. In other words, the general 
solution of the equation (12) is 


1 
pa [f(r -- et) + g(r + et)] (13) 
where the functions fand g are arbitrary. 


11. N. Sneddon, “The Special Functions of Physics and Chemistry” (Oliver & 
Boyd, Edinburgh, 1956), sec. 31. 

2 For applications of the wave functions (9) to electromagnetic theory the reader 
is referred to J. A. Stratton, “Electromagnetic Theory” (McGraw-Hill, New York, 
1941), chap. VIL. 
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The function r4f(r — ct) represents a diverging wave. If we take 
1 i 
é=—flr—- (14) 
ae | al 


to be the velocity potential of a gas, then the velocity of the gas is 
a 1 


so that the total flux through a sphere of center the origin and small 
radius « is 
Ane’, 


= f(y - Of) 


For this reason we say that there is a point source of strength f(s) 
situated at the origin; the expression (14) therefore represents the 
velocity potential of such a source. The difference between the pressure 
at an instant ¢ and the equilibrium value is given by 


as aig 
Pp 0 55 eet (t 7) (is 


Example 5. 4 gas is contained in a rigid sphere of radius a. Show that if ¢ is the 
velocity of sound in the gas. the frequencies of purely radial oscillations are cS,Ja, 
. are the positive roots ef the equation tan = : 

The conditions to be satisfied by the wave function y are that it satisfies equation 
(12), that y remains finite at the origin, and that # -- a/@r ~ Oatr - a. From 
equation (10) we see that the first two of these conditions is satisfied if we take 


sin (Ar 
yA : f et 


where 4 is a constant. For this function 


eiket 


oy 4 [! cos (kr) _ sin (kr) 
ti r 


so that « = Oonr = aif k is chosen so that 


tan (ka) = ka 


The ossible frequencies are therefore given by the expression c. 1 ee ), 
wher Ey, . . . are the positive roots of the transcendental equation 
fay SS (16) 


Similar solutions of the wave equation (1) can be found when the 
coordinates are taken to be cylindrical coordinates (p,g,z). The wave 
equation then takes the form 


ep ley 1 ep | ey 1 cy an 
ep? pep preg * ce? CoRe 


If we write 


v(p.62.0 = RNO(A)Z(zZ)TW 
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e@ see immediately thal the cquation (17) separates into 


PR dR PY 
de r dr 7 (« =) « 9 
ict 22 
a MUD = 0, oe rZ 0, 
dd? dz* 
where nt nD (18) 
We therefore have solutions of the form 
yhpdbct) °F Ceopyeh oo jos (19) 


where y is related to & and through the equation (18), IPA 2 @, so 
that y is real, we can think of the solution (19) as representing a wave of 
amplitude J, (mp)e “”"* moving along the z axis. The phase vclocity of 
such a wave is 


and the group velocity! is 
Pe ae 
y ay Keys k 


Example 6. Harmonic sound waves of period Qxa/ke and siadl amplitude are 
propagated along a circular wave guide bounded by the cylinder pa. Prove that 
solutions independent of the angte variable $ are of the form 


é 
yp vw eilhet» 4o(=22) 
a 


where &,, is a zero of J,(S) and y% =k 
Show that {his mode is propagated only ifk ~ &,fa. 
Since y is independent of ¢, it follows that we must take « =~ 0 in equation (19) 
to obtain 


ye dglenpyetbet 79) 


where 7% A? = Ww. The boundary condition is that the velocity of the gas 
vanishes on the cylinder; Le, 


ay 
z= 90 On pea (20) 
ep 
Since Ji(x) -- J (x), ft follows that this condition Is satisfied only (fw is chosen to 
be such that J(@a) = 0; @ =- S,/a, where £,, § . are the zeros of /,(S), We 


therefore have 


(1) 


where 3? - A? — (S2/a’). 
For the mode given by equation (2!) to be propagated we must have 7 real; 
ie, A oo S,fat 


+C. A. Coulson, “Waves” (Oliver & Boyd, Edinburgh, 1941), p. 130. 
* For the application of the theory of cylindrical waves in electromagnetic theory 
the reader is referred to Stratton, op. cit., chap. VI. 
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The solution (19) is useful in applications to problems in which the 
physical conditions impose the restriction that y must remain finite when 
p+-0. In problems in which there is no such requirement we must 
take as our solution 


ypc, = [AF ap) BY, Capyeht oe (22) 


where }’,(p) denotes Bessel’s function of the second kind! and 4,,. 8,, 
denote complex constants. The most convenient solutions of Bessel’s 
equation to use in this connection are Hankel functions 


Hop) = Lop) i¥,(ap), Heap) =F, (erp) ~— 7¥,.Cenp) 
so that we may write the solution (22) in the form 
yp b20 = LA Ay emp) ~ BA (open es ime (23) 


For instance, in the case of axial symmetry (91 = 0) we obtain 
solutions of the form 


(p,2,t) == lL AH (ap) 


Now for large values of p 


Hil(op) ~ (=) ‘ EE SET “yon be) (25) 


TOP 


80 aS p-* KL, 


y(p.z,t) ag (2 ; ie [4e' HR peepee ice dey Beit inp — ie fn] 
Tp! 


Thus the solution 


yol pict) = Hil (eapye™ foe (26) 
represents waves diverging from the axis p -= 0, while the solution 
WC p.2 1) = Hi Meapye 27) 


represents waves converging to this axis 
In the two-dimensional case (¢/¢z <> 0) it follows from equation (16) 
of Sec. 4 that the analogue of equation (23) is 


Wpybst) = [AAT kp) > BHD (kpye es (28) 

while those of equations (26) and (27) are 
Polp.t) = Hir(kpyet™ (29) 
and vlpt) = Hikpyet™ (30) 


respectively. The functions (29) and (30) play the same role in the 
theory of cylindrical waves as do the solutions (10) in the theory of 
spherical waves. 

'1..N. Sneddon, “The Special Functions of Physics and Chemistry”? (Oliver & 
Boyd, Edinburgh, 1956), p. 105, 
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PROBLEMS 


A wave of trequeney i is propagated inside an endless uniform tube whose 
cross section is rectangular. (a) Calculate the phase velocity and the wave- 
length along the direction of propagation. (4) Show that if a wave is to be 
propagated along the tube, its frequeney cannot be lower than 


efl { 
Min S(= 3) 


where a and / are the lengths of the sides of the cross section. (¢) Verify that 
the group velocity is always less than ¢, Show that the group velocity tends to 
zerd as the frequency decreases to ray. 


Show that the flux of energy through unit area of a fixed surface produced by 
sound waves of velocity potential y in a medium of average density p is 


A source of strength 4 cos (ef) is situated at the Origin, Show that the 
average rate at which the source loses energy to the air is 


pArc® 
8xc 


where ¢ is the velocity of sound in air. 


A symmetrical pressure disturbance py4 sin ket is maintained over the surface 
of a sphere of radius a which contains a gas of mean density pe. Find the 
ity potential of the forced oscillation of the gas, and show that the radial 
y at any point of the surface of the sphere varies harmonically with 
amplitude 


“ (5 — cot ka) 


Air is contained between concentric spheres, the outer being of fixed radius + 
and the inner of oscillating radius a(! - «sin ker), where x is small. Prove 
that the velocity potential of the forced oscillations of the air is 


ca®ke cos x sin(kh — 3 ; kr) 


— cos ket 
sin (kb — p -- ka ~ x) r e 


where x and / are the acute angles defined by tan x -- ka and tan p = kd, 


A rigid spherical envelope of radius @ containing air executes small oscillations 
so that its center is at any instant at the pointr = Asin nt,6 = 0. Prove that 
the velocity potential of the air inside the sphere is 

{coskr — sinkrl 

Cy — >} cos bcos ae 
| kr RP | 
nah 
2ka cos ka — (2 — k*a*) sin ka 


where C= 


Show that the wave equation has solutions of the form 


y — SO8)RUD 
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where 6, ¢, r are spherical polar coordinates, / is a constant integer, and 


{1 fa 1 # bel 
sind (sy sin 9 5) Sno age My S- 0 
fi 2,2 Mit 1 #| 
[eet pa : sR <0 
lr or a 


Verify that the last equation is satisfied by 


(a) fir —et) - or - ct) 
emer ay! E 
Rer,t) r F =) - 


where f and g are arbitrary functions. 


6. General Solutions of the Wave Equation 


In this section we shall derive general solutions of the wave equation 
associated with the names of Helmholtz, Kirchhoff, and Poisson. The 
solutions of Helmholtz and Kirchhoff deal with wave problems in 
which the values of the wave function (r,/) and its normal derivative 
ey/én are prescribed on a surface S. From Kirchhoff’s form of 
solutions of this problem we deduce Poisson’s solution to the initial 
value problem in which y and ¢y/ér are prescribed at time f == 0. 

Suppose that ¥ is a solution of the space form of the wave equation 


a 4. RP = 0 (1) 


and that the singularities of ¥ all lie outside a closed surface $ bounding 
the volume VY. Then putting 

ik\r —e'| 

e 

a 2 

Ir r| (2) 
and this value of ¥ in Green’s theorem in the form of equation (1) of 
Sec. 8 of Chap. 4, we find that if the point with position vector r lies 
outside S, then 

[ hyp ne ele | ofl Fl ABLE) 


en fr--r] [rr] én fe oe (3) 


On the other hand, if P lies inside S, by applying Green's theorem to 
the region bounded externally by S and internally by C, a small sphere 
with center r and radius ¢ (cf. Fig. 23), we find that 


» 2 gikle el ad ee 
five ) e € 7 as ds! 
wot cn fr ~ ¥"| en 3} 
ay pki = £'] 
=m f{(ue — La) etey — 22} = 
ze ae \r - | lr = r| 


and by a process similar to that employed in Sec. 8 of Chap. 4 we can 
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show that the value of the limit on the right-hand side of this equation 
is —474 (r). 

Hence we have: 

Helmheltz’s First Theorem. /f I(r) is a solution of the space form 
of the wave equation VV - k?O whose partial derivatives of the 
first and second orders arc continuous within the volume V on the closed 
surface S hounding V. then 


nip ; 
=| TE EE ea 

0 ifre V 
where ais the outward normal to S. 

Helmholtz’s first theorem is applicable in the case when all the 
singularities of the function I(r) lie outside a certain volume V. We 
now consider the case in which all the singularities of WV’ lie within a 
closed surface S. If we now apply Green’s theorem to the region V 
bounded internally by S and externally by Y. a sphere of center the 
origin and very large radius X, we find, on letling R-» x: 

Helmholtz’s Second Theorem. /f V(r) is a solution of the space form 
of the wave equation whose partial derivatives of the first and second 
orders are continuous outside the volume V and on the closed surface S 
bounding V, if rV(r) is bounded, and if 


(oS ik) > 0 


uniformly with respeet to the angle variables as r-—» &, then 


. Poa ee | V(r’) efit Fl 
| hye’) : (; ) —- a ‘ | as’ 


a Jt cn \ |r --r" ca fr rl 
— {Pa ifr¢e V 
10 ifreVv 


(5) 


where n is the outward normal to S. 

It would appear from Helmholtz’s formulas that the values taken by 
Mand ¢/rn on the surface S can be assigned arbitrarily and indepen- 
dently of each other, By use of a Green's function G(r,r’) with 
singularity at P (see Sec. 7 below) we can express T(r) in terms of ‘1 (r’) 
alone through the equation 


if - 
Wo-_Z F Te’) a dS’ 


so that knowing the value of ¥ on the surface S, we can, in general, 
determine ‘(r) uniquely and, in particular, calculate the value of 
eF/en on S. It can also be shown that if @V'/cn is prescribed on S, 
‘V(r) is in general determined uniquely so that its value on S can be 
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determined. The values of YW’ and 74*/?n on S are therefore related. 
If the functions f(r) and gir) are defined in an arbitrary way, then the 
function 

oiflr~r'l a ihe 


Fn) = alk ic er 


satisfies the space form of the wave equation, but it does not necessarily 
follow that (r’) = gir’), OV/en = far’) on S. 
Similarly in the two-dimensional case by taking 


¥” = HA” (kl — e') 


where ep = (x,y), in the two-dimensional form of Green’s theorem, we 
can readily establish the two-dimensional analogue of Helmholtz’s 
first theorem: 

Weber’s Theorem. /f ‘¥(p) is a solution of the space form of the 
two-dimensional wave equation VV" ~ k®* = 0 whose partial derivatives 
of the first and second orders are continuous within the area S and on the 
closed curve VY bounding S, then 


§ |, (80 Eas ele — er) — HS? le — of) AO! a 


-{ (pe) ifpeS 
ife¢s 


eS 


where n is the outward normal to T. The proof is left as an exercise to 
the reader. 

Helmholtz’s first theorem can be expressed in another way by intro- 
ducing the idea of a retarded value. If y(r’,r) is a function of the 
coordinates of a variable point with position vector r’, then we define 
the retarded value [y] of y by the equation 


' 3 , pen ai 
fyl=y KGS] 4 = |r ry (6) 


where r is the position vector of some fixed point. If 


yr’) = Frew 
then it is obvious that 
ye ce [&Y Aely 
t= wee, [2] = —iket @ 
If, now, we multiply both sides of the equation which occurs in Helm- 
holtz’s first theorem by e™, we find that if the point with position 
! See Weber, Math. Ann., 1, 1(1869), and B, B. Baker and E. T. Copson, ‘‘The 


Mathematical Theory of Huygens’ Principle,” 2d ed. (Oxford, London, 1950), 
pp. 50-S1. 
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vector r is inside the surface S, then that equation can be written in the 
form 


Uy thik  d (ly Ley oe 
Wea ht Or Gi ah (G)- i Ali 4 


which, because of the second of equations (6), can be written in the form 


eee ca 


ch tn Let A Len 


Now an arbitrary wave function y(r,/) can be expressed, either by a 
Fourier series or by a Fourier integral, as a linear combination of wave 
functions of the type ‘Y(rje*"',and since the equation (8) does not 
contain k explicitly, it follows that it is true for any wave function. It 
can also be shown that if the point with position vector r Hes outside 
S, the right-hand side of equation (8) is equal to zero. We therefore 
have: 

Kirchhoff’s First Theorem. /f y(r,r) is a solution of the wave equation 
whose partial derivatives of the first and second orders are continuous 
within the volume V and on the surface S bounding V, then 


1 ( é 3) 42 [2] +4 {2} ; 
a Je\ Wa G)* ame bel tala) 


fy) if Pye V 


~ 10 if Pa) V 


where 2 == |r — r'| and n is the outward normal to S. 

For a direct proof of Kirchhoff’s first theorem the reader is referred 
to pages 38 to 40 of “The Mathematical Theory of Huygens’ Principle,” 
by Baker and Copson. In the case where the singularities of (1,0) all lie 
outside a given closed surface we have: 

Kirchhoff’s Second Theorem. /f y(t, is a solution of the wave 
equation which has no singularities outside the region V bounded by the 
surface S for all values of the time from —x to t, and if asr-> &, 


yn) ~ fern ; 


where f(u), f'( are bounded near u = — x, then 


1p i.e gly 1 ca fey] 1 fey) fur) if P(r)e V 
=| (vie (-)->= [Z| [2] as"= [een 
4a Is ben ch én Ler én}} 0 if P(r) ¢ V 


A! 


(10) 


4 


where n is the outward normal to S. 
We get a special form of these results if we take the surface S to be 
the sphere with equation 


A= |r —rl = cr al) 
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Then at any point of S 

Ty] = yQ".0) -= fer) 
where fis the value of y at ¢= 0. Similarly 
“| _. &y(t’,0) 


étho 


= or’) 


a 


where g is the value of ¢p/@r at += 0. If we substitute this result in 
equation (9), we find that 


x e 
yar) ~ |. lf er (12) 


where S has the equation (11). Now if we denote by the symbol M,( f) 
the mean value of the function f over the sphere (1 1), then 


z: [ ae = MA8) 
ier 
and t{ (Z — 5) ds’ += = LM (pI 


Substituting these on in equation (12), we find that 


vr) = S[M(f)] ~ Mg) (13) 


ct 


is the solution of the wave equation which satisfies the initial conditions 
: ey 
Pafro abs tA (14) 


The solution (12) is Poincaré’s solution of the initial value problem (14). 
Equation (13) expresses Poisson's solution. For a direct proof of 
Poisson's solution see Prob. 2 below. 


PROBLEMS 


1. If yle,e) — Vieje'*"! is a two-dimensional function in which ¥'{e) does not 
depend on ¢, prove that 


eit {ero y. @| [ees 
v(0,7) — [ | eS Te) anf dhe Sees 


| 


if e lies within the closed contour 1’, where p; — |e ~e@' |. 
Show that if we write 


af af ex af ay Of af boy 


dn ax On éy on ; on @p, on 
this result becomes 


i i( a 8 
wet) = 2a f \\an on! J}, 


ds 
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2. Using the principle of superposition, show that if ¢ and F are arbitrary, 
, +f gtr) roe) 
Wt) =~ a | 2 F(: il L) ae 
dnc Jp fr ori \ c | 
is a solution of the wave equation provided r is not the position vector of a 
point of 
Taking Flu) to be et when -¢ «<u «. O and zero otherwise, prove that 
yer) ~ (M(g) 
and deduce that whens - 0, 


preie  eadeg 


3, The function ¥(r,z) satisfies the wave equation, [fattime ¢ = 0, y = 0 for all 
rand 


k On ra 


ay 
er Jo roa 
where & is a constant, use Poisson’s solution to determing the values of y and 
oy @t at any subsequent time. 

Determine the solution also by making use of equation (13) of Sec. 5, 


7. Green’s Function for the Wave Equation 


In this section we shall show how the solution of the space form of 
the wave equation under certain boundary conditions can be made to 
depend on the determination of the appropriate Green’s function. 

Suppose that G(r,r’) satisfies the equation 


ce ce 
ot a. 2 
malate a) Gone’) + G(r) = () 
and that it is finite and continuous with respect to either the variables 
x, », 2 or to the variables x’, y’, 2’ for points r, r’ belonging to a region 
V which is bounded by a closed surface S except in the neighborhood 
of the point r, where it has a singularity of the same type as 
etl 
ais 2 
a Q) 
asr’->r. Then proceeding as in the derivation of equation (4) of the 
last section, we can prove that, if r is the position vector of a point 
within V, then 


err’) 


veo =z a [Gere vey Sot as 


is) 


where n is the outward-drawn normal to the surface S. 
It follows immediately from equation (3) that if Gyan’) is such a 
function and if it satisfies the boundary condition 


Grr’) = 0 (4) 
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if the point with position vector r’ Hes on S, then 


1 a 


by means of which the value of ‘at any point r within S can be cal- 
culated in terms of the values of Y’ on the boundary. 
Similarly if G,(r,r’) is a function of this kind satisfying the boundary 
condition 
eG, 
én 


=O) forr'eS (6) 


then we obtain 
1 f ct aay 


iL aw ee 


Garr’) dS (7) 
a formula which enables us to calculate ¥ at any point within S when 
the value of CY/r is known at every point of S. 

Similar results can be obtained in the case of a more general boundary 
condition (cf. Prob. 1 below) and in the two-dimensional case (cf. 
Prob, 2 below). 

We shall consider the special cases in which the surface S is a plane: 

Green’s Functions for the Half Space z > 0. It is obvious that in 
this instance 

elite] ele —e 


p= - 


where e = (X,),—-2) is the position vector of the image in the plane 
z == C of the point with position vector r = (x,y,z). For this function 
it is easily shown that if the point with position vector r’ lies on I, 
the xy plane, then 

eG, eG, a (e) 

én ez" éz\ RK! 


where R® = (x -- x’? + (y — yp’ + 2. It follows from equation (5) 
that if F = f(x,y) on z = 0, then when z > 0, 


Wy 1 enn , , 
FOxy.2) = — 5 | He XY) pax dy (9) 
oFes 
Similarly it can be shown that 
iéit—s'f eitlP— ry 


Grr’) = (10) 


r—-r 


so that on the plane IT 


Grr’) = 
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It follows from equation (7) that if C’/¢z =- g(x,y) on the plane H, 
then when 2 = 0, 
lf yh 

Tay) 


a ee de (11) 


ni 


Fah 

We shall now indicate how the solution (11) may be applied in the 
theory of diffraction of “monochromatic” sound waves by an infinite 
plane screen which is assumed to be perfectly reflecting but which 
contains holes of arbitrary size and shape. We shall assume that the 
screen lies m the xy plane. and, for convenience, we shall denote the 
holes in the screen by S, and the material screen itself by Sj. If we 
assume that monochromatic waves which m the absence of the screen 
have velocity potential "(re are incident on the positive side of the 


mn 


Ye 


Figure 42 


screen (cf, Fig. 42), then the reflected and diffracted wave produced by 

the screen will have a velocity potential of the form ‘I’s(rje"", and the 
total velocity potential of the sound waves will be I (re, where 

Vor) = EO) SO) (12) 

The boundary conditions of the problem are that, on the material 

of the screen, the normal component of the velocity of the gas must 

vanish, Le., that 
Vs ay 
Ss ~=— on Sy (13) 


ez = 


and that, in cach aperture, the total velocity potential must be equal 
to the incident velocity potential, ic., that 


Wy=0 ons, (14) 
To solve this problem we suppose that on 5, 


(15) 
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If we substitute the value for (¢F's/¢z),_,, obtained from equation (15) 
into equation ( i. we find that 
-tkR 


CZ fv=av 


dx’ dy" 


zl FGA = dee (16) 
Now if we put f(xy’) = 0 in daautian (16), we get the solution 
appropriate to the problem in which the screen has no holes and this 
must yield the velocity potential of the waves reflected by an unper- 
forated screen occupying the entire xy plane. It is readily shown that 
if = > 0, this velocity potential has the space form “’,(p), where 
e = (x,y, ~z) is the position vector of the image in the plane z = 0 of 
the point with position vector r = (x,y,z). Hence if z > 0, we must 
have 


¥O =Ve) +H) — 2 |, PES 


We have still to ensure that the edition (14) is ee To achieve 
this we must chuose f(x,}) so that when (x,7,0) belongs to S, 


ode dy’ (17) 


° ~ ike 
| fey) ax dy’ = 2° F(xy.0) (18) 


where 4 = V(x — xX > Oy) 

Hence when = > 0, the solution of our diffraction problem is given 
by equation (17), where the function f(x,)) satisfies the integral equation 
(18). : 

We can deduce the solution in the case z <0 very easily. If we 
superimpose the solution of the problem in which waves with velocity 
potential ¥(p)e*** are incident on the negative side of the screen, 
we find that the resulting solution [V¥,(r) + F(p)Je*** automatically 
satisfies the boundary conditions (13) and (14). Hence we have the 
relation 

FO) + ‘F(e) = Far) + Fp) 


from which it follows that if z < 0, 


¥(r) = Ric y ry er * ax’ dy’ (19) 


where f(x,y) again satisfies ne een aa (18). 


PROBLEMS 


1. The function G,(r,r’) satisfies (V2 — AG = Oand is finite and continuous with 
respect to x, », Zor x’, yy 2’ in the region V bounded by the closed surface S$ 


except in the nei ROE: Booty. re J} has 3 sinsnjaxit of tbe same 
eHCEIC ME HC HEUICUECE EE GER ee as a singularity of the same 
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type as eft lr — rus By ~r. Tt also satisfies the condition that 
@G,/ én | hG; vanishes on S, # being a constant. 
He Vines a wave function satisfying the condition 
a aw 
i f 
for points on S, show that 
| 
Wir) - x it fiejGore) ds’ 
If G,(9,e) is such that 
a # 
= a Re 
( ex ay? t 


with @ — Gy), @ = (x1) and is finite and continuous in the plane region S$ 
bounded by the curve J’ except that it has a singularity of type H'4'(K je — @’) 
as ep’ > p, and if G, = 0 on 1’, prove that 


if aG 
T@- = [v6 a dS 


If G.(p,9’) obeys the same conditions as G,(9,e’) except that @G./é@ = O and 
* Qon 1’, prove that 
i Be) 
Viaje oS S— Gale,p') ds 
(p) rr [ Fn Gh0,9") ds 
Monochromatic sound waves of velocity potential W@)e%"! are incident on the 
positive side of a perfectly conducting screen in the xy plane which has a small 
aperture S, at the point (0,0,0), The dimensions of the aperture are small in 
comparison with the wavelength 27/é of the incident wave. Show that at a 


great distance r from the aperture on the negative side of the sercer the velocity 
potential is given approximately by 
Wert) — de 7 
i? 
where A oe | f(xy) dx dy 


“Tex 


and 274’ ,(0,0,0) 


Deduce that 4 — C¥(0,0,0) where C is the capacity of a conducting disk 
which has the size and shape of the aperture S,. 
Monochromatic waves of velocity potential Vf)! are incident on the 
positive side of an infinite perforated screen occupying the plane = = 0 of such 
material that the total velocity potential vanishes on the screen, Show that the 
velocity potential 4 “njel**! is given everywhere by 


e@ikR 


Vor) — Wr) — t for) dx’ dy" 
a7 Js, 


where R= Vx = and f(x») satisfies the integral 


equation 


for) > dx’ dy’ = In (x,¥,0) 


Ny 


when (x,},0) is a point of S,, the screen itself, and 2 ~ 4 ar es 
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8. The Nonhomogeneous Wave Equation 
The second-order hyperbolic equation 


Ly ~ f(r, a) 


2 


where L: NS (2) 


2 


~, 


which arises in electromagnetic theory and other branches of mathe- 
matical physics is called the nonhomogeneous wave equation. It is 
readily scen that if y, is any solution of the nonhomogeneous equation 
(1) and y, is any solution of the wave equation, then 


eg (3) 


is also a solution of equation (1). 

Suppose that a function y satisfies equation (I) in the finite region 
bounded by a closed surface S and that we wish to find the value of the 
function at a point P, with position vector r, which lies within S. If 
we denote by 22 the region bounded by S$ and the sphere C of center P 
and small radius «, we may write Green’s theorem in the form 


I, byl ew) dr = ( { + i) ve a2) ds’ (4) 


where the normals n are in the directions shown in Fig. 23. In equation 
(4) we take y(r’) to be a solution of equation (1), so that 


Lie 
Vt) = 5 aa) — FON (5) 


and assume that 


Eee } (6) 


where /' is a constant and the function F is arbitrary. It follows that 
Lé == 0, so that 
1 eg 


VWé= 555 
Clore 


2) 


Substituting from equation (5) and (7) into equation (4), we find that 


sede [ far do de’ 


cf 
=] Leap 8a) 4s 


IT we now integrate with respect to 1 from — <x to ~;- © and assume that 


250 ELEMENTS OF PARTIAL DIFFERENTIAL EQUATIONS 


y, ¢y/et vanish for ¢ -= 1.7, we find. on interchanging the order of the 
integrations, that 

e . Pte os . ha ° i a, oe Py ] : 

Ml dr (| E fad at} = (|. + \) i! oe ae é =I diy dS’ (8) 


It is readily shown that 

AUG? ie Sp Ne gel os MCR 

al (v5 — 62) af as = 4n | enFt — 1) dt Oe) 
(9) 

and that 


[ | i é a dt dS’ 


tr Tf 8 (es Fe) a} co 


Js |r — (Jus tn 


(i in ‘ a dij ds" 


€ 


Poel {” sekibe-- A Ley d 

= [ ae) | » vr) dn |r —r'| oc Ft jr —r| 
_er—rl) fat ST | 
xB el) ay ay 


So far the function F has been arbitrary. Suppose we now assume that 


fuels 
F(x) = ‘ 


2 
[9 otherwise 


HS 
Ui 


Then, using the mean value theorem of the integral calculus, we find that 


[i rene = pHa sles FS oy) 10,1 
so that 
I dr’ ({ “feos ar) = Erle, je = lee 0,1) =a 
(12) 


Similarly, from (9) we have 


{ ie (y= - ot) ar! AS! = Anya, 1° + 991) (13) 


en 
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where ~-1 <¢ 4, << 1, and from equations (10) and (11) we have 


ee ee (rif lu ; oa 5.) 


PLP 3 ee alas 
Js | | $ an a j a i; ir - rl cn (14) 
and 


) 1 ir —r'} | 
9 L 

v) fr --r] en j (1) 
where ~-1 <3, 4, << 1. Substituting from equations (12), (13), (14), 
and (15) into equation (8) and letting 1, > 0, we find, on replacing f 
by ¢, that 


f dr’ 
We) -z. 2 a r| 
1 ff eye 
ral | are fr — + the = ir = aI 
lf) fir= ri) 
fy ee 


where [f] denotes the value of the function f at time ¢—[r ~ r‘[/c. 


(17) 


Because of its physical interpretation [f] is known as the retarded 
value of f, and the expression on the right-hand side of equation (17) 
is called a retarded potential. It will be observed that by a simple 
change of variable in the integral on the right equation (17) can be 
written in the form 
I [ fr sr, t—jriio 
4a Jo ir rl 

The equation (17) may be established by means of the theory of 
Fourier transforms; for a proof by this method the reader is referred 
to Sec. 39.2 of Sneddon’s “Fourier Transforms.” 


dr’ (18) 
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It should be emphasized here that the derivation of equation (17) 
which we have given is not rigorous. Among other things, we have 
supposed the arbitrary function F to be differentiable and have then 
taken a form for F which does not satisfy this condition. In fact the 
final F we have chosen is not a function at all in the ordinary sense of the 
word but a Dirac delta function.’ We shall give a rigorous derivation 
of this formula in the next section. In the remainder of this section we 
shall merely indicate how the solution may be applied to the solution of 
specific problems. 

We saw in Prob. | of Sec. 2 of Chap. 3 that Maxwell's equations of 
the electromagnetic field possess solutions of the form 

H =curlA, E=— ia —- grad dé (9) 
where the vector potential A and the scalar potential 4 satisfy the 
nonhomogeneous wave equations 


LA= i (20) 


L$ = 4p (21) 
respectively. In these equations i denotes the current density, and p is 
the space-charge density. It follows immediately from equation (17) 
that if A, ¢, ¢A/¢i, and ¢d/¢r vanish on the infinite sphere, then 


and 


where the integrals are taken throughout the whole of space. 


Example 7. Determine the vector potential and scalar potential at a point x due 
to a point charge q at the point ry moving with velocity v (ce < ¢). 

We may suppose that a point charge ¢ is distributed uniformly throughout the 
volume of a small sphere of radius «. We may therefore write 


(c= fiw, — pt) = 9/0) (24) 
dry »_,_ kato 
where yo Pia fo ath eae (25) 
( e if |r —r, 
and fo 8 meg 
lo if |r — rol > e 


dnce® Ny lr] 


TN. Sneddon, “Fourier Transforms” (McGraw-Hill, New York, 1951), p. 32. 
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where S is the sphere |r’ ~ ry| < ¢. If we make the transformation 
(2) =A =r = Ty 
in this integral, then since 
a Le Oxq Ct 7 (x’ ~ x)e, 
ex’ ot Ox’ ofr = r| 


> ete. 


we find that for small values of e/c 
ayer) i vi(r —r) 
aye) er —r 


so that 
and 


vz z ato MN) aa dv 

3q \ c 
4ne® Joc |r — ty — Al ~ v°(r — fy — A) 

S having equation |A; = in these coordi- 

nates. Making use of the mean-value 

theorem and letting  -+ 0, we find that 
gry 

cR ~ Rev’) 

where we have written R = rp - 6, =¢ 

— Rie. 

Similarly we have, for the scalar potential, 


= 24 f dh. due dv 


A(r,f) = (26) 


dn Jy cir — ty — A] — V(r — ty — A) Figure 43 
which becomes in the limit « + 0 
og 

¢ =——i__ 2 
cR~ Rv’) (27) 
Jn the nonrelativistic range of velocities ¢ < ¢ we have the approximate expressions 

quit’) q 

A=L—, gdG=t 28 
cR z R (28) 


The potentials given by equations (26) and (27) are known as the Lienard-Wichert 
potentials. 


PROBLEMS 


1. A current is suddenly started at time ¢ = 0 in an infinitely long straight 
conducting wire, and its magnitude at a subsequent time fis i(4). Show that 
at a point P distant r from the wire the vector potential A at time ¢ is zero if 
r > ct but that ifr < ct, A is directed along the wire and has magnitude 


2 f —rie i(t)dr 


6 
2. If f(r) is the limit as « + 0 of the function 
cm al <e 
fl = Ane* t 


) {rl > 
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show that 


Pane, 
ee) 


is a solution of the equation Ly firme 7%, 
3. The D function of quantum electrodynamics satisfies (L iD 0 


and the initial conditions Diy) 0, @A/ér — fry at -- 0, where f(r) is 
the function defined in the last problem, Show that 


ue 
Det) tea ht Fr) 


where the function F(r,r) is defined by the equations 


{Alkler 1)! chor 
4 0 PS et or 


F(r,f) - 
| J lklertr -- r8yt] ct r 


9. Riesz’s Integrals 


It was observed in the last section that the derivation of equation (17) 
of that section was not rigorous. In this section we shall give a brief 
account of a method due to Marcel Riesz which provides a rigorous 
proof of this formula and also of the corresponding two-dimensional 
problem. We shall also indicate how the method can be applied to the 
solution of Poisson’s equation. 

In two short papers! read at the Oslo congress in 1936, Riesz intro- 
duced two generalizations of the Riemann-Liouville integral of fractional 
order. The first generalization associated with the operator 


5h A 
Py(rt) = 7 ‘\, yO )R'! dr’ dt’ (2) 


alah Gn 


where dr’ = dx dy do’, R2=(t—?¢ —|r ~r'j, and D is the 
hypervolume bounded by the hypersurface R ~ 0 and the hyperplane 
t= 0. The time variable ¢ is always reckoned to be positive. 

The fundamental properties of the integral (2) were stated without 
proof by Riesz, but brief indications of proofs of these results under 
conditions sufficiently general for their use in theoretical physics have 
been given by Copson.? If the function y is continuous the integral /"y 
is an analytic function of the complex variable n for R(z) > 2. The 


!'M. Riesz, Compt. rend. congr. intern. math., Oslo, 1936, vol. ii, pp. 45 and 62. 
* E. T. Copson, Proc. Roy. Soc. Edinburgh, 539A, 260 (1943). 


THE WAVE EQUATION 255 


characteristic properties of the Riesz integral (2) are expressed by the 
equations 


PP Pony G3) 
LP ty Phy (4) 
If yp and ¢y/?r vanish when ¢ = 0, then 
PHL a Ps (5) 
hay ryey (6) 


Comparing equations (3) and (4), it appears that, in some sense, the 
operator L is ~* 

In the particular case » = 2 it can be shown by simple changes of 
variable that 


| ar—r,t— ri} ,, 
pees (Mea, (7) 
4; | ir 
where the integration is taken over 0 < jr] < 1 
As an example of the use of these results we consider the problem of 
solving the nonhomogeneous wave equation 


ly=fan  1>0 (8) 


subject to the initial conditions y = ¢y/?i =O at t= 0, it being 
assumed that f and cf/er are continuous. It follows from equation 
(5) that 

Py = Peer 


Lf, now, we let 7 -> 0 and make use of equations (6) and (7), we find 


that 
@ir.i ir), 
p= lf: zit 7 ED as 0) 
in agreement with earak (18) of the last section. It will be observed 
that this is precisely the solution we should have obtained if we had 
interpreted L as /-* and proceeded symbolically. 


For the corresponding two-dimensional problem associated with the 
operator 


a, 
L=m7Vi (10) 
cf 
Riesz introduced the integral 
l [ ~ 
n ect “\RE-3 dv! dy’ dt’ HW 
Ti yp,t) ial — 1) D Jy PP PYRE dx’ dy’ di al 


where e denotes the plane vector (x,y), 


Ri=(t—1r'yP —jp — ef 
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and D, is the volume in the xy’ space bounded by the plane ?’ =: 0 and 


the cone 
Ip- pl- -G- 7) 
This integral has the propertics 
TT y sb %p 
Lilt fy Ly 


lim Jy = y 


(12) 
(13) 
(14) 


from which it follows that a solution of the nonhomogeneous two- 


dimensional wave equation 
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hi o=-— FS ee Ea LAI 
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The second Riesz integral, associated with the operator V* 


by the equation 


Ta= sy p ve) 


J y(r) Se Pan) « | \r- rp hn 


(15) 


(16) 


, is defined 


(17) 


the integration being taken over the whole of space. If y is a continuous 
function such that J”y exists in a strip 0 < R(v) << & of the complex 


a plane, then 
PY yy = pny: 


vey Ly oe iy 
lim J’y = y 


wn 


(18) 
(19) 
(20) 
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Thus if we have to solve Poisson's equation 
V2y(r) = —4rp(r) 


then operating on both sides of the equation by J*** and letting 1 ~-- 0, 
we find that 

wr) = 4zJ* p(r) 
which from equation (10) becomes 
fel’) dr’ 
J ofr 


yr) = (21) 


PROBLEMS 
1, Show that the solution of the equation 
(Lt RWB = f0r,0 
with y = @/ée = 0 when r = 0, can be written symbolically in the form 
yr) = 3 (= 1yergey 
Deduce that e 
Lf feye—|p—epdr kf few) 


(1) ~ an | lr —r' 47 Jy R 
JP d 


yk R) do’ dv’ 


where R? = (¢ ~ ’)? — |r — r'f?, Vis the volume for which 0 < 
and D is the hypervolume bounded by R = 0 and #’ = 0. 


r—r[<y 


2. Show that the solution of the equation 
(Ly — Kyle.) = f(,9 


with y = ¢/¢r = 0 when r = 0, can be written symbolically in the form 


yet) = > RUF Fle) 
r= 


Deduce that 
cosh(k R,) 


1 
v0.0 = 5 80) pe dx! dy’ dt’ 
2a i 


where R} = (t — 1’)? — |p — 9’? and D, is the volume in the x’y’t’ space 
bounded by the plane r’ = 0 and the cone Rj = 0. 


10. The Propagation of Sound Waves of Finite Amplitude 


The problems of wave propagation which we have been considering in 
this chapter have been concerned with linear partial differential 
equations. We shall conclude this chapter by considering an important 
nonlinear problem, that of describing the motion of a gas when a 
sound wave of finite amplitude is being propagated through it. We 
shall consider only the one-dimensional problem, since it lends itself 
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to a simple linearization procedure and provides a useful illustration 
of the use of the Riemann-Volterra method and of a complex variable 
method due to Copson. Even this simple problem has important 
applications in aerodynamics and astrophysics. 
The one-dimensional motion of a gas obeying the adiabatic law 
p= kp (1) 
is governed by the momentum equation 


ap tea tem =0 (3) 


If we introduce the local velocity of sound ¢ through the relations 


dp 
a kyp 4 
cae au: (4) 
we find that equation (2) becomes 
bs u ie }- me = =0 (5) 
ct x oy—lex 
and that equation (3) becomes 
2 fee ce cu 
? rile tur) ie (6) 
If we let 
PS . flu, = : - du (7) 
ye ao nd 
i.c., if we put 
c= hy — Dir +5), u=r-s (8) 
then the equations (5) and (6) reduce to the pair 
fete +pyta0, S-osepnl =o (9) 
ct x ct ON 


where # = My + 1), 2 = My — 3). 

The quantities r and s defined by the pair of equations (7) are called 
Riemann invariants. If one of the Riemann invariants is a constant, 
then one equation of the pair (9) is an identity, and the other is a first- 
order equation of Lagrange type. by means of which the other invariant 
may be determined. The gas flow corresponding to the solution so 
obtained is called a simple wave. For instance, if r is constant, then 


N+ (as + Bryt = f(s) 
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where the function fis arbitrary, and if s is constant, 


Wm (arb psy gtr) 
where g is arbitrary, 
Riemann showed that if r and s are taken as independent variables. 
the problem can be linearized. If x. and / are expressed in terms of r 
and s, then it is readily shown that 


where J = ¢(r,s)/7(x,). If we substitute these expressions in equations 
(9), we find that these equations may be written in the form 

; ‘ . 

a= [x — (ar + psy] + pr 0, = Ly = (os + pir) — pre 0 
s er 


>> 


from which it follows that these equations are satisfied if we express the 
original independent variables v and / in terms of r and s by the 
equations 


Xo (ar jis)P = Se «£8 (as 0 Bryt = — ] (10) 
aa cs 


where the function ¢ satisfies the equation 


oe ( a : rf) =0 (1) 
PEER. OPE BVT | O88 
in which Nees ate co ee i 
in whic arene tases (12) 
2N 1-3 
so that p= WT i (13) 


If N is a positive integer, a solution of equation (11) can be obtained 
in closed form. Consider the expression 
is av—d fv) 
1 er TG +s5)* 
where the function f(r) is arbitrary. By direct differentiation it is 
readily shown that 


Now if we write 


Oo 2 Af 0 


wee ex pot (rhs) 


(rosy ae spot 
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and make use of Leibnitz’s theorem for the nth derivative of a product, 


we find that 


FO) fy 


(r cat 


LW” 
i (r= spt 


=(r > Slam 


Ss) er’ (r + sys 


from aa it follows that ¢, is a solution of equation (11). A similar 
solution can be obtained by interchanging rand s. We therefore have 


oe evel 5 
o(7,5) = He ie ree (14) 


Grr at sy Gs" 


where f(r) and g(s) are arbitrary, as the solution of the linear equation 


AS 


(13) in the case in which N is a 
positive integer. In the case N= | 
we have the simple solution 
f(r) + gis) 


rers 


P Hrs) =" 


For general values of the con- 
stant y, NV is not an integer, and 
so recourse has to be made to 
some other method of solution, 

¢ such as the Riemann-Volterra 

r method. It follows from the 

analysis of Sec. 8 of Chap. 3 

Figure 45 that, in the notation of Fig. 45, 
the solution of equation (11) is 


ae HW ( [» 
by dp B Jap | 


fed ON ahd _ few Nw | 
trae |e te ale] 


PE sey 


where ¢, ¢4/¢r, and @4/é@s are prescribed along a curve C in the rs plane 
and the Green’s function w(r,s;r',s’) is determined by the equations 


(i) 
(ii) 
(iii) 


(iv) 


ew ef ow j ef w 
ma ae Male) 
cor cs crir +s cs \F +S: 


cw : 
ae w when s = s 
cr 


cw N P 
<= wo whenr =r 
cs ros 


wee l when r =r ands =s 


It can be shown that 


where 


rts’ 


weir’ sy=(— * Fl —~N,N;1; 8) (15) 


mie _ rs =e") 
(r = sr + 5’) 


a 
N 
a 

— 
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An alternative method of solution has been devised by Copson,! using 
the theory of functions of a complex variable. It is easily proved that 
the function 


is a solution of Riemann’s equation (11). Furthermore if r and 5 are 
real and N is not an integer, this solution is an analytic function of the 
complex variable z, which is regular if the = plane is cut along the 
segment of the real axis which joins the points 0, r, —s. We may then 
consider the branch of this function which is real and positive when = 
is real and greater than 0, r, and —s. Therefore, if f(z) is an analytic 
function which is regular in a region containing the real axis, and if C 


c<] 
is a simple closed contour surrounding the cut, then 


r er de: ) dz 
ee rye sy* 
is also a solution of the partial differential equation (11). Substituting 
this expression in equations (10), we find that 


(7,5) (17) 


x — (ar ~ ps)t 


(18) 


XA (as SP (19) 


from which it follows that 


Pon yee _ : 

( ") Ini ee —r—'(z + sy" 

Now in a state of rest the velocity u is zero so that r =». Hence if 
the solution (17) is to represent a motion of the gas in which the initial 
state is a state of rest, the function f(z) must be chosen to satisfy the 
integral equation 


where I’ is a simple closed contour surrounding the cut [R(=)| It 
is readily shown that this implies that f(z) is an even function, and 
conversely. 

Suppose that when f = 0, x => x9(r); then equations (18) and (19) 
show that 


se N [ PAG (2) de N [ f(z) dz 
aly a @— ASG rf tide (@— PGE  P 
from which we obtain by addition the symmetrical expression 
Spa iN f(z) dz 5 
= 5 |, eae (20) 


E. T. Copson, Proc. Rey. Soc. London, 216A, 539 (1953). 
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Equation (20) can be regarded as an integral equation for the deter- 
mination of f(z) when .v,(r) is known. Copson has shown that the 
solution of this cquation is 


SNf(c) = 2 | He PY a xr) dr (21) 


provided that x,(r), regarded as a function of the complex variable r, is 
an even function regular in a region containing the real axis. Equation 
(17) then gives the required function 4(7,9). 


PROBLEMS 


1. In the problem of the expansion of a gas cloud into a vacuum the initial con- 
ditions are 
ros = r(x) x <0, %(0) = 0 
Show that 
dry 


Gu 
= = fe roy) 
( hha 2G = Drax) ax 


Hence show that if rg(x) 0, the cloud expands into the vacuum. 


2. If the face of the expanding cloud has advanced into the vacuum and is at 
x = X,(2), show that the conditions r = s-- ry) hold there. Deduce that 


where (% 


and C;, is a simple closed contour surrounding O and r,. 
Prove that x; = 2r,; i.c., the velocity with which the face of the cloud 
advances is equal to the particle velocity at the face, 


3. If = 4, prove that 


ld . 1 a . 
Ay © ryt 3a fh to “gg fenl 
4. If initially rs Comper), 0, prove that 
i ; 1 
eo PP Q NT. Ae? am {IN - 
x a {Nr QN- lies -- Ns*], t 7s (2N Dir - s) 


Deduce that the position x, of the face of the cloud at time # is given by 


Re 


“1 ON] 


MISCELLANEOUS PROBLEMS 


1. Two very long uniform strings are connected together and stretched in a 
straight line with tension 7: they carry a particle of mass ar at their junction, 
A train of simple harmonic transverse waves of frequency r travels along one 


i) 
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of the strings and is partially reflected and partially transmitted at the juncuon. 
Find the amplitude of the transmitted wave, and prove that its phase legs 
behind that of the incident wave by an amount 


mice’ | 


where ¢ and ¢’ are the velocities of propagation in the two strings. 
Verify that the mean energy of the incident wave is equal to the sum of the 
mean energies of the reflected and transmitted waves, 


A uniform straight rod of mass a and length /is free to rotate ina horizontal 
plane about one end 4, which is fixed on a smooth horizontal tabh:. The 
other end of the rod is ted to one end of a heavy string, The other end of 
the string is tied to a fixed point B on the table so that AB » 2/4 Initially 
the rod and the string are in a straight line, in which position the tension in 
the string is F, and its density is p per unit length, The system is set in motion 
so that it performs small transverse vibrations in a horizontal plane. 

Show that the periodic times of normal modes of vibration are given by 
2nlicz, where $ satisfies the equation 


A uniform string of line density p and length / has one end fixed and the other 
attached to a bead of mass w free to move on a rough rigid wire perpendicular 
to the string. The rough wire exerts a frictional force on the bead equal to 
ictimes its velocity. If « 0 is the fixed end of the string, and if the effect 
of gravity can be neglected, show that the displacement of any point of the 
string in transverse vibration can be expressed as the real part of ey (x), 
where p satisfies the equation 


A f 
mp ae cp cot a 
c 


If,/ is small, show that the approximate value of p is 


f 


where win = cp cot nlfe, 


A cylindrical tube of small radius, open at both ends, is divided into two parts 
of lengths /,, /; by a piston of small thickness 9 and density ¢ attached to a 
spring such that j# cacue the period of vibration is 27/u:, Show that when the 
tube iy in air of density p, the period of vibration becomes 27/n, where 


2 3 nh 
oP PY pen tan = tan — 
c ¢ 
and ¢ denotes the speed of sound. 


Show that the only solution of the one-dimensional wave equation which is 
homogeneous of degree zero in x and ¢ is of the form 


Alog (=—“} - 2 
Mo CE 


where 4 and B are arbitrary constants. 
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Find a solution of ey 27) such that: 
(i) ¥ involves x trigonometrically: 

il - Owhen x ~ 0 or x. for all values of 7: 

a Owhen; 0, for all values of x: 
sina fromx Otox -- 7/2) 

- Ofromx —xz/2tox--7 1 


€ 


(iti 


tiv) 2 when: 0. 

Two equal and opposite impulses of magnitude / are applied normatly to the 
points of trisection of a string of density p per unit length stretched to a tension 
7 between two points at a distance / apart. Derive an expression for the 
displacement of the string at any subsequent instant, and show that the mid- 
point of the string remains at rest. 


Find a solution of the equation 
1@y &yv 


Cer axt 


such that V = Owhen x —Oorx a for all values of and that @V/ar 0 
when f =» Oand V - Ewhen?s = 0 for all values of x between Oand a. The 
quantities a, c, and E are constants. 


Find a solution of 
Be Ou 


saa x 
ax? a? 
satisfying the conditions « -- @/é ~ O when # = 0. 


One end of a string (x — 0) is fixed, and the point x -= @ is made to oscillate 
so that at time ¢ its displacement is Y(t). Prove that the displacement of the 
point x ut time ris 

fct —x)— fet - x) 


where fis a function which satisfies the relation 


fle ~2a) = f(z) — r( 


for all values of z. 

A string is constrained to move in two different ways; in case | the point 
x ais given a displacement Y(1), and in case 2 the point y = 4 is given 
an identical displacement. It is found that the shape of the string in case 1 
is identical with that in case 2 at all times; show that the displacement at 
x = 4 in case | is equal to that of x -- @ in case 2. 


Show that the equation governing small transverse motions of a nonuniform 
string is of the form 


where c is a function of x. 
Show that a solution of this is y - f(x.) ~ F(x, where 


; a le 1 && aF 1 aF 
\ We eat teen ae eid 


and interpret this, in a region in which @c/é@x is small, as the sum of two 
progressive waves whose form is slowly altering. 

An infinite string is such that ¢ is constant if x < 0 or x -- a: between 
x - 0 and x =a, (a/c) éc/é@x is everywhere small. A wave + = {olf > xe) 


12, 


13. 


14. 


15. 
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is propagated along the string from x %. Show that a first approxima- 
tion to the form of the string és given by fl) -- Gr — %), Fax) — 0. where 


73 
8 - [ co! dx, and that a second approximation is given by 
Ja 


f -- fol ~ AKL ~ Sflog ela) - log ci00]}. Fe dt Ox) 


where ¢(4,x) is given by 


a 


i] . 
b,x) 5 fla — 26 
> 


A string of nonuniform density p(x) is fixed at two points x Oundx- a, 
the tension of the string being cp). If the density p(x) varies only slightly 
from the value po, show that, to the first order of small quantities, the normal 
periods of vibration are 
2 fe 2 
— | [ey plx)] sine ale 
epg Jo a 


and the normal functions (apart from a normalizing factor) are 


where r, s are positive integers and 


a= ir (2 = } sin (22 sin (=) ax 


Pau 


A uniform string of mass A/ is stretched between two fixed points at distance 
a@ apart, and carries a small mass «M at a distance 4 from one end. Show 
that, to the first order in e, the periods of the normal modes are 


2s a (2) 


and the normal functions are proportional to 


[pax epee al Pee ey S | 
sin ( = ) + 2e sin a)“: 2psin ( a sin | 


fsere i 


Deduce that if the particle is attached to the mid-point of the string, the 
period of the rth normal mode is unaltered if r is even. 


A uniform string of line density p is stretched at tension pc? between two 
fixed points at distance a apart. If the mid-point is constrained to vibrate 
transversely so that its displacement is ¢ cos at, where ¢ is small compared with 
a and xa/e is not a multiple of 27, find the displacement at any time of all 
points of the string in the resulting forced vibration, 

Also show that the mean kinetic energy of the string is 


{ma na) na) 
dunce = _ sin“) cosec? (=) 
: Le fo \2¢/ 


A string of length /, with its extremities fixed, is initially at rest and in the form 
of the curve » = Asinniex/i, At tf —0 it begins to vibrate in a resisting 


266 ELEMENTS OF PARTIAL DIFFERENTIAL EQUATIONS 


medium, Given that the differential equation governing damped vibrations is 


show that, after time f, 


; A. . ot 
vi-s de cosa’) © sins, sin 
{ ut | 


where 


16. A string of length / is vibrating in a resisting medium. The end x -. 0 
is fixed, while the end x»  / is made to move so that its displace 
ment is 4 cos (ver//). With the notation of the last problem prove that if 
klic is small, the forced oscillation of the string is described by the equation 


Ep 
y - A cosech (2) 
f 


Y {sin 2) cosh (©) sin (7) -- COS (5 ] si 


17, Flexural vibrations of a uniform rod are governed by the equation 


é 
é, 
where k is a constant, Show that if y= V7, where ¥ is a function of x alone 
and Ta function of ¢ alone, then T may take the form 4 sin Ar - 2), where 
A, 4, ~are constants, 

Show that if» - @1/é@x — 0 when x = 0, then 


X = Bcos px - cosh px) ~ C(sin px ~ sinh px) 


where p? — 4 and B, C are constants, and that if also vos @vféx = 0 when 
x > a@, then 
A(sin pu sinh pa) = C(cos pa — cosh pa) 


and cos pa cosh pa — 1. 
By means of a rough sketch, show that this last equation gives an infinite 
number of values of 4. 
18. If H(1) denotes Heaviside’s unit function 


fo 16.0 
\l r-0 


and if f(5) is the Laplace transform of a function (1), show that e *¢*F(¢) is the 
Laplace transform of the function y(f — @H(t — a). 

In the equation defining the current / and the voltage Ein a cable [equations 
(3) and (4) of Sec. 2 of Chap. 3] R/L = G/C —k, where & is a constant. 
Both £ and é are zero at time ¢ — 0, and £ — E,() for x --O,f © O EV 
remains finite as x tends to infinity, show that 


es 

x i x 
Blt a2 
eee \ ¢] Ve 


Hit) = 
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A membrane is in the form of a right-angle isosceles triangle of area with 
fixed boundary. Jf 7 is the (uniform) tension and a is the density per unit 
area, show that the frequency of the fundamental mode of oscillation is 
n(S5T/2aA):, What is the frequency of the first harmonic? 

A rectangular membrane of sides 2a, 24 is subjected to a small fluctuating 
force P sin 7 acting at its center, If P and « are constants and transients are 
ignored, show that if the axes are chosen symmetrically, the transverse dis- 
placement is given by 


Paes ke fi cos | 
SIN fof y \ 


Spa 2 oe 
{ 


A very large membrane, whieh in its equilibrium position lies in the plane 
z =O, is drawn into the shape 


where ¢ is small, and then released from rest at the instants = 0. Show that 
at any subsequent instant the transverse displacement is 


A uniform thin elastic membrane is subjected to a normal external force per 
unit area p(xy.7). Prove that the equation governing transverse vibrations is 


A circular membrane of radius a is deformed by the application of a uniform 
pressure Pyit1) to a concentric circle of radius 6¢~a). If the membrane is set 
in motion from rest in its equilibrium position at time » = 0, prove that at 
any subsequent time the transverse displacement of the membrane is 


2Pyb <2 FBS) g(PS,) 
> LaF 


q 
[vn sin [cE — w)] du 
Jo 


coa? Lua 
7 
If f(z) is a twice-differentiable function of the variable z, prove that the 
functions fix = ky — es) are solutions of the two-dimensional wave equation 
provided that Fe — |, 
Deduce that 
play = Px fix — ysinh x — er cosh x) dx 


where z ts arbitrary, is also a solution. 
Show that the equations of motion of a two-dimensional elastic medium in 
the absence of body forces may be reduced by the substitutions 


to two wave equations. 
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Making use of the result of the last problem, determine the components of 
stress in a semi-infinite solid y. 0 when a moving pulse of pressure of 
magnitude 

SIF" ~ ct) - F*(x - rt] 


is applied to the boundary y ~ 0. (F* denotes the complex conjugate of the 
complex function F, and FF’ denotes the second derivative. ) 


A solid sphere performs small radial pulsations in air of density p so that its 
radius at time fis R ~ «sin pt. Show that the velocity potential of the sound 
waves produced is 

apR* cos pit — (r — Rc] — 3} 


VT = (pRley r 


where c is the velocity of sound in air and tan 7 = pR/c, and that the approxi- 
mate average rate at which the sphere loses energy to the air is 
2roca{ pRicyt 
1 + (pRiec 


The radius of a sphere at time tis a(t — © cas wt), where eis small. Show that 
to the first order in « the pressure amplitude of the sound waves is 


ata distance r from the center of the sphere. 


Air is contained inside a spherical shell of radius a, and there is a point source 
of sound, of strength A cos st, at the center. The acute angle » is defined by 
the equation tan x = ka, where k = ofc, Show that the velocity potential 
inside the sphere is 
sin (ka — « — kr) 
cos of = 
ar sin{ka — 2) 


provided that ka — x is not an integral multiple of 7, What is the significance 
of this condition? 


Prove that a particular solution of the wave equation is 


coos oz [t flat kn 
where # is a real constant and k — aje. 

A sound wave is produced by the small vibrations of a rigid sphere of 
radius @ which is moving so that its center moves along the line 6 = 0 with 
velocity U cos (at), Determine the velocity potential, and show that at a great 
distance from the sphere the radial velocity of the fluid is approximately 

Rav 
rs'4 2 lat 
where tan dé — 2ka/(2 — ka"). 


cos cos (at — kr - ka ~ ) 


A uniform elastic sphere of radius a and density p is vibrating radially under 
no external forces. The radial displacement w satisfies the equation 


fey 2 bu =) Ry 
p 


30. 
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where 2 and ¥ are elastic constants, and the radial component of stress is 


. eu 5H 

Ge O08 nye. IFS 

er e 
Prove that the periods of the normal modes of vibration are 27a/e,5, where 
cy ~ (A- 2n)/pand the és are the positive roots of the transcendental equation 


45cot= . 4 — 2s? 
in which § = (A -> edly. 


Monochromatic sound waves of velocity potential U(rje""' are incident on 
the positive side of a screen in the xy plane which has a small aperture S, 
at the origin, The boundary condition is the vanishing of the tetal wave 
function on the screen. The dimensions of the aperture are small compared 
with the wavelength 27/k of the incident wave. Show that at a great distance 
r from the aperture on the negative side of the screen the velocity potential is 
given approximately by 


1 


where A -- | FOX) dx’ hye 
ay 


2n 


and the function f(x,}) is such that the function 


i 
Hera: 


ep fiw) dx’ dy’ 
vanishes on the boundary of S, and satisfies on S, the equation 
wy = C—0 


where C is the value of @4’;/6z at the origin. 
If S, is a circular disk of radius a and center 0, verify that 


: Cay 
fay) = ae alt = 
and that 
Wied mee Dik Cabz etree 
3 3xr” 


Monochromatic sound waves of velocity potential ‘Uv e* are incident on 
the positive side of an infinite perfectly reflecting screen lying in the plane 


y = 0 which contains apertures bounded by straight lines parallel to the z 


axis so that the apertures cut the plane z — 0 ina set of straight lines L, lying 
on the x axis, Show that if y - 0, the total velocity potential is given by 


Voy - Waar - Payor): 2 [ LOOP Kp) de’ 
where p — wore and f(x) Sass se integral equation 
( [OVA Kx — x[) de = T6,0) 
ez 
where the point (eo) belongs to Z;. 
Deduce the solution for » <: 0. 
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32. If, in the last problem, the material of the screen instead of being perfectly 
reflecting had been such that the total velocity potential vanished on it, show 
that the velocity potential is given everywhere by 

Way = Vow | bef (Oc HB Ap) dx’ 
why 


where Z, is the set of lines on the x axis in which the screen cuts the plane 
z-OQpoy (x xy 13, and /() satisfies the integral equation 


PRIA D A Y ~ x]p dx’ — 2x0) 
dhe 
where the point (x,0) belongs to £4. 
33. Show that if E and H satisfv Maxwell's equations 
div E — 0, divH --0 

éH é 
cone = 2, i, 

c et 


for a medium of dielectric constant ¢ and permeability », then 


(o 


where 0? — cy Ty, 
Deduce that 


; : e ‘ Pe 
E=-ec7*% + ecihe, = H= (S {Mm x ee — (nr x ede he} 
Ne 


is a solution with R, = ple — (ns rjfe], Ry == ple» (nt r)fe], and the vectors 
€), €,, n-constant vectors. Prove that 


His hey hes, Es = [é: hye: — (n> Ryyet he} 
Ape 


is also a solution of Maxwell's equations, 
34. The electric force in a plane electromagnetic wave in racuo has the components 


Z { x sing 
E, — 9, se ena) i em, 


Find the magnetic force. 

The wave is incident on the plane face of a uniform dielectric, in which the 
dielectric constant is ¢ and the magnetic permeability is unity, occupying the 
region z > 0. Find the amplitude of the reflected wave.! 


35. The magnetic force in a plane electromagnetic wave in vacuo has the 
components 
aif ysinz + 2c0sz | 
H,, Saad ei 
Find the electric force, 


1 The boundary conditions are that the normal components of eE and ;H are 
continuous and that the tangential components of E and H are continuous, 


36, 


39. 


THE WAVE EQUATION 271 


The wave is incident on the plane face of a uniform dielectric, in winch the 
dielectric constant is « and the magnetic permeability is unity, occupying the 
region z ‘> 0. Find the amplitude of the reflected wave, and show in par- 
ticular that it vanishes if the angle of incidence » is tan 1", 


Prove that a possible electromagnetic ficld in race is given by 
: 1 ; fk 
E 7 curl (#k), H © grad (k+ grad #) — 2 


where kK is a constant vector and # is a 5 
which satisfies the wave equation 174 = 

Taking k to be the unit vector in the direction of the 2 axis of a rectangular 
coordinate system and ? to be of the form f(x,y, 2» a), where a is a 
positive constant, prove that the rate of transmission of energy across an 
area § which lies ina plane z - constant can be expressed in the form 


re i ( Ae j ( = ak i] x ch 


Show also that E*H  O and E-k ~ 0 whatever the value of a but that 
H+k = Oonly ifa =e. 


Establish the existence of an electromagnetic field of the form 


alar function of position and time 


eu én 
Ey tae, Ep a = 0 
1 eu 
Hy-0, Hy, -0,  Hy-=5 
where wocexp(- iky — ike fle yy, (Fae oy 


and determine the functions f(r ¥). 


Show that if Mis a vector function of space and time coordinates which at a 
fixed position in space is proportional to exp (iker) (A constant) and which 
satisfies the equation 
vt «HO 
then the electric and magnetic fields 
E = —ék curl IL and H = curl curl 
satisfy Maxwell's equations for free space. 

By considering the case in which the direction of I is uniform and its 
magnitude is spherically symmetrical, show that a nonzero simple harmonic 
electromagnetic field of period 27/(ck) can exist in a sphere of radius @ with 
perfectly conducting walls if ka satisfies the equation 


tanka- ka 


Show that in cylindrical coordinates p, , 2 Maxwell's equations for empty 
space have a solution 


H, ~ 0 Ho = 


2, 


and find the differential equation satisfied by f.- 
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4i. 


42, 
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Show that there ts a solution of Mawwell’s equations for clectromagnetic 
waves ia caceo in which the compenents of the magnetic intensity are 


where nS - f(ct — 1}, ¢ is the distance from the origin, ¢ the speed of light, 
and fan arbitrary function, 

Obtain the corresponding formulas for the components of the electric 
and prove that the lines of electric force are the meridian curves of 


és 
as const, 
where pow (xt ap 
Prove that Maxwell's equations 
10H ; 
cullE . ear 0. div [P(E] = 0 
curl H pee, 0, divH =0 


for an inhomogeneous spherically symmetrical medium of index of refraction 
u(r) have solutions 


] 
(a) E iz eo curleurl (enf), H ke" curl (raf) 


where satisfies the scalar wave equation 


Ae jee —H 


ik curl (er?) 
= -— curl (r7¢), H = curl ae 
ye # 


(db) 
where g satisfies the scalar wave equation 

Vig - ky2e = 0 
A scalar wave function y satisfies the wave cquation 


10 Oe 
Ae mera Tr) 


where y, the refractive index, is a function of x, yz. We define a wave front 
as any continuously moving surface that contains discontinuities of y and 
assume the existence of one waye front only. Taking ¥,, 73 to be the wave 
function on either side of the wave front and writing 


1 AS) + yrH( 49) 


where H(¢) denotes Heaviside’s unit function defined to be ] for 6 > 0 and 
0 for ¢ ~< 0, prove Bremmer’s relations 


* 


nin a en) 


(a) |grad S| = 


(a) ytV?S + 2(grad S- grad y*) + 
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Denoting differentiating along the normals to the surfaces S$  corstaat 
by @/0n, show that the variation of any function fin the ray direction is ger by 


df ; 
ant y (Brad f grad S) 


Hence prove that (4) can be written in the form 


ti 
dog y*) - - TAS 


‘ 
pe 
dn 


and that the change of y* along u trajectory is related to that of w and that of 
the cross section o of a small beam according to the relation 
poy ~ const. 


43. The electric and magnetic vectors E and H satisfy Maxwell's equations 


é aaa oF 
ewtH -l12qn-#?— 1 
c Ot c of 
1@ 
curlE - -—(rH) =0 
c et 
di (7 og 4 El Pai F 
Vp E noE; = — — div 
(a fo =a 


div (HH) — 0 


where (1/47)( @F/ 92) represents the enforced current density and ¢, ¢, and 4« 
may be any functions of x, y,z,and 4. If V* = V, — Vz. represents the jump 
of Von the wave fronts $ = 0, show that 
1 ob 
H* x gradg@ = — = {eE)* — FS 
grad ¢ ¢ ED Fe 
ag 


E* > grad dé -- | anys 22 
od c er 


\( uae 4n(cE)* - (*)}" grad ¢ = 0 


(nH)* .. gradg = 0 


Chapter 6 


THE DIFFUSION EQUATION 


In this fast chapter we shall consider the typical parabolic equation 
ey CH 


OxPh SCE 


and its generalizations to two and three dimensions. Because of its 
occurrence in the analysis of diffusion phenomena we shall refer to this 
equation as the one-dimensional diffusion equation and to its generaliza- 
tion 

a) 

a 

(where & is a constant) as the diffusion equation. 

We shall illustrate the theory of these equations mainly by reference 
to the theory of the conduction of heat in solids, but we shall begin by 
outlining other circumstances in which the solution of such equations is 
of importance. 


kV?) = 


|, The Occurrence of the Diffusion Equation in Physics 


We have already seen in Sec. 2 of Chap. 3 how the one-dimensional 
wave equation arises in the theory of the transmission of electric 
signals along a cable. We shall now indicate further instances of the 
occurrence of diffusion equations in theoretical physics. 

(a) The Conduction of Heat in Solids. Tf we denote by @ the tem- 
perature at a point in a homogeneous isotropic solid, then it is readily 
shown that the rate of flow of heat per unit area across any plane is 


26 
ee () 


en 
where & is the thermal conductivity of the solid and the operator ¢/¢n 
denotes differentiation along the normal. Considering the flow of 
heat through a small element of volume, we can show that the variation 
of # is governed by the equation 
a] : 
pom div (k grad 9) + H(r,9,1) (2) 
c 


q = 
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where p is the density and ¢ the specific heat of the solid, and H(r.4.1) dz 
is the amount of heat generated per unit time in the element dz situated 
at the point with position vector r. 

The heat function /(r,9,7) may arise because the solid is undergoing 
radioactive decay or is absorbing radiation. A term of this kind 
exists also when there is gencration or absorption of heat in the solid 
as a result of a chemical reaction, ¢.g., the hydration of cement. 

If the conductivity & is a constant throughout the body, and if we write 

eek “bag 
pe pc 
equation (2) reduces to the form 


+ OWED (3) 


The fundamental problem of the mathematical theory of the con- 
duction of heat is the solution of equation (2) when it is known that the 
boundary surfaces of the solid are treated in a prescribed manner. 
The boundary conditions are usually of three main types :* 

(i) The temperature is prescribed all over the boundary; ie., the 
temperature 4(r,1) is a prescribed function of / for every point r 
of the bounding surface; 

(ii) The flux of heat across the boundary is prescribed; i.e., 79/én is 
prescribed ; 

(iii) There is radiation from the surface into a medium of fixed 
temperature 94; i.e., 


=o --6,) =0 (4) 


where f is a constant. 
If we introduce the differential operator 
€ € c 
PS CPG SCs eC 5 
0 ae 2p i 35. (5) 
where Cy, €;, C,, Cy are functions of x, y, 2 only, we see that the 
gencral boundary condition 


2x1) = GOrt) res (6) 
embraces all three cases. 

(b) Diffusion in Isotropic Substances, Another example of the occur- 
rence of the diffusion equation arises in the analysis of the process of 
diffusion in physical chemistry. This is a process leading to the 

' For the discussion of more complicated types of boundary conditions see H. S. 


Carslaw and J. C. Jaeger, “Conduction of Heat in Solids* (Oxford, New York, 
1947). 
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equalization of concentrations within a single phase, and it is governed 
by laws connecting the rate of flow of the diffusing substance with the 
concentration gradient causing the flow.' If ¢ is the concentration of 
the diffusion substance, then the diffusion current vector J is given by 
Fink's first law of diffusion in the form 


J - -Degradc (7) 


where D is the coefficient of diffusion for the substance under con- 
sideration. The equation of continuity for the diffusing substance 
takes the form 
ec : 
< divi =0 (8) 
cf 
Substituting from equation (7) into equation (8), we find that the 
variation of the concentration is governed by the equation 


nD 


= = div (D grad ¢) (9) 
€ 


In the most general case the coefficient of diffusion D will depend on 
the concentration and the coordinates of the point in question. Tf, 


however, D does happen to be a constant, then equation (9) reduces to 
the form 


t= DV (10) 
(ce) The Slowing Down of Neutrons in Matter. Under certain 


circumstances? the one-dimensional transport equations governing the 
slowing down of neutrons in matter can be reduced to the form 


& 
Aa sa TEN) ay 
where is the “symbolic age” and ,(<,9) is the number of neutrons per 
unit time which reach the age 9; ie. 7 is the slowing-down density. 
The function 7 is related to S(z,w), the number of neutrons being 
produced per unit time and per unit volume, by the relation 

du 


T(20) = 4aS(e.0) 5 (12) 


where w ~- log (£,/E)is a dimensionless parameter expressing the energy 
E of the neutron in terms of a standard energy Ey. 
(d) The Diffusion of Vorticity. In the case of a viscous fluid of 
* For a thorough discussion of particular cases the reader is referred to W. Jost, 
“Diffusion in Solids, Liquids, Gases” (Academic Press, New York, 1952), 


2 Sce 1. N. Sneddon, “Fourier Transforms” (McGraw-Hill, New York, 1951), 
p. 212. 
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density p and coefficient of viscosity « which is started into motion from 
rest the vorticity 0, which is related to the velocity q in the fluid by the 
equation 


¢ -— curl g (13) 
is governed by the diffusion equation 

S. = Fh (14) 

€ 


where » = j¢/p is the kinematic viscosity. 

(e) Conducting Media. Maxwell's equations for the electromagnetic 
field in a medium of conductivity 9, permeability #, and dielectric 
constant « may be written in the form 


diy (KE) = 0 
div (wH) = 0 
curl H =“29R = 1 © (cB) 
cet 
le 
curlE = — 27 eD 


f we make use of the identity 
curl cur] == grad div — 


hen it follows from these equations that when o, #, « are constant 
throughout the medium 
_ anon °E 


e ey 


ct 


f we are dealing with problems concerning the propagation of long 
waves in a good conductor, the first term on the right-hand side of this 
equation may be neglected in comparison with the second. We 
herefore find that the components of the vector E satisfy the equation 


ve = ee (15) 
aad 
where y =c2/(47yo). 
PROBLEMS 


1. Suppose that the diffusion is linear with boundary conditions ¢ = c, at 
x 0, ¢ = ¢, at x =/ and that the diffusion coefficient D is given by a 
formula of the twpe D = D,[] — f(©], where Dy is a constant. Show that 
if the concentration distribution for the steady state has been measured, the 
function f(c) can be determined by means of the relation 

ile + Fle) — ey — Fley)) = xleo — Fles) — ey — Fley)] 


E 
where Fe) = | fC du 
“0 
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Show further that if s is the quantity of solute passing per unit arca during 
time f, then 
sd 


~ tle, Flr} 3 F(a] 


Dy 


2, Show that diffusion in a linear infinite system in which the diffusion coefficient 
D depends on the concentration c is governed by the equation 
ae ® dD ac ) 


et axe de Vax 


If initially e ~cgforx Oande Oforx 0, and if is measured as a 


funetion of x and ¢, show that the variation of D with ¢ may ve determined by 
means of the equation 


2de Jo, 


where 5 = xf 
3. Show that the equation 


2 vee (0. Are 
PH yt A 
ry i ALE) 


may be reduced io the form 


iu =6Ve- xe) 
et nas 
by the substitutions 
nt | a.) j 
u- 9% oP | - | at) ays we - dro exp |- | wr) ar} 
0 Ld 


2. The Resolution of Boundary Value Problems for the Diffusion 
Equation 


We shall now describe a method due to Bartels and Churchill’ for 
the resolution of complicated boundary problems for the generalized 
diffusion equation. 

If we assume that the function H(r,!,1) occurring in equation (2) 
of the last section is a linear function of the temperature 4 of the form 


H(t,0.1) = pc[C,)9 -- Far] () 


where C, is a function of r only, introducing the linear differential 
operator 
eee i 
A == — div (k grad) + C,(r) Q) 
pc 
and denoting by r the position vector of a point in the solid and by r’ 
that of a point on its boundary, it follows from equations (2) and (6) 


1R. C. F. Bartels and R. V. Churchill, Brdéi. Ani. Math. Soc., 48, 276 (1942). 
See also Sneddon, op. cit., pp. 162~166. 
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of the last section that the boundary value problem for the temperature 
&r,t) in the solid can be written in the form 


é 


7 Oe, j= \4 -- FO) t>0 


AK’ 1) == G(r',t) i>0 (A) 
((r,0) == J(r) 


The third equation of this set merely expresses the fact that at the instant 
ft == Q the distribution of temperature throughout the solid is prescribed. 

We shall now show that the complicated boundary value problem (A) 
may be resolved into simpler problems. 

Suppose that the function 4(r,4,/°) depending on the fixed parameter 
‘is a solution of the boundary value problem (A) in the case in which 
the source function F and the surface temperature G are functions of 
the space variables and of the parameter 7’ but not of the time /, so that 
d(r,t,') satisfies the equations 


7 Or it')- >» Ad — FOr’) 


2 aS 


Adit) ~~ G(r't) (B) 
A(r,0,1) = J(r) 


Then it is readily shown that once the solution of the boundary value 
problem (B) is known, the solution of the boundary value (A) can be 
derived by a simple calculation. The method is contained in: 

Theorem 1: Duhamel’s Theorem. hie solution (1,1) of the boundary 
value problem (A) with time- -dependent source and surface conditions is 
given in terms of the solution d(x.) of the boundary value problem (B) 
with constant source and surface conditions by the formula 


Ar,)) = a Ar, too, 1) dr 


We shall give in outline a direct proof of Duhamel’s theorem. For 
an ingenious proof making use of the theory of Laplace transforms the 
reader is referred to the paper by Bartels and Churchill mentioned 
above. 

If the boundary condition is 
rf i>0 
Gn) <0 
it follows that the corresponding solution of (A) is 


§= 46,4) t>0 


Air’ t) 
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Similarly if the boundary condition is 
'0 

We =e 
| Garr’) t>r 


the corresponding temperature is 
Q= drt ~— 1,1) t>e 


Further if 


t< - dt’ 
ROK’, t) = 
Grr) tof +d’ 
then G= dr,¢—1 dt, 1) tot + dt 
and it follows that if the boundary condition is 
[o (ees: 
A601) = 5 GOR) vcore +d’ 
0 t>r td 


is 


the solution of the boundary value problem is 
6=¢d0,1-—1,1)~dQ,1—t ~dt,r) 
tbr, t= 1.1) 


ct 


= dl 


By breaking up the interval t = 0 to ¢ = ¢ into small intervals in this 
way and integrating the results obtained we find that the solution of the 
boundary value problem (A) is 


~ 


Ort) == s | ae, t—t,0)de (3) 


This theorem is of great value in the solution of boundary value 
problems in the theory of the conduction of heat, since it is often easier 
to derive the solution in the case of constant source and boundary 
conditions. 

It can further be shown that the solution of the boundary value 


problem (B) can be written in the form 
net 
AEC) = b(t) ~ d060) + | bor) dr C3) 


where the functions 4,, d,, and 43 are solutions of the boundary value 
problems 


: Ad,(r,r) == 0, adr) = Gat) (By) 
(= A} dtr) = 0, Adal nr) = 0, by0r.0.1') = Any — b,(0,1) 
(B,) 

. = Aj dattt) = 0, adr) = 0, — 44(7,0,1) = Farr’) 


(Bs) 
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From Duhamel’s theorem it follows that the solution of the boundary 


value problem is 
ft 


Or) = br, — — =f b(n, t— tt )dt — | dsr, 6 — tr) dt (6) 
ett 


The solutions of the three simpler boundary value problems (B,), (B,), 
and (B,), of which the first is a steady-state problem, may therefore 
be used to derive the solution of the general boundary value problem 
(A). 


PROBLEMS 
Lf 90x. ~ 1, 2, 3 is the solution of the one-dimensional diffusion equation 
; 4 
a, 1 a, 
—j = - a OX, Sb, t > 0 
axe at rawr 7 


satisfying the initial condition 4,(x,.9) = f,(x,) and the boundary conditions 


2: Xy  @> tO 


a0), ‘ 
By - 9, = 0, xX, = b, tO 
ex, 
then the solution of 
PU PO 1 ae 


8x3 3 “4 OF 


in the rectangular parallelepiped ay xy < by, @g ~ Xy by, Ag * 
satisfying the boundary conditions 


and the initial condition @ - fi0e) fal) fg(xg) Is 
AN Xs,X_0 Oe, OP 2 %2,0)9 (05,0) 
2, If R(r,r) is the solution of the boundary value problem 


12, =) _ tear 


rer er x @t 
eR . eR, ; 
x a aR, r= ay AS ~ BR = be Rv.0) == fr) 
and if Z(2,0 is the solution of the boundary value problem 
a 2, 
ee es te Occz<d 
Os* «K et . 


a Set -aZcs 0 bySS Zz ds 20) = gle) 


then 82.0) - RO OZ(2,0) 
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is the solution of the boundary value problem 


te a) ey _ ia 


Pony Bok ay. a Pig Ae > 
rér\” ar: ark OF © Poh eo: “eo BESO 


satisfying the initial condition & ~ f(ryg(z) and the boundary conditions 


wo, aH, 
wees : Se ANG 
ay op afl F -- at By ane Byrn - b 
eg 7 
Bs Ayz ¢ 


3. Elementary Solutions of the Diffusion Equation 


In this section we shall consider elementary solutions of the one- 
dimensional diffusion equation 


eo 1 


paar 1 
exe Kw ct ) 
We begin by considering the expression 
1 fe 
6§ = — exp | -— 2 
Vt P ( a) ( ) 
For this function it is readily seen that 
“y a x —2tihat 1 ~ ated 
exe 4 P 2 2h? 
au) ig 5 | : 
and —— = eo et ape py ~ BY AKt 
ct 4p? 20 2 
showing that the function (2) is a solution of the equation (1). 
It follows immediately that 
I 
qe GB 
2 aKt ; 


where £ is an arbitrary real constant, is also a solution. Furthermore, 
if the function 4(x) is bounded for all real values of x, then it is possible 
that the integral 


ran ha “ 


is also, in some sense, a solution of the equation (1). 

It may readily be proved that the integral (4) is convergent if 1 > 0 
and that the integrals obtained from it by differentiating under the 
integral sign with respect to v and ¢ are uniformly convergent in the 
neighborhood of the point (xv,/). The function 4(x,/) and its derivatives 
of all orders therefore exist for t > 0, and since the integrand satisfies 
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the one-dimensional diffusion cquation. it follows that 6(x,r) itself 
satisfies that equation for 1 >- 0. 


Now 
iobea te {_ (x - 7) | 
tech gece Ae eR. 
liga |. MO ep A at ~ 49 
= 2 f, 5 i 
where f= | Hs © Quad) ~ Haye di 
AS 


ihe , 
I= a | bee + eye du 
Vals 
1 r-¥ is ; 
In= sa | dex + Quyee du 
eee 
I(x) [% 
I= 24(x) edu 
Nin oN 


If the function 4(x) is bounded, we can make each of the integrals /,, [5, 
J, as small as we please by taking N to be sufficiently large, and by the 
continuity of the function ¢ we can make the integral /, as small as we 
please by taking ¢ sufficiently small. Thus as 7-0, 0(x,1) > (x). 
Thus the Poisson integral 


: 1 os 4 ( (w—- | 
Ox.) = —— £) exp )— 
Kx,t) (aK)! Is #(5) exp | 4xt | as (6) 
is the solution of the initial value problem 
ey 14 


we eer ee (6) 
Hx,0) == (x) 


It will be observed that by a simple change of variable we can express 
the solution (5) in the form 


© be b Quvixte® du (1) 


eS 
Vv 


T 


We shall now show how this solution may be modified to obtain the 
solution of the boundary value problem 


20 a 
aoe Onx< a 
exe Kot 
x0N=f() x>0 (8) 


(0,7) =0 1>0 


284 ELEMENTS OF PARTIAL DIFFERENTIAL EQUATIONS 
If we write 
f(x) for x >0 
7 | f(x) for x 0 
then the Poisson integral (4) assumes the form 
1 
ev ey, © 


and it is readily verified that this is the solution of the boundary value 
problem (8). We may express the solution (9) in the form 


A(x) = 


O(N, 2) = 


( fe Cr Eee Le (r sR dg (9) 
Ny 


ON, 1) = a | SIX ob Quy ‘KeNeW" du 
fap wont By Tp 
ia _ fCex + duv‘ene du (10) 


Va Vora V at 


Thus if the initial temperature is a constant, % say, then 


O(x1) = Gy ert [| 7 
alls eos lav«il uy 
where fee [Pee du 12) 
wher erf 2 ye ( 
The function 
i xX 
O(x,1) == Io ! erf (~)| (13) 


will therefore have the property that (x,0) = 0. Furthermore 
4(0,t) = 0), Thus the function 


H(x.ta) = g(t’) [1 ~ ert (-*_)| 


av KI 


is the function which satisfies the one-dimensional diffusion equation 
and the conditions 6(x,0,t) = 0, 9(0,4,t’) = g(t’). By applying 
Duhamel’s theorem it follows that the solution of the boundary value 
problem 


9(x,0) = 9, 80,1) = gO (14) 
is 
2 c rt fe ‘ 
16) = = fed’ | edu 
A‘ Che apdtat at )4 
x ft en Bittl=1 


, 


i) 


a’) (— vy dt 


Dilan 
Changing the variable of integration from f’ to v where 
x? 


fst 
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we see that the solution may be written in the form 


2 ae Re 2s - ae 
9 (x)= a if lt ee ial edu n= Tear (15) 
PROBLEMS 


1. The surface x = 0 of the semi-infinite solid x = 0 is kept at temperature % 
during 0. ¢ < 7 and is maintained at zero temperature for ¢.- 7. Show 
that iff 2 7, 

4 4 ler 3 is 

(xD = Bo jer min wet — er! Val 


and determine the value of 9 if ¢ < T. 


2. Prove that the expression! 


al) 


__ @ 
(r,t) ~ Bey XP | 4 | 


represents the temperature in an infinite solid due to a quantity of heat Qpe 
instantaneously generated at ¢ - 0 at a point with position vector a. 

If heat is liberated at the point a in an infinite solid at a rate pef(t) per unit 
time in the interval (0,9, show that the temperature in the solid is given by 


1 f f-|r-aPl finar 
Bede bp P Ther 1) = FF 
If f() = q, a constant, show that 


eg eel 
4x(r — al pb et a 


a(r,f) - 


3. Show that the temperature due to an instantaneous line source of strength Q 
at ¢ = 0 parallel to the z axis and passing through the point (@,6) !s 


San O { (-aP+Q- ml 
Say = Foe OXP {= 4x1 | 


If heat is liberated at the rate pef (4) per unit Ume per unit length of a line 
through the point (@,4) parallel to the z axis, and if the supply of heat starts at 
t = 0 when the solid is at zero temperature, show that if ¢ > 0, 


f pp are 


| aca@—ry fre 


eal haere 
x49 = ro 1, fw 
where r? = (x ~— a? + (y — bY. 


Deduce that if f(f) = qg, a constant, 


Pe ni 
‘s 
axy= fei (-F) 
Pu : : 
where —Ei(—x) = | eo" dulu. 

oz 

1 This is called the temperature due to an instantaneous point source of strength 
Qataattimer =0. 
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4. Separation of Variables 


The method of the separation of variables can be applied to the 
diffusion equation 


() 


in a manner similar to those employed in the similar problems of 
potential theory and wave motion. If we assume that the time and 
space variables can be separated, so that equation (1) has solutions of 
the form 


4 = 6)T() (2) 

then it follows from the fact that equation (1) can be written in the form 
| 1 dT 
Pan 1p 7 eee 
¢ ba KT dt 


that the equations determining the functions T and 4 must be of the 
forms 


a «PT = 0 (3) 
Vi + 2)d =0 (4) 


where 4 is a constant which may be complex. Since the solution of (3) 
is immediate, we see that solutions of (1) of the type (2) assume the form 


B(r.t) = d(rye"" (5) 


where the function ¢ is a solution of the Helmholtz equation (4), which 
may itself be solved by the method of separation of variables. 

We have already used this method in Sec. 9 of Chap. 3 to obtain 
solutions of the one-dimensional diffusion equation 


og 1 6 
a © 
of the form 
G(x.) = S [e, cos (Ax) + d, sin (Axje Pt (7) 
a 


where c, and d, are constants. 
We shall now consider the use of this form in the solution of a 
typical boundary value problem. a) 


Example I, The faces x = 0, x =a of an infinite slab are maintained at zero 
temperature. The ae aistroulion of teniperature in the slab is described by the 
equation 0 f(x)(0 <x <a). Determine the temperature at a subsequent time t. 

Our problem is to find a function 6(x,5 which satisfies the differential equation 
(6) and the conditions 


90,9 = 6a, -0, — %x,0) = f0d (8) 
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In order that a solution of the ty pe (7) should vanish identically at x == 0. we must 
choose cz; ~ 0 for all values of 4, and in order that @(a,1) 6, we must choose / 
so that 

sina) 6 
ie., 2 must be taken to be of the form y/a, where # is an integer. Hence the first 
two of the three conditions (8) are satisfied if we take 


Ea 


we) eel aed 
eo PP Ktiat 
1 


00,4) > A,, Sin ( 


ant 


To satisfy the third conditions we must choose the constants 4, in such a way that 


fd LA sin— Onxca 


pel 


The coefficients 4,, must therefore be taken to be 


Ay = a fue sin ty 
and the required solution is 
ACx,1) = 2 >) en rtxtktia® sin (: ' [ fio sin (* re a (9) 
a 
The solution 
Ox,V,0) = SN cy, cos (Ax ~ £3) 608 (17 + &,)e APY aya (10) 
ran 


of the two-dimensional equation 
fa) a] 1 04 


st+ag4cs (il) 


ox? ae Kot 


which we derived in Sec. 9 of Chap. 3 may be treated in a precisely 
similar way (cf. Prob. 3 below). 


If we assume a solution of the form 
9 = R(e)M4)ZE)T( 
of the diffusion equation 
a Oe he 


= Sao haa = oie 12 
cpt plp pt ctd® C2? x Ct me 


we find that 7 satisfies equation (3) and that R, ®, Z satisfy equations of 
the form 


2 ~%) R=0 
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so that the equation (12) has solutions of the form 


NS Aig dS AVE = eh ples tects (13) 


To illustrate the use of solutions of this kind we consider: 


Example 2. Determine the temperature 4(p,)) it the infinite cylinder 0 <p <a 
when the initial temperature ix "pQ) - fp) and the surface p ~ a is maintained at 
cero temperature. 

In this instance the solution (13) reduces to the much simpler form 

tpt) ~ S Apdylapye~ Pat (14) 
z 
In order that “a, -- 0, the constants 4 must be chosen so that Jy(Aa) == 0; ie., 
7 takes the values $,, 52, .. +4, . +. , the roots of the equations 


Jy(Za) 0 (15) 
We therefore have 
Op,t) == S Aydy(pide—™ (16) 
rn 


To satisfy the condition (p,0) = f(p) the constants 4, must be chosen so that 
fp) = & Ay Joh.) 


It follows from the theory of Bessel functions! that 
> 


(a 
Par i) uf (J o(Eqt) du 


4, = 


Substituting this expression into equation (16), we find that the required solution is 


2 ¢ 
Op.) = Jon) 


a Z Gar’ ts i} af (T(E) die (17) 


where the sum is taken over the positive roots ,, $3, . » . y£,, «+ + , of the equation 
(15). 
Finally if we write the diffusion equation 
ep 
in polar coordinates (r,4,4) and assume a solution of the form 


y = RWNO(A)B(p)e~** 


Ky y = 


we find that 
f.. ma + 1) R=0 


aR L 2dR L I, ‘ 
de ord Pe) 
; » 20 dO { m | 
=f Byes eros 1 wx = cos 6 
(— pz Te Ms nn +1) ial Oe) ft = cos 
ao 3 
ae + nP® = 


1G. N. Watson, “The Theory of Bessel Functions,” 2d ed. (Cambridge, London, 
1944), chap. XVIII. 
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so that we have solutions of the form 
Y Conary AZ, AAPM de ore (18) 


mR 


This solution is used in: 


Example 3. Find the temperature in a sphere of radius a when its surface is 
maintained at zero temperature and ity initial temperature is f (r,8). 
In order that a solution of the type (18), ie., 


N Gyr dy APP, (eos Men Pet (19) 
mw 
should vanish when r - a, each A must be chosen to be one of the roots 2.1, 4,2, 
«4a «+. Of the equations 
Jy. ia) -0 (20) 


and in order that y(r, 6 + 27, 9) = ytr,,, 2 must be an integer. We therefore 
have the solution 


yr0,0) = 


Cr 


SS Guy Jy An Py (cos Ae > tat 
ne 1 ot 


where the constants C,; must be chosen so that 


PUD = SS Cyr): \Ayir)Py(c0s 6) 
=t 


n=l j= 


From the theory of Bessel functions and Legendre polynomials we find that 


- n+ (aa yy [ ccoroa 
a ar Renee ee peda 4 OA, i) a nhl "y é 
ay Ania? Jo te -1 FEDS 
PROBLEMS 
1. Solve the one-dimensional diffusion equation in the region 0 
’ 0, when 


(i) @ remains finite as > x; 
(ii) 6 = Oif x =Oor-, for all values of f; 


x 0 ihn 


(ii) Att =O | 
i) 
: i le = 


w—x dr<x< 


2. Solve the one-dimensional diffusion equation in the range 0 
subject to the boundary conditions 


8(x,0) = sin? x for 0 
0(0,1) = (27,1) = 0 for: >0 


3. The edges x = 0, a and y = 4 of the rectangle 0 < 
maintained at zero temperature while the temperature along the edge, 
is made to vary according to the rule Wx0,1) - f(x), 0 
If the initial temperature in the rectangle is zero, find the temperature at any 
subsequent time 1, and deduce that the steady-state temperature is 


2 < sinh (ain(h — y)fa]. re) eet) 
ae sinh (nmmb/a) se ( |. Ease a ut 
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4. A circular cylinder of radius a has its surface kept at a constant temperature 
99. If the initial temperature is zero throughcut the cylinder, prove that for 


f>0 
f x ] 
2 Fol Syd sta | 
ROAM GD Sra 
L Pry et eal J 
where =$;, =f). .., ~5,,. + are the roots of /p(Sa) = 0. 


5. The Use of Integral Transforms 


We shall now consider the application of the theory of the integral 
transforms to the solution of diffusion problems. First of all we shall 
indicate the use of the Laplace transform. Suppose that we have to 
find a function 0(r,9 which satisfies the 
diffusion equation 


V9 = -— ()) 
in the region bounded by the two surfaces 
S, and Sg, the initial condition 

9= f(r) when tf = 0 (2) 


and the boundary conditions 


co 


a0 +b, = gy(tet) on S, (3) 
6b a ; 4) 
T 9 =~ = Pol 6 
Figure 46 ae 2 oh ltt) on Sy 


where the functions /, g,, and ge are pre- 
scribed. The quantities a, ag, b;, by may be functions of x, y, and z, 
but we shall assume that they do not depend on ¢. 
_ To solve this system of equations we introduce the Laplace transform 
O{r,8) of the function 4(r,1) defined by the equation 


r,s) = | Wren" dt 
Pau 
If we make use of the rule for integrating by parts, we find that 


ex 3 


eg z 
edt = [Or De] F + s6(r,s) 


JO 


Substituting from (2) into this expression, we find on multiplying both 
sides of equation (1) by e~” and integrating with respect to ¢ from 0 
lo co that (1,5) satisfies the nonhomogeneous Helmholtz equation 


(v? — k)B(S) = - F(0) (5) 


x 
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with k? = s/«. Similarly the boundary conditions (3) and (4) can be 
shown to be equivalent to 


ai —b, = - Z(rs) on Sy (6} 
- Ho . 
ai +- by ea 2(¥,5) on S, (7) 


The method is particularly appropriate when equation (5) can readily 
be reduced to an ordinary differential equation, as in the case considered 
below. When the function 4,5), which forms the solution of the 
boundary value problem expressed by the equations (5), (6), and (7), has 
been determined, the temperature {(r,7) is given by Laplace’s inversion 
formula 


Ae ix 


Lope, 
sal, He se" ds @) 


TE Le mis 


Ort) = 


In the case where the solid body is bounded by one surface only, S; 
say, we only have an equation of type (3), but we have in addition the 
condition that 9, and hence 4, does not become infinite within S,. 

Example 4, Derermine the function 9(r,1) satisfying 

ey 1a 1 a a ere 5 
or? “per x et Si a (9) 


and the conditions 0,0) = 0, Aa.t) - fio. 
To solve oe (9) we multiply both sides by e~’ and integrate with respect to 
i from Oto x, Making use of the conditions Gtr, 0) — 0, we see that 


a) fi Se 
ao idl si _o (10) 


where 4(r,s) is the Laplace transform of fi(r,). Since (a@,7) = f(z), it follows that 
§= f(s) onr=a ai 


where f(s) is the Laplace transform of the function {(.° If we make use of the 
physical condition that 7,2), and, hence, 9(r,s), cannot be infinite along the axis 
r = 0 of the cylinder, we see that the solution of equation (10) appropriate to the 
boundary condition (11) is 

I,fkr) 

Io(Ka) 


Hrs) ~ f(s) 

where k° -- s/x, so that, by the result (8), 
Pe Po TERE) 
Orr) -> a MS) Tay 
Now if Jg(kr)/Jq(ka) is the Laplace transform of the function g(7), Le., if 
| [ nue Iofkr) 
cin Ty(ka) © 


eds 


ath = elds (12) 


it is readily shown that 


fe 
90.0 = | fe — rd’ (13) 
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To evaluate the contour integral (12) we note that the integrand is a single-valued 
function of s, so that we may muke use of the contour shown in Fig. 47. The poles 
of the integrand are at the points 


SoS, -~ ww He? Ve? 


where the quantities 5,, $:,..., 5,... are the roots of the transcendental 
equation 
Jas) 0 (14) 


From the theory of Bessel functions we know that the roots of equation (14) are 

all real and simple. If we take the radius of the circle MNZL to be x(a > $)P4Ja*, 

there will be no polesof the integrand on the circumference of the circle, and from the 
asymptotic expansions of the modified 
Bessel functions 1,(Xr), /p(Aq@) it is readily 

M shown that the integral round the circular 
arc MNL tends to the value 0 asa — 2. We 
may therefore replace the line integral for g(r) 
by the integral of the same function taken 
round the complete contour of Fig. 47, and 
hence we may replace it by the sum of the 

N residues of the function /,(Ane*/E(@™ in the 

(e,0) plane Ris} < c, Now the residue of this 
function at the pole s = 5, is 


Tolirg, Je De del Se 
alQixé,)1,(ia8,) al (aé,) 
vf since /,(x) = I(x). Hence we have 
‘ 
2nd oftEn) £2 
(0) = > Sntoltnd nS 5) 
Figure 47 a Ax ad (a8) ; 


i Sud oltEn) ee Ay KEE AL) yy 
r,t) Ses an [ fie “SO dy (16) 


where the sum is taken over the positive roots of the transcendental equation (14). 


We shall give a further example of the use of Laplace transforms 
at the end of the next section. 

Other integral transforms may be used ina similar way. To illustrate 
the use of Fourier transforms in the solution of three-dimensional 
diffusion problems we consider: 


Example 5. Find the solution of the equation 


«V6 = — (17) 


for an infinite solid whose initial distribution of teniperature is given by 


06,0) = f@) (18) 


where the function f is prescribed. 
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We reduce the equation (17) to an ordinary differential equation by the intro- 
duction of the Fourier transform of the function 6(r,1) defined by the equation 


O(p,7) = Qn)? | I(r, e PP ete a9) 


where p = (7,0), dr = dx dy dz, and the integration extends throughout the 
entire xyz space. Multiplying both sides of equation (17) by exp [é(e*1)] and 
integrating throughout the entire xyz space, we find, after an integration by parts 
(in which it is assumed that 9 and its space derivatives vanish at great distances 
from the origin), that equations (17) and (18) are equivalent to the pair of equations 


d9 
at xp? = 0 (20) 
9(@,0) = Fie) (21) 


where F() is the Fourier transform of the function f(r). The solution of equation 
(20) subject to the initial condition (21) is 


8(p,1) == Fipe—*#"* (22) 
Now it is readily shown by direct integration that the function 
G(p) = et (23) 
is the Fourier transform of the function 
Blt) = (2et)~F ew Pat (24) 


and it is a well-known result of the theory of Fourier transforms! that if F(e), G(e) 
are the Fourier transforms of f(r), g(r), respectively, then F(e)G(e) is the Fourier 
transform of the function 


(2n)7? | fea — de 
It follows from equations (22), (23), and (24) that the required solution is 
6(r,1) = (2xt)~? [ rerge tortie dz’ (25) 
where the integration extends over the whole x’p’z’ space. If we let 


u= (u,0,8) = (4xt)~ Hr’ — 1) 


we find that the solution (25) reduces to the form 


» 2 
6,1) = 273 | | f flr = Baye ne CPP atu do dw (26) 
Rae eae ees 


which is known as Fourier’s solution. 


PROBLEMS 


1. Use the theory of the Laplace transform to derive the solution of the boundary 
value problem: 

ee 1 26 

Be OF 

80,1) = f(0, fat} = 0, x,0) = 0 


? Sneddon, ‘Fourier Transforms,” p. 45. 


O<x <a,t>0 
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2. Hf O(r,0) satisfies the equations 


all) 1a | a 


(i) => -> O rae -d0 
rp Gr « @ 

ii) 470) - fr) Onwr a 

(iii) (& Se r>90 


show that 


Met) #D ae 


where the sum is taken over the positive roots £,, $,,...,4,,.. . of the 
equation 


uf (Gd ofS 10 dit 
° 


hd (a;) = 5,3 \(az,) 
3. Using the theory of the Fourier exponential transform to climinate the x 
variable from the diffusion equation, derive the solution (5) of Sec. 3. 
4. Using the Fourier sine transform 


(Et) = @) (= &x,0) sin (Ex) dx 


derive the solutions (9) and (13) of See. 3. 


§. A plane clectromagnetic pulse is propagated in the positive z direction in an 
unbounded medium of constant permeability » and conductivity a, At the 
instant ¢ = 0 the electric vector E is given by 


| f ‘ 
E, = perp (- =) E, SE. = 0 


Determine the value of £, at a later instant 1. 


6. The Use of Green’s Functions 
We saw in Sec. 8 of Chap. 4 how Green’s functions may be employed 
with advantage in the determination of solutions of Laplace’s equation. 
We proceed now to show how a similar function may be used con- 
veniently in the mathematical theory of diffusion processes. 
Suppose we are considering the solution r,/) of the diffusion 
equation 
a] 
= (1) 
ct 
in the volume V, which is bounded by the simple surface S, subject to 
the boundary condition 


00.) = 60.9 ifre S (2) 
and the initial condition 
1,0) = f(r) ifre V (3) 
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We then define the Green’s function G(r, r’,1— 1) (¢ > 1) of our 
problem as the function which satisfies the equation 

eG 

= = KS (4) 

et 
he boundary condition 

Ga,r,t—-1r)=0 ifroeS (5) 

and the initial condition that lim G is zero at all points of V except at 


he point r where G takes the form 


I lr — rr’? peels 
8[re(e — 1) P oP [- 4x(t — 1’) (6) 
Because G depends on / only in that it is a function of t — 1’, it follows 
hat equation (4) is equivalent to 


£6 MG =0 (7) 
cl 


The physical interpretation of the Green’s function G is obvious from 
these equations: G(r, r’, 1 — ¢’) is the temperature at r’ at time 4 due 
to an instantaneous point source of unit strength generated at time #’ 
at the point r, the solid being initially at zero temperature, and its 
surface being maintained at zero temperature. 

Since the time ¢ lies within the interval of 7 for which equations (1) 
and (2) are valid, we may rewrite these equations in the form 


cas V9 Ne 8 
qm Pet (8) 
n't’) = d(r',t’) ifre S (9) 
It follows es from equations (7) and (8) that 
77 (0G) anf a. + Ge = Gv) — 9V°G] 


so that if ¢ is an arbitrarily small positive constant, 
cass ie ia o fi-€ 
[ {| =n (4G) de'\ dt’ = « | {f [GV?9 — 9V?G] ax'\ dr’ (10) 
o (Sy é j Jo Wr J 


If we interchange the order in which we take the integrations on the 
left-hand side, we find that it takes the form 


iL (6G), 2,-. 47 ~— i (GG) ay de 


= 066.9 | 16t6, 01 — eased’ — | Gta fie de! 
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Now from the expression (6) for G(r, r’, ¢ — 1’) we can readily show that 
[ (Ga, rt —1)) yy dr’ -= 1 
so that if we let e -> 0, the left-hand side of equation (10) becomes 
H(r,t) ~ ft Av \Glea'st) de’ 


On the other hand, if we apply Green's theorem to the right-hand side 
of equation (10) and make use of equations (2) and (5), we find that it 
reduces to 


k if dt’ I or) “ ds! 


in the limitas ¢-» 0. Jt will be recalled that ¢/ cn denotes differentiation 
along the outward-drawn normal to S. We therefore obtain finally 


O(r,1) = i fe )GOyr 1) dr’ = « [ di’ ih (r',f) & dS’) 


as the solution of the boundary value problem formulated in equations 
(1), (2), and (3). More : 

To illustrate the use of a Green's function in a very simple case 
we consider: 


Example 6. /f the surface z = 0 of the semi-infinite solid z » 0 is maintained at 
teniperature dx,p,t) for 1 > 0, and if the initial temperature of the solid is f (x,y.2), 
determine the distribution of temperature in the solid. 

It is. readily shown that the appropriate Green’s function for this problem is 


Nt wen I { _drerP] [- FI 
G11) = ea [ex | dnt r oP a = 


where p’ = (x’,’,--z’) is the position vector of the image of the point r’ in the 
plane z = 0. For this function 


BG -(%) _ z 7 [- xP EQ yy P+ al 
en Oz} eae Brix — 1)! P 4(t ~ ¢) 


so that, from cquation (11), we obtain the solution 


Hr,1) - Lele eR — eo ee] dr’ 


1 


ean HD (x — xP Oy — PR K- f| 
S Jo. dx’ dy’ dt’ 
Sony |, a 7° | dar — 0) ne es 


where V denotes the half space z > 0 and I the entire x¥ plane. 


In this problem we have been able to guess readily the form of the 
Green’s function. For more complicated types of boundary this may 
not be possible, and so it is desirable to have available a tool for the 
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determination of the Green's function. The most powerful analytical 
tool for this purpose is the theory of Laplace transforms. We shall 
illustrate its use by considering: 


Example 7. Determine the Green's function for the thick plate of infinite radins 
bounded by the parallel planes z = 0 and z - a. 

From equations (4), (5), and (6) we sce that we have to determine a function G 
which vanishes on the planes z = 0, 2 = a and has a singularity of the type (6). 
We write 


“fe gt 7 | = Ir =e _6C ’ 4 
Grr o S[ea: exp [ re | Ginn’) 12} 
where, by virtue of equation (4) 
eG 
«VG, = ae (13) 


Tf we multiply both sides of equations (12) and (13) by ¢~*’, integrate with respect to 
rom 0 to sc, and make use of the fact that the Laplace transform of 


can be written in the form 


where R® = (x ~— x’? -+ (y — ye and 42 = 
are equivalent to 


(4) 


a5) 


where G, G, are the Laplace transforms of G, G, and, as usual, p, z, ¢ denote 
cylindrical coordinates. Equation (15) has a solution of the form 
en eee? 


—_ = J AR)F sinh (vz) + A sinh [a — z)]} dA 
dre Jo fe 


where the functions F(4) and H(/) must be chosen so that G vanishes on the planes 
z=0,z =a. We must therefore have 

F = —e7"~?) cosech (1a), A = —e- cosech (1a) 
Thus if 0 <z < =’, we find that 


G= I | 4d (AR) sinh lea — 2’}] sinh (42) dh 
0 ye sinh (ua) 


Tre 


If we make the substitution 4 = /£ in this integral, we obtain the form 


C- J | £1,(ER) sinh [a — 2’) sinh (jz 


dex } ix 7 sinh (7a) 


) as 


where 77 = s/x — & Now it is readily shown by the calculus of residues that 


es 1 = A nuz\ . {nnz’ es 
G = sea ay sin ( =) sin ( 7 ) Katcan) 


n=1 
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Six, Using the fact that Ky[xs ‘sie] is the Laplace trans- 
“4 and that the Laplace transform of ¢ “‘f() is f(s ~ a), we find 


a— Rist on J oe: pith 
ese > sin (==) sin (= perrraie (16) 

2aKia — a a} 
This expression could have been cbtained by the method of separation of variables 
if we had been prepared to assume the possibility of the expansion of an arbitrary 
function in the form (16). One of the advantages of using the theory of the Laplace 
transform is that it avoids making such an assumption: each Green's function so 

derived vields an expansion theorem (or an integral theorem). 


where §, = \ 7 
form of (217 'e 
that 


PROBLEMS 


1. Derive the linear analogue of equation (11) for the segment @ < 
Hence solve the boundary value problem 


a a ead 
a “te eke 


80,2) — é{), > OF O(x,0) = fix) x - 0 
2. By using the theory of Laplace transforms derive the Green's function for the 
segment 0 =x <a, 


3. Show that the Green’s function for problems with radial symmetry, in which 
the temperature vauishes on ¢ — a, can be expressed in the form 


GeO -sa > Sa a(= =) sin (=) aad 


ea 


4. Show that the two-dimensional analogue of equation (11) is 


. 7 a : 
Oxo = | PO VIGO yw dS’ ~ « | a | PRD oS as’ 
2 f 


Jo Je P 
where C is the boundary of the region S, and where G has a singularity of the 


type 
bey (we xP yy 
Fant OP 4xt 


at the point (x1). 
Determine the Green’s functions for the regions 


a) ME. BREE, Shas yr 
qi) 0; ase0 
(ili) Ox -~ a, On ve b 


5. Show that the Green’s function for the cylinder 0 < 2 < hyp «ais 
G(p,8,2%p 6.200) 


¢ , , ea 


2 Xv aa OL: waz’) 
~ eon sin ( ) ~ cosid — $') 
rah La hot 


Ah h 
mod . epee Sa 
OD Filer alEn 0) 
cS epee Aen 
hae I3 ’(£,,,a)° 
where &,;, S.2..-+. 5, ++. are the positive roots of the transcendental 


equation J,,(Sa) — 0. 
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7. The Diffusion Equation with Sources 


In the previous sections of this chapter we have considered the 
solution of problems relating to diffusion in a medium in which there 
are no sources. We shall now consider briefly the solution of the 
more general equation (3) of Sec. | when the source function Q(1.4,1) 
assumes a simple form. In many cases of practical interest the function 
Q(r,,£) may be taken to be a linear function of the temperature of the 
form 


O(r,A,1) = Art) = Gy (1) qd) 
and we have seen in Prob. 3 of Sec. [ that the solution of problems of 
this type can be deduced readily from solutions of the equation 


a] 


= KVO = 7(t,n) (2) 
ct 


We shall consider therefore only this simple equation. 

The analysis of problems of this kind can be further simplified. 
Suppose that we have to solve equation (2) in a region V bounded by a 
simple surface S subject to the conditions 


Wr0) =: f(D ifreV;  %r0) = dr) ifreS (3) 


then if we find a function 4,(r,r) which satisfies the homogeneous 
equation 


= (4) 


and the boundary and initial conditions (3) and a function 9,(r,r) 
which satisfies the equation (2) and the boundary and initial conditions 


OAr,0)=Oifre lv;  %9(rt)=OifreS (5) 


then it is immediately obvious that the solution of the problem posed 
by equations (2) and (3) is given by the equation 


(r,t) = 9,(r1) + 940.0) (6) 


The methods available for the solution of equation (4) are also 
available for the solution of the nonhomogeneous equation (2). For 
instance, if the method of separation of variables has been applied to 
determine the function 9,(r,2), the same type of expansion may be 
employed in the determination of 4,(r,4), or if a particular kind of 
integral transform has been used to find 4,(r,/), it may also be used to 
determine (1,2). 

For instance, if we wish to solve the equation 

ch oo 
5 = ea hn) 7) 
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in the region 0 < < a, we Hoe that the solution of 


na ex? 
which vanishes when x ~- 0, x = @, is of the form 


> Ae" 
ict 
Therefore we assume a solution of equation (7) of the form 
9x, = >> ,(1) sin = (8) 


We also employ the expansion 


+ AMX 
sin — 
a 


tig? 


Ast) = > za(0) sin (9) 
nel 
2 [" .. AnxX 
where z(t) == | xex,0) sin" dx (10) 
alo a 


Substituting from equations (8) and (9) into equation (7), we see that the 
functions ¢,(r) must satisfy the first-order ordinary differential equation 


dd, wrk 


ay ape as = % 
a + be = tal (11) 
and, since 9,(x,0) = 0, must also satisfy the initial condition 
$,(0) = 0 (12) 


When we have found the functions ¢,(2) satisfying the equations (11) 
and (12), we have only to substitute them as coefficients in the expansion 
(8) to obtain the desired result. 

To illustrate this method we consider: 

Example 8. The faces x - 0, x =a of a finite slab are maintained at zero 


temperature. A source of strength Q is situated at x = b, Determine the distribution 
of temperature within the slab. 


We have to solve the equation (7) in which the function z(x,/) is Q(x), where 
Q(x) = lim Q,(x) 


e-0 
Ix — bf < 
where Q(x) = a 
lo |x -—d] > « 
The Fourier coefficients of Q,(x) are 
bee 5 . 
2 sin ae dx = 22 | sin ies sin a 
pCa Sp a pc (are) a a 
Tf we let ¢ ~ 0, we find that for this 7(x,) 
20 . nab 


ZA = — sin 
pca 
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Substituting this constant \aluc in equation (11), we see that the approximate form 
for ¢,,(f) is 


Sey Seg AD Ms 
eT PY gi itd) 
a 


where, it will be remembered, & pcx. Substituting from equation (13) into 
equation (8), we find that the desired solution is 


gv ntentit®) gin nax oF anb 
a 


a 


When the range of the space variables is infinite, it is more appropriate 
to make use of the theory of integral transforms. Consider, for 
instance, the problem of solving the equation (7) for the infinite range 
—© <x <0 subject to the initial condition 6(x,0)== 0. If we 
multiply both sides of equation (7) by (27)~'e* and integrate with 
respect to x from —-9o to «, we find that the Fourier transform 


O18.) = = | Oe dx oe 
Mdm Te 


satisfies the ordinary differential equation 


do 
+ KOS 15 
ae K et (5) 
where X(&,) denotes the Fourier transform of 7(x,.). The solution 
of equation (15) we are seeking must satisfy the initial condition 
O(60) =: 0, so that we have 
a 
(EN) = | eS OXEN) dr 


Jo 


Making use of Fourier’s ae theorem 


Moet) = ae he (&Ne- dé 


ae Nei 


and interchanging the order of the integrations, we find that 


ax 


Hx, 1) = -s i) dt’ | eT BERET) Er) dé 
v 


vor 


Now 


eo Py 


is the Fourier transform of the function 
I 
[2«(t—r) |} 


—2dK 1} 


fis) = 
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so that using the convolution theorem for Fourier transforms 


ie FOX dE = | fx = Daa) dr 
we find that 


ay ’ py 
Ox,0) — 1 | at | eor mPdatl 0), WN, t ) dy 


(4r«y Jo(t -- rye Je 


is the final solution of our problem. 


PROBLEMS 
1. The function 9x,1) satisfies the equation 
en 7 FO 
et éx? 
for x + 0, ¢ > 0 and 9(x%,0) — 0, 40,7) = 0. Show that 


+ XD 


5 py Vr 
Ox.) = i | dt’ | XS) eT FU 2) sin (Sx) aE 
Teo vO 


where X,(£,/) is the Fourier sine transform of the function z(x,1). 


2. The function u(p,r) satisfies the differential equation 


bu iss | @u iti) 
a VG pap) MPH 


for p > 0, and the initial condition u(p,0) -- 0, Prove that, for 1 > 


pit) = [ exp [—p%/4e(t — 19] 


3. The function Hp,t) satisfies the equation of Prob. 2 in the finite 
O«p <a. If @,9 -: 0 fort» 0, and if 4(p,0) — 0, show that 


2S Solos) fh ae ae, 
Op,t) = 5 hae ye : X(S,0 0 TOF dt 


where the sum is taken over the positive roots of the equation Jg(aé;) > 


where 
ea 


X(E;,t) = 


pilp.t)Sol pS) dp 


Show that, in particutar, if 4(p,) - f(0), then 


2: Sy 
pt) = = 3 Dstt) ik PlryenMi OF de 
1 


4. The re ans density 9 of neutrons in the infinite pite 0 « 
‘ —£ Zz ~< ox satisfies an equation of the type 


2p 
= - VO - SIU) 
et 


pial ol ol ae y New Pidntt’) —_ 
i} TD) t i HAQyt Ye~" Ny EZ 


0, 


TF | ay 


cylinder 


0 and 


Xl a, 
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If @ vanishes on the faces of the pile and is initially zero, show that 


O(r,t) = 3 > sin” 


wed mnnk 


eo 


re 
62 uteta® - HAUL EY Spe " 
ss | Uude | eS wtetlat 0) See net abe 
“9 fae 
where 
eo Ran i jninx any 
5 dx | dy | Sor sin (=) sin ( ) ef? de 
vo BO 2 aR \ a b 
Deduce the solution corresponding to a point source U(s) situated at the 


geometrical center (44,36,0) of the pile. 
MISCELLANEOUS PROBLEMS 


perimeter p. The conductivity of the materiat of the bar is K, and the rate 
at which heat is lost by radiation at the point x of the surface is 1(@ — M9) per 
unit area, where ((x,0) is the temperature at a point in the bar and 4, is the 
temperature of its surroundings. If p, ¢ are, respectively, the density and 
specific heat of the material of the bar, show that # satisies the equation 

co] ey 


satis — Woe — 
a TS Gs ~ MO — 8) 


where « — Kipc, hh — Hp/epd. 
Show that the substitution 
9 -- Oy = de 


reduces this equation to the one-dimensional diffusion equation, 


Heut is flowing steadity along a thin straight semi-infinite bar one end of which 
is situated at the origin and maintained at a constant temperature. The bar 
radiates into a medium at zero temperature. Prove that if temperatures 4,, 
Ms, fy... are measured at a series of points on the bar at equal distances 
apart, then the ratios (9, -~ 9,.1)/8, are constant. 

A spherical shet! of internat and external radii 1, 2, respectively, has its inner 
and outer surfaces maintained at constant temperatures #,, 8); the conductivity 
of the materiat of the sheit is a linear function of the temperature. Show that 
the heat flowing through the shelf! in unit time in the steady state is the same 
as if the conductivity were independent of temperature and had the valuc 
appropriate to the temperature (4, — 4), 


Prove that the diffusion equation 


possesses solutions of the type 
: e 
Vi = Al” +4F, ( —24:— ) 


where 4 and # are constants and | Fy(;8;z) denotes the confluent hyper- 
geometric function of argument z and parameters and 7. 
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Prove that every sotution of the one-dimensiona! diffusion equation defined 
and continuous in the space-time region 0 <x < 4.0 << T takes on its 
feast and grcatest vatuesont = =Ooronx =0,x 4 Deduce that: («) the 
boundary vatue problem 


ea} ay 


Pra rs Ox,0) = dix}, HO, - fr), On) = g(t) 


has a unique solution in the region0- x << 4.0 <4 < T; (4) the solution of 
the above boundary value problem depends continuously en the functions 
d(x}, £I). gO. 

If the concentration ¢ of one component diffusing in a two-phase medium is 
determined by the equations 


ee &e ee 
eens Pegs pue 
ar ge? * ar : 
the boundary conditions 
ee ée 
Cy Ree, nels) = pb. (=) ; atx = 0 
Tins fe f 
and the initia! condition 
{eo x 
c= 
lo x 


att -- 0, show that when x -- 0, 


KDE r( x ) 
: “TDS - Dd: a 2Di! 


and derive the corresponding expression for x << 0. 


Assuming the temperature at a point on the earth's surface (assumed plane) 
to show a periodic variation from day to day given by 


9 Gg - 4, cos ot 


investigate the penetration of these temperature variations into the earth's 
surface, and show that at a depth x the temperature fluctuates between the 
limits 

Dy - exp (-x Vw}/2x) 


The conducting core of a tong cable whose capacity and resistance per unit 
length are C and R, respectively, is grounded at one end, which may be taken 
to be infinitely distant. The other end x -- 0 is raised to a potential Vy in 
the interval 0 < ¢ < 7 and then lowered again to its initial zero value, If the 
interval r is short, prove that the current in the cabte is 


, fe [CRe® 1, 
Yo IR ae ~ 7) ° 


Hence show that the maximum value of the current at a point with co- 
ordinate x is proportional to x 4. 


CRE 


The sphere r = @ is maintained at zero temperature, and the sphere r ~ a «6 
is heated in such a way that its temperature at time # is ge’, sand g being 
constants, The space between the two spheres is filled with a conducting 
material, Find the temperature at time 1 at any point between the spheres. 


1. 


It. 


14. 
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PH wm, 
Show that the solution of the equation — ay: satisfying the conditions: 
OX" 5 


(3 9--Oast - 7, 
iin & -Owhen x = ~ a forall values of f - 0, 
wy 4 «x whens =Qand -a@-<x~ 4 


- yyect j 
9 ay { : -sia{* 
7 a 


nel 


za : Pret 

a. exp ( a } 

By use of Fourier series, or otherwise, find a solution of the one-dimensional 
diffusion equation satisfying the following conditions: 

{i) is bounded as t-- %; 

Gi) e0/@x ~ 0 for all values of s when x = O and when x = a; 

(iii) & = x(a — x) whens = OandO- x - a, 

Solve 20/61 —- a*( @6/@x?) given that: 


(i) 0 fs fintte when ¢ Lt 
Gi} @ = Owhen x ~ Oand x — =, for alt vatues of t: 
Gif) @. xfromx = Otox =z whens = 0. 


A uniform rod of tength a whose surface is thermally insulated is initialty at 
temperature 4 ~ ly, Attimer - 0 one end is suddenly cooled to temperature 
4” =~ 0 and subsequently maintained at this temperature, The other end 
remains thermally insulated: show that the temperature at this end at time ¢ 


is given by 
My SCD fn = Dex] 
a 7 2 yy | 4a* | 


where « is the thermometric conductivity oe 


The boundaries of the rectangle 0 <x <a@, 0 < » «<b are maintained at 
zero temperature, If at ¢ 0 the temperature 9 “has the prescribed value 
f(x,y), show that for t = Othe temperature at a point within the rectangte ts 
given by 


not : i , ; 
Ax yO = -4 > > F(,n) exp [ <= (= ges bt) sin ( 
mains _ a}; \ 
Pet fi 
where Fim = [| F(x,)) sin a sin = dx dv 
0 0 


The faces of the solid paraltelepiped Oexca Ode ch O02 « 
are kept at zero temperature. If, inittatly, the temperature Shine solid i is ‘given 
by 9x, 4,2,0) ~ f (x,1,2), show that at time 4°. 0 


Oe r,250) aS > > F(nyagye~!" sin Mee sin = sin 
. a <3 
pares eT 
where 
on pb 
_ funy = 
Finn) ~ [ is [" £6552) ail ne )sin (ee s' Ja dvd: 


and ee 
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17. 


18. 


19. 


20. 
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If the face x -- a is kept at a constant temperature 4%, the other faces being 
maintained at zero temperature, and if the initial temperature is zero, show that 
the steady-state temperature is 


noe 
1695 — . E sinh Gx). (Qr ~ tym, (2s Prec 
a 22 = 12s 1) sinh Gay " b an “ce 


. "| 


Show that the solution 6&p,z,9 of the diffusion equation for the semi-infinite 
cytinder 0 = p «<a, z > 0 which satisfies the boundary conditions 


6-0, z .0 Oxpnasr -0 
0—=0, p-a x (0, 1-0 
and the initial condition 


Wp,2,0) = fz) 


Py. 


‘ ‘ uz : 
(u) sinh [=— } er?! de 
2nt 


<0 
where the sum is taken over all the positive roots of the equation J,(fa) = 0, 


The outer surfaces p a,p h(a. 4) of an infinite cylinder are kept at zero 

temperature, and the initial temperature is (p,0) —f(p) (b <p <a), Show 

that at time ¢ 0 the temperature is given by 

GO) AGA oe ee 
Ml pE IG (8,) — Jo(aS)Go(p2:)] 

— Ji(be,) 


OXp,t) 
where f is defined to be 


ial 
f | pf (pA nlp=, Glas.) -- Jolae)Gylpe,)] dp 


and &, . are the positive roots of the transcendental equation 


Ibe Glad) — Af azjG Abs) = 0 


Find the solution of 


for which 
Xx,0) = e7* x0 


HOO 0 1-0 


{ Note that e~**' is the Laplace transform of 


The spuce x > 0 is filled with homogeneous material of thermometric con- 
ductivity «, the surface boundary x — 0 being impervious to heat. The 
temperature distribution at time ¢ - 0 is given by # - 4,(f — et"), Find 
the temperature distribution at time ¢. 


at 


Rent 


nv 
ee 


1 
ma 
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lf @ixf) is the solution of the one-dimensional diffusion equation for the 
semi-infinite solid x 0 which satisfies the conditions 40,7) —- 4%) cus (at), 
“ty.0) = 0, show that 


px. 


- fo 
he , a jas fu 
0 == yew" cos(nt Ax) — e7™ sin - x 
a Jo WW 


adit 


where A. \ 4/2«, 


The function $(x.1) satisfies the one-dimensional diffusion equation and is 
such that (x,0) - 4%, a constant. and 


( ou 


= 0,1) 
Lex! 


Prove that 


x 
| elo (nt oly 
Vert Jo 


Show by means of the Laplace transform (x,7) that the sotution of the one- 

dimensiona} diffusion in the region 0 =. x «. a satisfying the conditions 
0,1) > f(), Ma,t) — 0, O(x,0) -- 0 

is given by the formula 


+ 


a rt 
. unx [' ‘ 
-> asin — | fre RK —1) dy 
a Ju’ 


ri 


> 


(x,t) 


a 


The boundaries x = 0, » ~ 0 of the semi-infinite strip 0 < y < b,x ° 0 are 
kept at zero temperature white the boundary y ~ 4 is kept at temperature %,. 
if the initial temperature is zero, show that 


P . x . 
20, SS (Hb funy 20, yl". nay 
ux = S - sin ( : ) + 2 S ewer LINN" in (“2) 
7 ii \ TT am 


7a b 7 n 6 
wel nat é 


intB he 


40, Y nny [ 
are (=) si 
R Zz, ih t)* sin > 


nol 


Show that the solution 6(r,7) of the boundary vatue problem 
eo 200 1% 


sp--osc-c>)~ (COO 

6? op Gr Kk at 
Hr,0) = 4) = const. Onrca 
a6 
=~ -hb=0 when r =a,t > 0 
or 


may be expressed in the form 


x 
2a*6 
fir.) 2a°Huh S (-De 
ro a 


n=l ” 


~ allah — 1)&,, 


where the sum is taken over the positive roots 3), $2, ....$),.. . of the 
equation 
5+ (ak ~ l)tans =0 
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26. The distribution of temperature in an infinite solid is governed by the equation 
BF a aO%O 1 ytd = $l 

Be «V6 ylt)8 — gtr,t) 


Transforming the equation (cf. Prob. 3 of Sec. 1) and making use of the theory 
of Fourier transforms, show that if initiatly 4 -- 9,(c), then at time ¢ -- 0 


Ar 


O61) = (Anet) 3 exp [ | 
Pad 


wry ar| fox exp ( ~ i 


a 7 
* fr OXP [- | yl’) ar'| 
+ (ret)? exp [I wt} ar| | 7 aa dt 


ate roar eee § 
x | exp Meo) Ort) dr 
27. A point source of heat of strength Q is moving with vetocity ¢(7) along the line 


x =a, 2 = 0 in an infinite solid. Ef initially the temperature of the solid is 
zero, show that at time r > 0 


sri. 
Rpe(zx)= Jy (0 — 0) 
with R? . Ge — a? = fr = retrgP - 2 

If the point souree moves in the same way in the interior of the semi-infinite 
solid x» 0 whose boundary is kept at zero temperature, show that 


Cl o- REHKGt +f) 


Oe, = dr 


re » - Reha —1) 
Oe) = Q | [lL — ecard 19] 
vd 


Bpelan) cone w 


APPENDIX 


SYSTEMS OF SURFACES 


In Chap. 2 we made use of some of the properties of systems of surfaces. The 
object of this appendix is to provide a brief outline of such systems for the benefit 
of readers unacquainted with them, For a fuller account the reader is referred to 
R, J. T. Belt, “An Elementary Treatise on Coordinate Geometry of Three 
Dimensions,” 2d ed. (Macmillan, London, 1931), pp. 307-325, 


i. One-parameter Systems 


If the function f( a) is a single-vatued function possessing continuous partial 
deris atives of the first order with respect to each of its variables in a certain domain, 
then in xyz space the equation 


f(xy2,a) —0 (ht) 


represents a One-parameter system of surfaces. 

We now fix attention on the member of this system which is given by a prescribed 
value of @ and on the member corresponding to the stightly different value @ — 6a, 
which will have equation 

L@, y,z,a@4 Oa) ~0 Q) 


These two surfaces will intersect in a curve whose equations are (1) and (2), and it 
is casity seen that the curve may also be considered to be the intersection of the 
surface with equation (1) with the surface whose equation is 


x ifte 3, 2,@ + 9a) — f(x.yz,a); = 0 3) 


As the parameter difference oa tends to zero, we see that this curve of intersection 
tends to a Hmiting position given by the equations 


é 
foeyza 0 5 flny.z.a) = 0 (4) 


This limiting curve is called the characteristic curve of the system on the surface (1) 
or, more loosely, the characteristic curve of (1), Geometrically it is the curve on 
the surface (1) approached by the intersection curve of (1) and (2} as 4a -- 0. 

As the parameter a varies, the characteristic curve (4) will trace out a surface 
whose equation 

(xyz) - 0 (5) 

is obtained by eliminating a between the equations (4). This surface is called the 
envelope of the one-parameter system (1). 

For example, the equation 


PePt(-aP =! 
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is the equation of the family of spheres of unit radius with centers on the z axis. 


Putting f - 2 (-- a t,wescethatf, = a@,so that the character- 
istic curve to the surface @ is the circte 


Peds ed Us eyes OL 
and it fottows immediately that the envelope of this famity ts the eviinder 

ae ee | 
(ef. Fig. 48), tn this particular case it is obvious that the envelope touches each 
member of the family along the appropriate characteristic curve. We shall now 
prove that this is true in general, 


AZ 


ty? +(z-a)? =] 


~~~ Characteristic curve 
z=a,x2+y2 +(2-a)/2=1 


Envelope ~~ 
x+y?=] 


Figure 48 


Theorem 1, Apart front singular points, the envelope touches each meniber of the 
one-parameter system of stafaces along the characteristic curve of the system on that 
nicniber, 

To prove this theorem consider the one-parameter system (1). Since it is a one- 
parameter system it follows that through any point P of the envelope there is one 
member of (f} whose characteristic curve passes through Plx,y.z), The direction 
cosines of the normal to this surface are proportional to (f,, f,, fJ). Now we may 
consider the envelope to be the surface 


fixvaalxyz)} = 0 (6) 
where ax,¥,2) is determined from the equation 
af 9 oe) 
ea 


Now the direction cosines of the norma! to the surface (6) are proportional to 


(2 ae care Vata me) 
ax 


a ex ey) ta By B= a 
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7a. on account of (7), reduce to /,. f,. f.) Hence the tangent planes to the 
cece und the envelope coincide. 

Wy have proved that along the appropriate characteristic curve the surface « 
ad the envelope have the same values of (xy cyp.g). Ip See. 8 of Chap. 2 we saw 
these numbers specify the characteristic strip of the surface a, We may there- 
‘ore think of the characteristic strip as being the set of small clements of tangent 
planes which the surface and the envelope have in common along the characteristic 
CUPVe 

The argument given above breaks down at singular points, Le. at points at which 

ff, -f. » O but it is not difficult to show that such points tie on the focus (4), 

Asa consequence singular loci appear in the result, 


2, Two-parameter Systems 


In a similar way we may discuss the two-parameter system of surfaces defined by 
the equation 


f(xanahb) 0 (i) 
in which @ and 6 are parameters. We consider first the one-parameter subsystem 
Characteristic 
pane Envelope 

/ / 


i 


Surface 


Figure 49 


obtained by taking ) to be a prescribed function of a; c¢.g., 
b -- dla) @) 


This in turn gives rise to an envelope obtained by eliminating @, 6 from equations 
(1) and (2) and the relation 
af of db 


Ga Oh da =o (3) 


The characteristic curve of the subsystem on the surface (1) is given by equations 
41) and (3), in which / has been substituted from (2). 

It should be observed that for every form of function é(a) the characteristic curve 
of the subsystem on (t) passes through the point defined by the equations 


f=90, fe OF fe 0 (4) 


This point is catied the characteristic point of the two-parameter system (1) on the 
particular surface (1). As the parameters a and b vary, this point gencrates a 
surface which is calted the envelope of the surfaces (1). Its equation is obtained by 
eliminating a and # from the three equations comprising the set (4), 

As an exampte consider the equation 


(x - a? + Or — bP A =f (5) 
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where a and 6 are parameters. The two-parameter family corresponding to this 
equation is made up of all spheres of unit radius whose centers tie on the xy plane, 
In this instance the equations (4) assume the forms 
(-ay- (— bP - 2 =I, x-a-=0, y-b=0 

so that the characteristic points of the two-parameter system on the surface (1) are 
(a,b, 1). {n other words, each sphere has two characteristic points. The envelope 
is readily seen to be the pair of parallel planes 2 = 1. 

A subsystem of the two- parameter system (5) is obtained by taking 6 = 2a; 
the equation of this subsystem is 


(x - a. (py — Was ed (6) 
The characteristic curve of this subsystem is the intersection of the sphere (6) with 
the plane 
x 4+ 2y -- Sa (7) 
It is therefore a great circle through the center C(a,2a,0) of the sphere normat to 
the line OC, Its center lies on the tine 


eadtint (8) 


The equation of the envetope of this subsystem is obtained by eliminating a from 
equations (6) and (7). We find that the envelope fs a right circutar cylinder with 
axis (8) and unit radius. 

Corresponding to Theorem | for one-parameter famities of surfaces we have: 

Theorem 2, The envelope of a two-parameter system ts touched at cach of its 
points P by the surface of which P is the characteristic point, 

The proof is a simple extension of that for Theorem |. We may consider the 
envelope to be the surface 


f{xy.z.a(x,y.2),b(xy,2)} = 0 (9) 
where the functions a(x,1,z) and b(x,y,z) are defined by the relations 
fp, 320; f, =90 (10) 


The direction cosines of the tangent plane to the envelope at the point P(x,,z) are 
therefore proportional to 
(2 af ea of a af afta a th af taf 2h) 


(ax ba ex bh ax’ By taey shay’ bz az dh az; 


and, as a result of equations (10), these reduce to ( f,, f,, f,), Showing that the tangent 
plane to the envelope coincides with the tangent plane to the surface (1) at P, as we 
had to prove. 


3. The Edge of Regression 


We shall return now to a consideration of the one-parameter system of surfaces 
with equation 
f@,y¥,2,4) = 0 () 
Then, as we showed in Sec. 1, the characteristic curve on (1) has equations 
fy.z.a) - 0, O(x,V,2.a) = 0 {2) 


a are * ‘ 
where (x,1,z,a) Fg fa). The characteristic curve on a neighboring 


surface has equations 


fy, 2,a + 6a) = 0, x, ¥,2,a@ © 4a) =0 (3) 
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These two characteristic curves wilt intersect if the four equations (2) and (3) are 
consistent or if the equations (2) and 


1 : 
= tf OQ 2, @ ~ da) - flay} = 0 ‘) 
1 

io {dlx, y, Za ~ Oa) — o(x,)y2,a)} = 0 (5) 


are consistent, 

Both characteristic curves lie on the envelope of the system (1), If they intersect, 
the focus of their limiting point of intersection as da -> 0 is calted the edge of 
regression of the envelope of (1). It should be noted that this locus is a curve on 
the envelope. 

Letting 9@ + 0 in equations (4) and (5), we see that the characteristic curves will 
possess a limiting point of intersection if the equations 


fe, ¢=0,  fa*0, by 0 


are consistent; ie, if 


fo #0, fag = 0 (6) 


f 
are consistent, 

Since there are only three equations to be satisfied, it follows that in general 
there is always a solution. For this reason we say that “consecutive characteristic 
curves intersect” at a point given the equations (6). As the parameter @ vaties, 
this point generates the edge of regression; its equations are obtained by eliminating 
the parameter a in two different ways from the equations (6). The edge of regression 
has the property that it touches each of the characteristic curves of the system. 

To illustrate these remarks we consider the one-parameter system of planes 
whose equation is 


Bax — Bay +2 = a8 (7) 


in which a is a parameter, The characteristic curve of the system on the surface 
(7) has for its equations the equation (7) and 


a Qax i y =O (8) 


The envelope is found by eliminating @ between equations (7) and (8). If we 
multipty equation (8) by @ and subtract it from equation (7), we find that 


ax» Day ~ 2 (9) 


and eliminating a from equations (8) and (9), we obtain the equation 


Substituting this value for a in equation (7), we see that the envelope has equation 
(xy — z= 4x — yyy — xz) 


For the edge of regression we have, in addition to equations (7) and (8), the 
equation aq — x = 0, so that the edge of regression has freedom equations 


x =a, yr, z=4@ 


Alternatively it can be thought of as the intersection of the surfaces 
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4, Ruled Surfaces 


We shall now consider briefly some of the properties of a ruled surface. A ruled 
surface is one which is generated by straight lines, which are themselves called 
generators, Typicat examples are cones, cylinders, the by perbolotd of one shect, 
the hyperbolic paraboloid. We distinguish between two kinds of ruled surface, 
A developable surface is a ruled surface of which “consecutive generators intersect: 
a tuted surface which is not developable fs called a skew surface, Cones are develop- 
able, though they are not typical examples, since any two generators intersect, not 
merely two consecutive generators, Hyperboloids of one sheet and hyperbotic 
paraboloids are skew surfaces. 

A developable surface js so called because it can be “developed” into a 
plane in the sense that it can be deformed into a part of a plane without 
stretching or tearing. To sce this we 
consider a set of “consecutive gencra- 
tors” 2), 4s, 43, .. . on a developable 
surface, They intersect as shown in 
Fig, 50, and the surface consists of 
small plane elements 7), 72, 7%, . 6. 
The element +, can be rotated about 
the Hine 2, untit it is coplanar with 7. 
The aren 7, 7, can now be rotated 
about /g until it fs brought into the plane 
wy. We can proceed thus until the whole 
surface is developed into part of a plane. 

There are two results about devetop- 
able surfaees which are of value in the 
theory of partial differential equations: 

Theorem 3. The envelope of a one- 
parameter family of planes is a develop- 
able surface. 

To prove this theorem we note that 
the equation of a one-parameter family 
of planes may be written in the form 


Say. fidz~g@=0 (1) 


The characteristic curve is determined 
Figure 50 by 


x 


ye [aye -~ ga) =0 Q) 
together with equation (1). Since the characteristic curve is the intersection of the 
planes (1) and (2), it is a straight line, The envelope whieh is generated by it is 
therefore a ruled surface. This straight line intersects its consecutive in a point 
given by the equations (1), (2), and 


f'@z > gla) = 0 (3) 


Since “consecutive generators intersect” at this point, the envelope is a developable 
surface, 
Theorem 4. The edge of regression of a developable surface touches the generators. 
This theorem follows from the fact that a developable surface consists of two 
sheets which meet one another at a cuspidal edge, one sheet being generated by the 
forward tangents to the edge of regression, the other sheet by backward tangents. 
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